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PREREQUISITES OF
2D-GEOMETRY

-

SYNOPSIS

Distance between two points :

1) The distance between two points
A(x,y) &B(x,y,)1s

AB = \/(Xl _X2)2 +(y, _Y2)2

i) The distance of the point P (x, y) from the

origin OisOP = /x2 + y’

i) The distance of a point P ( X, y) from

x-axisis | y |and from y-axisis|x|

Section Formula :

,.)

1) Pis any point on the line passing through A and

B. Pdivides AB in the ratio AP : PB.

If AP and PB are in the same sense (direction)

then the division is internal, otherwise the division
is external.

A B P

+“————0>
The point ‘P’ which divides the line segment joining

A(x,,y,)and B(x,, y,) intheratiom:n

mx, +nx, my, +ny, j
b

9

internally then P= (

(m+n % 0)

m+n m+n

mx, —nx,

3

externally then P=( s j
m-—-n m-—-n

(m-n0)

The mid point of the line segment joining

(X +X, Yty

(x,,y,) and (x,,y,) is ( : 5 2, 5 zj
If P (x, y) is any point on the line passing through A
(x,,y,) and B (x,, y,) then the ratio in which P

divides 45 ,ie AP: PB=X X :X-X,
or yl_y : y_yZ

Harmonic Conjugate :

>

If P and Q divide AB internally and externally in
the same ratio, then P is called as harmonic
conjugate of Q and Q is called as harmonic
conjugate of P, also P, Q are a pair of conjugate

points w.r.t. Aand B

Q is harmonic conjugate of P with respectto A, B
then AP, AB, AQ are in H.P.

If P, Q divide 4p harmonically in the ratio m:n
then A, B divide PO harmonically in the ratio

(m-n) : (m+n).

Points of trisection :

~If P and Q are points on the line segment joining

A,Bdividing 45 intheratio 1:2 or2:1 then P

and Q are called points of trisection of 4 g .

1) If P and Q are points of trisection of 45 then

a) mid point of 45 1s same as mid point of

PO.

AB
b) PQ=""

Collinearity :

>

Three or more points are said to be collinear iff
they lie on a straight line.

The points A, B, C are collinear iff
AB+BC=AC or AC+CB=AB

or BA+AC=BC

Points A,B,C are collinear iff Areaof A ABC =0
The condition for the three points (x, y,),
(x,,y,)and (x,, y,) to be collinear is

XXy s X XK= Y Y, Yoy,



Area of the Triangle : i) If D, E, F are mid points of sides BC, CA,
1) Areaisnonnegative AB of A ABC then
il) Area of'the triangle formed by the vertices

A
1 x n 1
Lo—|x 1
(3021520, 2) and (x,32)is 2> 72 F E
Xy 1
i) Area of the triangle with vertices B D C

(X, ¥, (x,,y,) and (x,, y,) is
arecaof A ABC =4 areaof A AEF

11X =% Y=Y, i
21X, =X; ¥, —Y; sq.units =4 area of A BDF
iv) Areaofthe triangle with vertices — 4 area of A DCE

(0,0), (x),y)and (x,,y,) is
=4 area of A DEF

1
—[X,¥, =X,¥, | sq. units. .
PR Area of Quadrilateral :

V) Areaofthe triangle formed by = 1) Area of the quadrilateral formed by
X » (X, , (X5, and X, iS
A(a,lj,B(b,lj and C(C,lj ( 1 yl) ( 2 yz) ( 3 y3) ( 4 y4)
. b ¢ 1| X=X ¥,—Y;
2| x. —x _ sq. units
. |(a=b)b=c)(c-a)| 27X Y27 Ya
s | 2abc |

i) Area of the pentagon formed by (x,,y,)

vi) Area of an equilateral triangle is .
(k=1,2,3,4,5)is

3
a) T a’ where ‘a’ is length of the side of the 1

triangle. 2

X, X, X3 X4 X5 X

sq. units
Yi Y2 %3 Y49 N

2

b) ﬁ where ‘h’ is length of the altitude of the u) If p,, p, are the distances between two parallel

. sides and ¢ is the angle between two adjacent
triangle

= IfGiscentroid of A ABC then
1) areaof A ABC=3 areaof A ABG

sides of a parallelogram then it's area is fllnp;

=3 area of A BCG D C
=3 areaof A ACG P B,
A 0

A B

iv) In case of rhombus p, = p, = p thus area of

2

rhombus =

sin @



Centroid :
= Inanytriangle medians are concurrent and the point
of concurrency is called centroid of the triangle.
i) Centroid divides each median from vertex in the
ratio 2:1 internally.

A

v

B*—1—bp 1 ¢

i) Centroid of the triangle formed by
A(x,y),B(x,y,)and C(x,,y,) is

(X1+X2+X3 Y1+Y2+Y3j

2

3 3
i) IfD, E, F are midpoints of sides AB, BC, CA
of A ABC then centroid of A ABC = centroid

of A DEF.
iv) If Gis centroid and D,E,F are midpoints of

sides BC,CA, AB of AABC then
(a) AB+BC?+ CA2=3(GA2+ GB*+ GC?).
(b) 3(4B’+BC*+CA’)=4(AD*+BE>+ CPF?)

v) IfGis centroid of A ABC and P is any point in
the triangle then

PA2+ PB? + PC?* = GA?+ GB*+ GC*+ 3PG?

Incentre :

= The internal angular bisectors of a triangle are
concurrent and the point of concurrency is called
incentre of the triangle. Incentre is equidistant from
all the three sides.

c:b
1) Inatriangle ABC, if the internal angular bisector
of Ameets BC at D then BD : DC=AB: AC.

i) Iflisincentre of A ABC thenAl:ID=
(AB+AC) : BC where AD is the internal angular
bisector of / A.

i) In AABC, if A (x,vy,), B (x,, y,) and
C(x,,y,), BC=a,CA=band AB = ¢ then
incentre of A ABC 1S
(axl +bx, +cx; ay, +by, +cy3j

- a+b+c a+b+c

iv) The incentre of a triangle formed by
(0,0), (a,0), (0,b) is

- albl blal
la|+|b|+va’+b* |a|+|b|+Va> +b’

Ex-Centre :

= The internal angular bisector of one angle and
external angular bisectors of other two angles of a
triangle are concurrent and the point of concurrency
is called Excentre.

1) The excentre opposite to the vertex A is

(—ax1 +bx, +cx, —ay, +by, +cy, j
1

—-a+b+c —-a+b+c
i) The excentre opposite to the vertex B is

B (ax1 —-bx, +cx, ay, —by, +cy3j
2 a-b+c a—b+c

i) The excentre opposite to the vertex C is

_ (ax, +bx, —cx; ay, +by, —cy,
3 atb-c ~ a+b-c
iv) Inany triangle incentre I is orthocentre of the

triangle formed by excentres [, 1, & 1.
If a(PA) +b(PB)’ +c(PC)’ isminimum, then
the point P with respect to A4B(C, is incentre.

Orthocentre :

= The altitudes of a triangle are concurrent and the
point of concurrency is called orthocentre (O) of
the triangle.



i)

B - C

In a right angled tria]r?gle the vertex at the right
angle is the orthocentre of the triangle.
For acute angled triangle orthocentre lies inside the
triangle.
For obtuse angled triangle orthocentre lies outside
the triangle.
If ‘O’ 1s orthocentre of A ABC then the four points
O, A, B and C are such that each point is
orthocentre of the triangle formed by the remaining
three points.

Orthocentre of the triangle formed by the points

ct = ct = d|ct °1;
1't1 ’ 2rt2 an 3/,(3 1S
—C
,—ct tHt
(’thta 123]

The orthocentre of the triangle formed with

(0, 0), (x,, y,) and (x,, y,) as vertices is
XX TNy,
XY = XY
The triangle formed by the feet of altitudes in a
triangle is called Orthic triangle or Pedal triangle.

Here triangle DEF is the orthic triangle of triangle
ABC.

(k(y,—y,), k(x,—x,)) where k=

Circum Centre:

>

In any triangle perpendicular bisectors of sides are
concurrent and the point of concurrence is called
circum centre (S) of that triangle. Circum centre is
at an equidistance from all the three vertices.

The circumcentre of a right angled triangle is mid
point of its hypotenuse.

For acute angled triangle circumcentre lies inside
the triangle.

For obtuse angled triangle circumcentre lies outside
the triangle.

The circum centre of the triangle formed by

(0,0), (x,,y)) and (x,,y,) is

(yzocf +1D)=1(E+32) %0 +37) (¢ +y§)j
A5y, -x%3)  200-xp,)

>

>

The co-ordinates of vertices of an equilateral
triangle are not all rational.
In an equilateral triangle orthocentre,circum centre,
centroid,incentre coincide.

Nine Point Circle :

>

i)

In a triangle ABC, /et D, E, F be the feet of the
altitudes, and X, Y, Z be the mid point of the sides
oftriangle and P, Q, R are the mid points of AO,
BO, CO where ‘O’ is the orthocentre then D, E,
F, X,Y,Z,P, Q,Rlie on acircle called nine point
circle of the triangle.

The centre of the nine point circle, denoted by ‘N”,
N is the mid point of orthocentre and circumcentre
(ON=NYS)

. . o 1 .
Radius of the nine point circle = > (circum

radius)
(a)OG:GS=2:1(3G=25+0)
(b)ON:NG:GS=3:1:2

Nature of Triangle Based on an Angle :

).>.
)
i)
a)

b)

c)

1) If all the three angles in a triangle are acute, then
the triangle is called an acute angled triangle.

If any one of the three angles is greater than a right
angle, then the triangle is called obtuse angled
triangle.

In a triangle ABC if BC is the largest side then
AB% + AC? = BC?* & triangle ABC is right
angled

AB% + AC* > BC?* « triangle ABCis an acute
angled triangle

AB? + AC?* < BC? « triangle ABCis an obtuse
angled triangle.

Types of Quadrilaterals :

>

ii)
a)
b)
©)

1) The quadrilateral formed by

A (x,y), B(x,y,),C(x,,y,)and D (x,,y,)
is a Parallelogram if

mid point of AC =mid point of BD
Parallelogram ABCD is a

Rhombus if AB=BC and AC # BD
Rectangle if AB# BC and AC=BD
Squareif AB=BCand AC=BD

Missing Vertices :

>

) IfG(x,y,)is centroid of A ABC whose two
vertices are (X,,y,) and (X,, y,), then third vertex

(X37Y3) = (3X0 _Xl _Xza 3Y0 —Yl _Y2)



i)

If D, E, F are mid points of the sides
A

B * C
D
BC,CA,ABof A ABCthen A=E+ F - D,
B=F+D-E, C=D+E -F

If(x,,y)), (X,,y,) and (x,, y,) are three consecutive
vertices of a parallelogram, then its fourth vertex is
(X1+X3_ X ¥, TY; = yz)

Two vertices of an equilateral triangle are (x ,y,)
and (x,,y,) then the third vertex can be

[(Xl +X2)i\/§(Y1 _YZ) (YJ +Y2)¢\/§(X1 _Xz)J

2 ’ 2

If (x,,y,) , (X,,y,) are two opposite vertices of
a square then the other two vertices are

{(X1+X2)i(YI_Y2) (yl+yz)¢(xl—xz)]

>

2 2

Length of the Medians :

,.)

Length of the median through vertex

)Ais %\/sz +2¢*—a’
SR B 2 12
11)B155 2c“+2a°-b
N B 2 2
iii) Cis ) 2a”+2b" —c

Where AB=c;BC=a;CA=b

Some standard results :

.

The line segment joining the mid points of two sides
of triangle is equal to half of the third side and
parallel to the third side

In a triangle ABC if AD is the median drawn to

BCthen AB’ + AC* =2(AD’ + BD?)
A triangle is isosceles if any two of its medians are
equal

The diagonals in rhombus,square,rectangle and
parallelogram bisect each other

The figure obtained by joining the middle points of
the quadrilateral in order is parallelogram

¥ ¥

Sol

Eg:

Sol

Eg:

Sol.

In a parallelogram, if diagonals intersect at right
angles, then parallelogram is thombus

Diagonals of arhombus bisects the angles

Let two straight lines meet at A and any line Parallel
to angle bisector meet them in B and C then triangle
ABC isisosceles triangleand AB=AC

cos&:\/

XX, Yy,
2, 2 [2, 2
X +y \/Xz +y]

Where P(xl,yl), Q(xz,yz) and 'Q0' be the

origin.
If P is the length of the diagonal of a square
then

a) length of the side is % units.

2
b) Area of the square is p?

01

If the point (x; +t(xy—x1),y1 +t(y2—y1))
divides the join of (x;,y;) and (x,y,)
internally, then t ¢

ratio s xq —x:x—x;

=Xy — X1 —t(xg =X1) 1 X1 + (X = X1 ) =X,

=t(x; —Xp) (X1 —x3 ) —t(x; —X7)

=t:1-t>0 (-~ Divisionis internal)
=>t(1-t)>0=>te(0,1)

v) The ratio in which the line segment joining
(x,,y,) and (x,,y,) is divided by

1) x-axisis -y, 1y, ii) y-axisis-X, : X,

2

If Q is harmonic conjugate of P with respect
to A,Band AP=2,AQ =6 then AB=

:AP,AB,AQare in H.P.

L2 1.1
AB AP AQ

3

If P and Q are two points on the line joining

A(-2,5), B(3,1) such that AP= PQ = QB then

PQ=

AB
P = —=
Q 3

= AB=3

J25+416 /41
3 3



Eg:

Sol

Eg:

Sol :

Eg:

Sol

Eg:

Sol

Sol

4
In a triangle ABC, A(5,6), B(-1,4) and centroid
is at (2,4). Then area of triangle formed by
the mid points of sides of AABC is

:Area of AABC =3 (Area of AGAB)

=4 (Area of ADEF)

3
= Area of ADEF = , area of AGAB
_3
.

5

The area of the pentagon whose vertices are
“4,1),3,6),(-5,1),(-3,-3) and (-3, 0) is
1)30Sq. Units  2) 60 Sq. Units

3) 120 Sq. Units  4) 75 Sq. Units

163 5 3 34 60 o
216 1 3 0 1 2 “oabms
6

The orthocentre of the triangle whose vertices

2,2)(1,21) g [2251);
are | < | 5, and | < 5 IS

:Slope of AB is 0, slope of AC is not defined =

Triangle is right angled.

-1

- Orthocentre = A= (zz?j

7

In AABC, the vertices are A=(2,3), B=(-2,-5),
C=(-4,6). If Pis a point on BC such that AP
bisects the angle A, then P=

:Pdivides BC intheratio AB:AC=

4\/5:3\5:4:3

P_[—16—6 24—15]_(—22 gj
7 7 77

: 8

If A (3,-4), B(7, 2) are the ends of a diameter
of a circle and C is a point on the circle then
the circumcentre of AABC is

:Angle in a semicircle is aright angle.

Circumcentre = mid point of AB= (5, -1)

Eg:

Sol

Eg:

Sol

Eg:

Sol :

Eg:

Sol

9
The radius of nine point circle of the triangle
formed by (4,6), (0,4), (6,2) is

$AB%?=16+4=20-BC%>=36+4=40,

AC2=4+16=20. Triangle is right angled.

Circumradius R =

10

The triangle with the vertices (-2,4), (0,0),
(5,-1) is

hyp _2V10 _ g5
2 2

P AB? =20,BC? =26, AC? =49 +25 =74

AB? + BC? <CA?,BC? + CA? > AB?,

CA? + AB? > BC?

-, Triangle is obtuse angled triangle.

11

If a vertex of a triangle is (1,1) and the mid
points of two sides through this vertex are (-
1,2) and (3,2) then the centroid of the triangle

18
D=E+F-A=(-143-1,2+2-1)=(1,3)

7
centroid of AABC = centroid of ADEF = (ng

12
If G is the centroid of AABC and BC=3, CA=4,
AB=5 then BG=

:Length of the median through B is

%\/2& +2a% - b? =%\/50+18—16 13 -
BG=2(vi3)= Y2

EXERCISE - 1

The distance between the
(sin g, cos @) and (cos g, -sin Q) is

D1 )2 3)2 4) J6

points

Distance between two points (2, cot ) and
(1, 0) is

1) cosec @
3) | Sec@ |

2)sec @
4) | cosec @ |



. Pisapoint on the line x=y. If the distance of P

from (1,3) is 10 then x and y coordinates of P
are both equal to
1)9or-5 2)-90or5 3)-9or-5 4)9or5

. The coordinates of the point which divides the

line segment joining (a+b, a-b) and
(a-b, a+b) in the ratio of a:b externally is

[az—2ab—b2 a’ +b2j
1

a-b " a—b
a’—2ab-b’> a’+b’
2) a+b " a+b
a’+2ab—b* a’-b’
3) a+b ab
a’—ab-2b*> a’—ab-2b’
D at2p 2a+b

. If the points A(a, b), B(—-a,—b) and
P(a%, ab) are collinear then the ratio in which
P divides AB is

I)l+a:1-a 2)1:a

3)a:1 4)1-a:l+a

. The ratio in which the y-axis divides the line
segment joining (3,6), (12, —3) is

1) 1: 4 internally 2) -2:1

3) 1 : 4 externally 4)2:1

. IfA(-2,5),B(3,1) and P, Q are the points of

trisection of AB, then mid point of PQ is
1
=3

»(37)

4)(1,4)

1)(2,3)

o4

. The harmonic conjugate of (4, 1) with respect

to the points (3,2) and (-1, 6) is

7 8 7 8
D(-4,1) 2)(1,4) 3) (E’Ej 4) (E’EJ

. The triangle with the vertices (4, 3), (-3,2),

(1,-6) is
1) An obtuse angled triangle
2) An acute angled triangle

10.

11.

12.

13.

14.

15.

3) Right angled
4) Right angled isosceles

8
The points (07§j9(133)a(82930) are vertices of

1) An obtuse angled triangle
2) An acute angled triangle
3) Right angled
The maximum area of the triangle formed by
the points (0,0), (acos @, bsin ) and (acos g ,
-b sin @ ) (in square units)

4) Lies on a same line

1 3 b  2)ab 3 b 4) a’b?
)Zab  2)a ) Ha
An equilateral triangle has each side equal to

‘a’. If (x,, y,), (X5, ¥,) and (x,, y,) are the

2
X w1
vertices of the triangle then | % > 1| =
Xyl
3a*
1) 3a* 2) e 3) 4a* 4) a*

y z z X
The sides of a triangle are — T >~ 1 and
z xx y

Y
+ ; then its area in square units is

X y z
1) xyz 2) ;+;+;

x2y222
3)\/xyz 4) >

The centroid and two vertices of a triangle are
4,-8), (-9, 7), (1,4) then the area of the

triangle is

1) 333 sq.units 2) 166.5 sq.units

3) 111 sq.units 4) 55.5 sq.units

The points (a,0),(0,5),(11) are collinear if
1 11
—+—=1 —+—==2

! a b 2) a b



16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

1 1 1 1

3) a " b 3 4 a i b 4

If 3, 5 be the distances between the parallel
sides and 30° is the angle between two
adjacent sides of a parallelogram then its area
1)1572 2) 15 3)30 4)15/4

The vertices of a triangle are (2,1),
(-2,-2), (1,0). Then sum of squares of the
lengths of the medians of the triangle is

1)25 2)40 3)30 4) 45

The lengths of the sides of a triangle ABC are
AB=10, BC=7, CA=,/37 then length of the

median through the vertex C is

D32 2)2.3 3)3.3 4)4.»

If the sides of AABC are 5, 7, 8 units then
AG? +BG? +CG? =

1)46 2) 138 3)92 4) 69

The centroid of a triangle is (2,3) and two of

its vertices are (5,6) and (-1,4) then the third
vertex of the triangle is

DG 2)@E-) 3)@E-1) 4HE0)

If P (1,2), Q (4,6), R(5,7), S(a,b) are vertices
of a parallelogram PQRS then

1)a=2,b=4 2)a=3,b=4
3)a=2,b=3 4)a=3,b=5

If (2,4),(2,6)are two vertices of an

equilateral triangle then the third vertex is

D (24+3.5) 2) (V3-2.5)
3)(5.2+43) 4 (5.2-43)

If (2,4),(4,2)are the extremities of the

hypotenuse of a right angled isosceles triangle,
then the third vertex is

1) (2,2)0r(4,4) 2) (3,3)0r(4,4)

3) (2,2)0r(3,3) 4) (2,3)0r(3,2)

The side of a square ABCD is ‘a’units. A,B,C,D
are in the anti-clockwise order. If AB and AD
are coordinate axes. Then the coordinates of
C are

1)(a,-a) 2)(-a,-a) 3)(-a,a) 4)(a,a)

If (1,a), (2,b), (¢%,-3) are VERTICES of a triangle

then the condition for its centroid to lie on
x-axis is
1)3a+3b=1
3)ab=3

2) atb=3
4) 2a+3b=7

26. IfA(3,—4),B(7,2) are the ends of a diameter

of a circle and C(3, 2) is a point on the circle
then theorthocentre of the A ABCiis
D©,0) 2)3,-4) 3)3,2) 4(7.2)

27. Incentre of the triangle with vertices

(4a'2)a (5,5) ('2,4) is
1) (5/4,3/4)
3)(5/3,5/3)

2)(3/2,3/2)
4)(5/2, 5/2)

KEY
01)2 02)4 3)1 041 51 06)3
07)2 08)3 09)2 10)4 11)3 12)2
13)2 14)2 151 16)3 17)3 18)1
19)1 20)2 21)3 22)1 23)1 24)4
25)2 26)3 27)4

SOLUTIONS

1. Put 9=0 then 4(0,1)B(1,0)

AB=J(1-0) +(0-1)" =141 =42

Let P(k, k) be any point on x =y
A(1,3) given PA=10

PA” =100

(k=1)" +{k=3)" =100=k* +1- 2+ +9—6k =100

k(k=9)+5(k-9)=0

k= —5(0r)9

2. distance=+/1+cot’ @ =| cosecl |

3. P(k,k) A(1,3),PA=10

4 (mxz—nxl myz—nylj

m-—-n m-—-n

S0 min=Xx-—X,:X,—X,

a—a2:a2+a

6. Y-axis divides (x,y,) and(x,y,) in the ratio



—X; 1 X, BC=+3"+2 =\9+4 =413

7. mid point of PQ=mid point of AB
_J12 12 _
8. (4,1) divides(3,2) and (~1,6) in the ratio CA=J2+1% =2

-1:5. The point that divides joining the line segment now AD + BE> + CF> ZE(ABZ L BC +CA2)
4
78 ,
(3,2) and (—1,6) intheratio 1:5 is (gagj 18. Use length of median through C
— l 2 2 2
9. AB?=50,BC?=80,AC? =90 —E\IZa +2b°—c

AB? +BC? > AC?,BC? + CA? > AB?,

19. AB?+BC2 +CA?2 =3(GA2 +GB? +GC2)
CA? + AB? > BC?

20. C=3G-(A+B)

10. AB? =26,BC? =52,AC? =26 21. S=P+R-Q
22. Third vertex
11. %(X1YZ_XZY1) (Xl"'xziﬁ(}’l_}h) Y1+YZ¢\/§(X1_X2)J
2 ' 2
1 ) ) .
:Eab sin 26 for maximum A sin2g = 1
| 2+2++/3(4-6) 4+6+3(2-2)
Xy = )
\/§ ) 1 1 1 2 2
2. 7473 21
Xy 1 =(2++3.5)
J3
13. putx=y=z=1,Area =~ -a’ 2+4+(4-2) (4+2)+(2-4)
23. Third Vertex > ) 5
14. Given g(4,—8)A(—9,7),B(14) area of triangle
| =(3+1,3%1)
X=X =W
GAB=—|" *
2| =x  y =), =(4’4) or (2’2)
24. A(0,0)B(a,0)D(0,
s s 156+45|_|1| (0.0)8(a,0)D(0.2)
“203 -12] 2 ) =C(aa)
-. Area of triangle ABC = 3(areca of triangle 25. Gy =0
3(111) 26. £C=90°
GAB)=——=166.5 sq.unitsArea of the

27. Given A=(4-2),B=(5,5),C=(-2.,4)
15. Slopes are equal

oD a=BC=y(-7) +(-1)" =V49+1=+50 =52
16. A==
sin &

17. Given A(2,1),B(-2,-2),C(1,0) b CA = /(—6)2+(6)2 _ 36136 =72 =62
AB = |(-4) +(3) =+/16+9 =5 c=AB =P +7* =1749 =[50 =52

I n c e n t r e

202 +302 =102 —10v2+30V2+2012 _(5 sj

1642 ’ 1642 22



. The point whose

EXERCISE - 11
. The point 4 (sin 0,cos (9) is 3 units away from

the point B(Zcos75°,2sin75°) if

0° <0 <360° then g =
1) 195°  2)105°

3) 285°  4) 270°

. The abscissae of two points A and B are the

roots of the equation x>+2ax-b>=0 and their
ordinates are the roots of y>+2py-q*=0 then
the distance AB in terms of a, b, p, q is

1) \/a2 +b+p’+q°

2) 2\/az+bz+c]2+p2
3) Ja* +b* + p’
4) Ja* +b* +q°

. The point P(x,y) is equidistant from the points

Q(ct+d,d-c) and R(c-d,c+d) then
I)cx=dy 2)cx+dy=0
3)dx=cy 4)dx +cy=0

. The coordinates of the point that is two-thirds

away from (-4,3) to (5,7) is

0(52) 225 3247 @)

coordinates are
x=x,+t(x,-X,) and y=y +t(y,-y,) divides the join
of (x,,y,), (X,,y,) in the ratio

t 1-t

t
Trt M1 Y

)l+t )t

. The area of triangle formed by the vertices

(a, 1/a), (b, 1/b) and (c, 1/c) is

a+b+c |(a—b)(b—c)(c—a)|
1) abc 2)‘ 2abc
3 abc 4 l(az+b2+c2)
) at+b+c ) 2

. Let A(h,k),B(1,1),C(2.1) be the vertices of a

right angle triangle with AC as its
hypotenuse.If the area of the triangle is 1 then
the set of values of K can be

1) {1,3} 2) {0,2}

10.

11.

12.

13.

14.

15.

10

3) {-1,3} 4) {-3,-2}

Area of the triangle with vertices (t,t-2),
(t+3,t), (t+2, t+2) is

1)4 2)8 3)6 4)10

The points with coordinates (2a,3a),

(36,2b) and (c,c) are collinear

1) for all values of a,b,c
2) for no values of a,b,c
3)iffa,c/5,barein H.P.
4)iffa,2c/5,b are in H.P.

a,b,c arein A.P and x,y,z are in G.P. The
points (a,x),(b,y),(c,z) are collinear if
Dx’=y 2) x=2°

3))/2:2 4)x:y:Z

If ‘O’ is the origin and A (x,, y,),
B (x,, y,) then the circum radius of A AOB is

OA.OB.AB OA.OB.AB
| B DT
) 21Xy, =X,y | ) | XY, — X, |
2.0A.0B.AB OA.OB.AB
L) N
) | X,¥, =X, | ) 21%,y, + X, |

If x ,x,,x, are in A.P. and y,, y,, y, are also in
A.P. with same common difference then the
points (x,,y ), (X,,y,) and (x,,y,) form
1)Ascalenetriangle  2) Aright angled triangle
3) An equilateral triangle 4) Collinear

Area of the triangle formed by (0,0),

(a"z ,0),(0,a6") is % $q. units then x =

I)lor5 2)-lor5 3)lor-5 4)-lor-5

If A,, A, are the areas of incircle and
circumcircle of a triangle with sides 3,4 and 5

A
then — =
2

16 4 k2 9
b 25 2) 25 3) 25 Y 16
LetA=(-4,0),B=(-1,4).C and D are points
which are symmetric to points A and B
respectively with respect to y-axis, then the



16.

17.

18.

19.

20.

21.

22,

23.

24.

area of the quadrilateral ABDC is

1) 8 sq.units 2) 12 sq.units

3) 20 sq.units 4) 10 sq.units

Instead of walking along two adjacent sides
of a rectangular field , a boy took a short cut
along the diagonal and saved the distance
equal to half of the longer side. Then the ratio
of the shorter side to the longer side is

1)1:2 2)2:3 3)1:4 4)3:4
Orthocentre of the triangle with vertices (4,1),
(7,4), (5,-2) is

1)(0,0) 2)(1,2) 3)(3/2,3/2) 4)(2,1)

O is the orthocentre of the triangle formed by
A(1,-3), B(7,2), C(2,5) then the distance
between the orthocentres of A BOC, A AOB
is

1
DVes 2 2J65 3565 4) 6

The circumcentre of the triangle formed by
(-2,3), (2,-1) and (4,0) is

1) (3/2,5/2) 2)(-3/2,5/2)

3) (3/2,-5/2) 4) (-3/2,-5/2)

Ina AABC, the sides BC=5,C4=4,4B=3.1If
A (0,0) and the internal bisector of angle A

12 12

meets BC in D(7,7j then incentre of
AABC is
22 2)(32) 3)23) 4(,D

(0,0), (20,15), (36,15) are the vertices of a
triangle then the ex-centre opposite to vertex
(0,0) is

1)(35,20) 2)(19,18) 3)(16,25)4)(14,22)
The mid points of the sides of a triangle are
(1/2, 0), (0, 1/2) and (1/2, 1/2) then its
circumcentre is

D(1,1)  2)(1,172) 3)(1/2,1) 4)(1/2,1/2)
If G be the centroid and I be the incentre of
the triangle with vertices A(-36, 7), B(20, 7)

25
and C(0,-8) and GI= 3 J205 then ) =

1)1/25 2)1/5 3)25 4)5
Orthocentre of the triangle is (2,1) and the

75

circumcentre is (E’E) then its nine point

25.

26.

27.

28.

29.

11

circle centre is

i) E3 ()0 33
DI 3% ) 2 2P 04)91 2,

If (x,3).(%,.5,).(x;,»;) are vertices of
equilateral triangle such that

(x _2)2 +( _3)2 =(x, _2)2 +(», _3)2 =
(=2 + (3 -3)

then x, +x, +x,+2(), +y, +y;)=

D18 2)24  3)6 4)8

If (0, 0) is orthocentre of triangle formed by
A(cosa,sina), B(cos B,sin B),C(cos y,siny)

then |BAC=

0

2) 30° 3) 45°

Origin is the orthocentre of the triangle formed
by the points (5, -1), (-2,3) and
(-4, -7) then the nine point circle centre is

-1 -5 -1 -5
(33 a5
3)(1, 1) 4)(5,3)
I,1,,1,,I, are incentre and excentres of

A ABC. If1(0,0) L(2,3),L(5, 7) then distance
between orthocentres of A 1,1, and A I,1,1,

DV D5 NV 23T

If (a, b), (x, y), (p,q) are the coordinates of
circumcentre, centroid, orthocentre of the
triangle then

I)3x=2a+p,3y=2b+q
2)x=3a+2p,y=3b+2q
3)3x=a+2p,3y=b+2q
4)x=a+p,y=b+q

KEY
03)3 04)2
09)4 10)4
15)3 16)4
2)1 22)4
27)2 28)3

1
1) 60° 4) 225

01) 1
07) 3
13)4
19) 1
25)2

02)2
08) 1
14)2
20) 4
26) 1

05) 3
1)1
17)2
23) 1
29) 1

06) 2
12)4
18) 1
24) 4



—

© o0

10.

I1.

12.

13.

14.

N s

SOLUTIONS

\/(ZCOS 75° —sin 9)2 +(25in 75° —cos 6’)2 =3

Letx,, x, are x-coordinates of A,Band vy, vy,
are y-coordinates of A, B then

X, tx,=-2a X X,=-b?

Y, tY,=-2p Y\, = -’

AB’= (X1 - Xz)z + (yl - y2)2

= (Xl + Xz)z - 4X1X2+ (yl + YQ)z - 4y1y2
PQ? =PR?

2 : 1 =2:1

3 3

X1 = X:1X—Xp

Use area of the triangle formula

Slope of BC=0 = ABisvertical . h=1

Areaof AMBC =1

. Putt=0

Slopes are equal
a,b,c arein AP —=4—p=p—c

(a,x),(b,y).(c,z)are collinear

<:>x—y:y—z
a-b b-c

= X7y =1
y—z

=>X—y=y—-z=Xx,y,zareinA.P
x,y,z areinA.PandalsoinGP =>x=y=z

R abe
4A
Put x1,x5,x3 =1,2,3
Y1,¥2,¥3=2,3,4
Slope of AB =Slope of BC

1
Area = E|x1y2 - x2y1|

r:é,Rz—hyp
S 2
r=LR :é
2

15.

16.
17.

18.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

12

Y
B (-1,4)

/

A (-4,0)

D (1,4)

X

0 C (4,0)

4 1
:E|_20 - 20| =20 sq.units

Area =7 s _4‘

15
2

Ja2+b =L+ b
2

Slope of BCis 3

Altitude through Ais x + 3y — 7=0, verify
Distance between the orthocentres=AC

19.

I divides AD in the ratio b+c:a

. bisectorof ABisx —y+1=0.

I _(—ax1 +bx, +cx; —ay, +by, +cy3j
! —-a+b+c —-a+b+c

Vertices of the triangle are (1,0),(0,1),(0,0)

G(_Tm,sz:(—l,o),G]:_\'zOS

3
Nine point circle centre = mid point of orthocentre
and circumcentre
SA=SB=SC
S=G=(2,3)
Sox X, +xg +2(y1 +, +y3)=6+18=24
Let S=(0, 0)
SA =SB =SC = equilateral triangle

Nine point circle centre divides OG intheratio3: 1

distance between land L = (/74

Centroid divides orthocentre,Circumcentre in the
ratio2: 1



LOCUS

J

SYNOPSIS

Locus is the set of points (and only those points)
that satisfy the given consistant geometric
condition(s).

1.e 1) Every point satisfying the given condition (s)
is a point on the locus.

i1) Every point on the locus satisfies the given
condition(s).

Locus is the path traced by the conditional point(s).
It is a necessary condition, converse need not be
true.

Algebraic relation between x and y obtained by
applying the geometrical conditions is called the
equation of locus.

The locus of a point which is equidistant from two
fixed points Aand B is the perpendicular bisector
of'the line segment AB.

The locus of a point which is at a constant distance
from a fixed point is a circle

A and B are fixed points. P is the point moves

such that % =k is

1) astraight line ifk=1 ii) a circle ifk # 1 and k>0.
i) anempty setif < 0.

Ifthe join of two fixed points A,B subtends a right
angle at P, then the locus of Pis a circle on AB as
diameter.

The locus of the third vertex of a right angled triangle

when the ends of a hypotenuse are given as (x1 N )

and (x2 Vs ) is a circle whose equation is

(x=x)(x =) +(y=2)(y=1.)=0
Given A & B are two fixed points.The locus of a
point P such that the area of A PABisa constant
isapair of lines parallel to AB.

IfA, B,C are three points then the locus of a point
Psuchthat py? + pR? = K.PC? 1s

1) astraight line if K=2 ii) a circle ifk 2 2 and K>0
iil) an empty setif t < (

The locus of the point which moves equidistant from
a fixed point and fixed st. line is a parabola.

y

A,B are two fixed points and

PA + PB =k then

()IfAB <k, locus of Pis an ellipse

(1)If AB =k, locus of P is line segment AB
(ii1))I[fAB >k, locus of P does not exist

A,B are two fixed ©points and
|PA - PB| =k, then

()IfAB <k, locus of P does not exist
(i)IfAB =k, locus ofPis line through A and
B except line segment AB

(111)IfAB >k, locus of P is a hyperbola

The curve represented by

S=ax’ +by* +2hxy +2gx+2fy+c=0

and A =abc+2 fgh—af’ —bg” —ch’ is

i) acircleifa=b,h=0, g* + /> —ac>0, A= 0

ii) a pair of lines if A =0, 4> > ab, g* > ac,
f*>bc

iii) a pair of parallel lines if A =0, 2 = ab»

af* =bg’

iv)aparabolaif A 20, 42 =ab-

v)Anellipseif A #0,4* < ab.

vi) ahyperbolaif A = 0, 4% > ab

vii) a rectangular hyperbola if A # (), a+b=0and
h? > ab



EXERCISE-I

. The locus of the point, for which the sum of
the distances from the coordinate axes is 9 is

D x+[y =9 2) x| +[y =3
3) |x|+|y|:0 4) |x|+|y|:27

. The equation of the locus of the point whose
distance from the x-axis is twice that of from

the y-axis is
1) y>=4x? 2) 4y* =x?
) y=2x 4)x =2y

. The equation to the locus of a point P for which

the distance from P to (6, 5) is triple the
distance from P to x-axis is

1) x2+8y2- 12x-10y + 51 =0
2) x2+ 8y*+ 12x-10y + 51 =0
3) x2- 8y’- 12x-10y + 61 =0
4) 3x2+y*- 10y -25=0

. If the distance from P to the points

(5, -4), (7, 6) are in the ratio 2 : 3, then the
locus of P is

1) 5x2+ S5y*- 12x - 86y + 17=0

2) 5x2+ 5y*-34x + 120y +29=0

3) 5x*+ 5y*-5x +y+14=0

4)3x2+ 3y?-20x + 38y + 87 =0

. The equation of the locus of the points

equidistant from the points A(-2,3) and
B(6, -5) is
1) x+ty=3 2) x-y=3 3) 2x+y=3 4)2x-y=3

. IfA(a,0), B(-a,0) then the locus of the point P

such that PA*+PB*=2¢? is
1) x*+y*+a*-c*=0 2) x*+y*+al+c*=0
3) 2x*+y*+3a?-c=0  4)x*+y*+a’+2c¢=0

. The ends of hypotenuse of a right angled

triangle are (5, 0), (-5, 0) then the locus of third
vertex is

1) x*-y?=25
3) x*+y*=5

2) x2+y?=25
4) x*-y*=5

. A(0,0), B(1,2) are two points. If a point P

moves such that the area of A PAB is 2
sq.units, then the locus of P is

10.

11.

12.

13.

14.

15.

1) 4x*+4xy-y*= 16

2) 4x%2-4xy+y? =16

3) x> H4xy+y* =16

4) x*-4xy-4y*= 16

The locus of a point which is collinear with the
points (1, 2) and (-2, 1) is

1) x+3y+5=0 2) x+3y-5=0

3) x-3y-5=0 4)x-3y+5=0

A straight line of length 3 units slides with its
ends A, B always on x and y axes respectively.
Locus of centroid of A OAB is

1) x*+y*=3 2)x*+y*=9

3) x*+y*=1 4) x*+y>=8

If g is parameter, 4 =(acos8,asin0)

and B =(bsing,—bcosd) C=(1,0)then the
locus of the centroid of A4BC is (EAM-2014)
1) (3x+1)2 +9y* =a’ +b’°

2) (3x—1)" +9y* =a* -’

3) (3x-1)" +9)y* =a* +b?

4)(3x+1)2 +9y* =a’ - b’

If t is parameter, A = (aSec t, bTan t) and
B =(-aTan t, bSec t), O = (0, 0) then the locus
of the centroid of A OAB is

1) 9xy=ab 2) xy =9ab

1
3) x2-9y? = a>-b? 4)x2-y*= 5(32 -b?)

The Locus of the point
(tan g+ sin g, tan g-sing)is

D (@) +(v?)

3) x2-y*=12xy

2/

= 2) x*-y? =Xy
4) (x%-y?)*=16xy

a
The Locus of the point (a +bt, b - n ) is

1) (x-a)(y-b)+ab=0 2) (x-a)(»-b)=0

3) (x-a)(y-b) = ab 4) (x-a)(y+b) = ab

The sum of the distances of a point P from
two perpendicular lines in a plane is 1. Then

locus of P is (EAMCET 2008)
1) Square 2) Circle
3) Straight line 4) Pair of Straight lines



16.

17.

18.

19.

20.

21.

22.

The locus of point of intersection of the lines

y+mx =va’n’ +b> andmy-x=/32 4 h>m? is

11
D xHy!="5+-3
a- b

3)x%-y?=al- b?

2) X2+y2 — a2+b2

2

y
The coordinates of the points A and B are (a,0)

4) %+i:a2 -b’

and (-a,0) respectively.If a point P moves so
that p4? _ pp? = 2)?,where K is constant,
then the equation to the locus of the point P.
1) 2ax+k*=0 2) 2ax—k*=0
3) ax+2k* =0 4) ax-2k*=0
A point moves in the XY-plane such that the
sum of it’s distances from two mutually per-
pendicular lines is always equal to 5 units. The
area enclosed by the locus of the point is
(EAM-2020)
25
1)7 2)25

3)50  4)100

If A = (1,0), B= (-1,0) and C = (2,0) then the
locus of the point Psuch that PA*+ PB*>=2PC?
isa [EAM - 2019]

1) straight line parallel to y-axis

2) circle with centre (0,0)

3) circle through (0,0)

4) straight line parallel to x-axis

The curve represented by x=2(cost+sint) and
y =5(cos t-Sin t) is
I)acircle 2) aparabola
3)anellipse 4) a hyperbola

Locus represented by x=a (cosh g+sinh g),
y=b (cosh g-sinhg) is [ EAM -2018]
1) ahyperbola 2) aparabola

3)an ellipse 4) a straight line

C
The curve represented by x=ct and y = 7 is

l)acircle
3)anellipse

2) aparabola
4) a hyperbola

23.

24.

25.

26.

=9(x* +)7 —10x+8y+41) =4(x" + " ~14x 12y +85)

3

Locus represented by
y=b+aTang is

x =a +b secg,

1) a hyperbola 2) aparabola
3)anellipse 4) a straight line
The equation

x*y? —2xy° =3y" —4x’y+8xy+12y=0

represents
1) Two Pairs oflines ~ 2) a Parabola
3)an Ellipse 4) hyperbola

From a point P perpendiculars PM, PN are
drawn to x and y axes respectively. If MN
passes through fixed point (a,b), locus of P is
2)xy=ab

4) x+y=xy

The sum of the squares of the distances of a
moving point from two fixed points (a,0) and

(-a,0) is equal to a constant quantity 2.2then
the equation to its locus is

1) xy= ax+by
3) xy =bx+ay

) x*+y*=c"+a*> 2)x*+y’=c"-a’

3)x2—y2=cz—a2 4)x2—y2=cz+a2

KEY
D1 2)1 )3 4H2 52 61
72 82 94 1003 113 12)1
13)4 141 151 16)2 17)1 18)3
19)1 20)3 21)1 22)4 23)1 24)1
25)3 26)2
SOLUTIONS

. Perpendicular distance from P(x,y) to x-

axis is |y| and y -axis is |x|
|x|+|y| =9

[ =2[]

PA=2]|y| where A=(6,5)

Let p(x.y)A(5,-4)B(7,6) Given 3P4 = 2PB
S.0.BS
9PA* =4PB’

9((x=5)" +(y+4)")=4((x=7) +(»-6)’)



=0F +9)” — O+ 23047 4y +5x+48y-340=0 3y =asinf-bcost

Locus of P is squaring and adding
2 2 = 2 2 - A2 . 2
X745y =34x+120y+29=0 (3x—1)"+3y) =(acosO+bsing) + asinf—boosd)
5. P4’ =PB’ 21902 = 42 2 gin?
(on) (3x-1)" +9y* =a’ cos@+b’sin* 4
2(x, = X,)x+2(y, = y,)y = x>+ Yt —x2 =y 2abcos@sin @ +a’sin® @+ b’ cos” @ —2absin & cos O
6. (x—a)2+y2+(x+a)2+y2=2(:2 (3)6—1)2+9y2:az"‘b2
7. A=(5,0),B=(-5,0) asect—atant btant+bsect
12. (%)= 3 ; 3
PA* + PB* = 4B’
(or) Eliminate t
(=) (=) + (=) =3,) =0 13. Eliminate §
8. A=(0,0),B=(1,2);P=(x,y) 14, x=a+bt;y=b-2
t
1
Areaof APAB =iy, =] =2 (r-a)(=b)=(or) -4
Given A(0,0)B(I,Z)p(x,y)area of 15. |x|+|y|:1
APAB =2 16. Squaring and adding the equations
1 2 2 2
E|xly1_xzyl|:2 17. (x—a) +(y—0) —(x+a) —y* =2k
, 18. |x|+|y]=5
2x—)|=4 S.0BS (2x-y) =16
2¢? )
4)(?2 +y2—4xy=16 AFQGZWZZ(S) =50
9. A=(1,2),B=(-2,1)
Equation of AB is 19. (=1 +y" +(x+1)" +)* = 2[(95—2)2 +y2]
y=n Zu(X—Xl) 20. Ezcost+sint,1=cost—sint
X, =X 2 5
Py = 4.2 x
10. HY) = 373 21. —:cosh0+sinh9,%:coshﬁ—sinhe
a
a’+b*>=9 22, xy= .S
acos@+bsind+1 asin@d—bcosd t
11. G(x,») = 3 ) 3 xy = ¢’ isarectangular hyperbola
A=(acosb,asind),B=(bsinb,~bcosd),C=(1,0) 23. x=a+bsecd;y=>b+atand
xX—a -b
centroid of A4ABC = =secd; ya =tan6
(x y)_(acosﬁ+bsin9+1 asin&—bcos@+0} secl@—tan’ 0 =1
ol 3 ’ 3

24. y* (¥ —2x-3)-4y(x*-2x-3)=0

(y2 —4)/)()62 —2x—3) =0

3x—1=acos@+bsinl



25.

26.

y=0,y=4,x+1=0,x-3=0

Let P(a, 8)

Equation of a line passing through M,N is
fx+ay = af passing through (a,b)

Let P(x,y) be the locus p4? + pB? = 2(C*

. Locus of Pis x* + % =¢* —a’

EXERCISE-II

A(0,4), B(0,-4) are two points. The locus of P
which moves such that |PA-PB| =6 is

1) 9x2-7y*+63=0 2)9x*+7y*-63=0

3) 9x*+7y*+63=0 4) 9x2-7y*- 63 =0
A=(1,-1),locus of B is x>+y?=16. If P divides
AB in the ratio 3:2 then locus of P is

D) (x-27+(y-3)°=4 2) (x+1)+ (y-2)’=4

3) (x-3)+(y-2)’=4 4)(5x-2)*+ (Sy+2)’=144
A line segment AB of length ‘a’ moves with
its ends on the axes. The locus of the point P
which divides the segment in the ratio 1 : 2 is
1) 9x*+4y* = a? 2) 9(x*+4y*)=4a?

3) 9(x*+4y?*)=8a* 4) 9x*+9y*=4a’

If the roots of the equation

(x> =16)m* —2x,ym+y’>+9=0 are the
slopes of two perpendicular lines intersecting
at P(x,,y,) then the locus of P is

1) x>+y?>=25 2) x*+y*=17

3) x*-y?=25 4) x*-y*=17

The locus of foot of the perpendicular drawn
from a fixed point (2, 3) to the variable line
y = mx, m being variable is

1) x>+y?-2x+3y=0 2) x+y-5=0

3) x*+y*-2x-3y=0 4) xy-3x-2y+6=0
Vertices of a variable triangle are (5,12),
(13cos@,13sinf) and  (13sind,—13cosfH),
where g < R . Locus of it’s orthocentre is :

1) x> +y* +6x+8y—-25=0

2) ¥+ 3% —10x-24y 169 =0
3) X+ 7 +10x=24y 169 =0
4) x>+ > +10x+24y+169=0

10.

11.

12.

The locus of foot of the perpendicular drawn
from a fixed point (a, b) to the variable line y
=mx, m being variable is

1) x*ty*-ax+by=0 2) xty-(atb)=0

3) x> +y*-ax-by=0 4) xy-bx-ay+ab=0
Vertices of a variable triangle are (3,4),
(5c086,5sin6)and (5sin#,-5cos0), where
6 < R - Locus of it’s orthocentre is

) x> +3y* +6x+8y—-25=0

2) X’ +y*—6x-8y+25=0

3) x> +y°+6x-8y—-25=0

4) x*+y*—6x-8y—-25=0

A=(2,5), B=(4,-11) and the locus of ‘C’ is
9x + 7y + 4 =0 then the locus of the centroid

of A ABC is [ EAM -2017]
1) 27x+21y-8=0 2) 3x+4y-2=0
3) 24x+22y-6=0 4) 5x+3y-7=0

The base of a triangle lies along x=a and is of
length a. The area of triangle is a. The locus
of vertex is

1) (xt+a)(x-3a)=0
3) (x+a)(x+3a)=0

If a,x,x,,x,.... and b,y,,»,,.....

2) (x-a)(x+3a)=0
4) (x+2a)(x-a)=0
form two

infinite A.P’s with common difference p and
q respectively then the locus of

P(h,k) when h= -,

4) p(y+a) = q(x+b)
GivenP=(1,0)and Q=(-1,0)and R  is a
variable point on one side of the line PQ such



13.

14.

15.

16.

17.

V4
that £RPQ —4RQP=Z. The locus of the
point R is

D x*+y*+2xy=1 2) ¥+ —2xy=1
3) X’ —y*—2xy=1 4) x> —y*+2xy=1

A variable circle passes through the fixed
point (0,5) and touches x-axis. Then locus of
centre of circle

1) aparabola 2)acircle
3)anellipse 4) a hyperbola

The equation x’ + x*y + x + y = 0 represents

1) a straightline [EAM -2081]

2) a parabola and two lines

3) ahyparabola and two lines

4)alineand a circle

Thegraph represented by x = sint, y = cos’t
is

1) aparabola

2) aportion of parabola

3) apart of sine graph 4)a part of Hyperbola
If the equation of the locus of a point

equidistant from the points (al,bl)
and(a,,b,)is (a,—a,)x+(b—b,)y+c=0

then the value of c is [EAM -2019]
1 2 bZ 42 _b2

1) E(az th,—a;, =0 )

2) a’ —a; +b} —b;

3) %(af +a; +b/ +b22)

4) \Ja? +b} —a2 b

A line [ cuts x and » axes at
P(a,0)and Q(0,b) respectively, another line
L, perpendicular to [, cuts x and y axes at R
and S respectively. The locus of the point of

intersection of the lines PS and QR is

1) x(x—a)+y(y—b):O

2)x(x+a)+y(y+b)=0
3)x(x+a)+y(y—b):0
4) x(x—a)+y(y+b):0

KEY

01)1 02)4 03)2 04)2 05)3 06)2
07)3 08)4 09)1 10)1 11)1 12)4
13)1 141 152 16)1 17)1

SOLUTIONS
PA=PB+6
4(x—a)2 4y2_
O T a T
where k=6,a=0,b=4
A(L-1), B(a,f), P(x,y)

(3a+2 3p-2
()= 2422 2222

Find o, B subin x> + y* =16

A(p,0)B(0,q) Use section formula
mm, =—1

W9

=-1
x’—16

. LetP=(2,3), Q=(x,y)

PQ L
. Slope of PQ x m=-1

(=)

. Circum Centre (S)=(0,0)

Orthocentre ; O (x,y) =3G -2S
=(5+13cosg+13sing; 12+13sing-13cosg9)

(x-5)" +(y—12)

= 169[(cos 6 + sin 6’): + (sin @ — cos 0)2]

. Let P=(a,b),0=(x,y)

'.'yzmx:m:Z
X

PO 1 L= slopeof POxm=-1

. Circum centre (S)

0=3G-2S where O is orthocentre



10.

I1.

12.

O(x,y)=(3+5c080+5sind,4+5sin—5cos 0)
Let C(a, )

(6+a —6+p
(x’y)_( 3 0 3 j
(a,ﬂ):(3x—6,3y+6)sub
O9x+7y+4=0

(a,)=(3x—6,3y+6) lieson 9x+7y+4=0
9(3x—6)+7(3y+6)+4=0
27x+21y—8=0

Consider A(a,0),B(a,a) two points on a

linex =g and P(x,y)
Area of the triangle = 42

(or) %a|x—a| =a’
|x—a|=2a
x—a=7%2a

(x+a)(x—3a)=0
X,—a=x,—-x=___ =p
X, =a+p

x,=a+2p

X, =a+np

Tx, :a+(n+1)p
n 2

(n+1)p
2

X=a+

x-a n+1

o
N

13.

14.

15.

16.

W R(x,y)

Y
5 | 4540

0(-1,0) O x s

P(1,0) X

tan@ = —2—
1+x

tan(£+0jzi
4 I-x

l+tan® y
l-tand 1-—x

Y l-x
Let center be C(h,k) ; r=k (Circle touches x-
axis)
(h—0)’ +(k-5° =k’
h* =10k -25
Locusis x* =10y —25 which represents a pa-
rabola.
X (x+y)+1(x+y)=0
(x> +D)(x+y)=0
x* +1=0 isnotpossible forall x € R
.. x+ y =0 which represents a straight line.
x=sint; y=cos’¢
~1<x<l; 0<y<l1
X +y=sin*t+cos’t=1

x* = —(y—1) represents portion of a parabola

©0.1)

1N

10 O (1,0)

A(alb1 ),B(azybz),P(x,y)



17.

PA=PB
(or)2(a, —a,)x+2(b,—b,)y = al2 +b12 —aj —b22

c=2 @+ —al -b)

LetLIE£+X:1
a b
X y ) )
LE———:I
Now L, b ak PS equation is
X oy x y
=1 —+==1
P , (1) ok b -(2)

eliminate K from (1) and (2)

EXERCISE-III

The line joining (5,0)to (10cos6,10sin6) is
divided internally in the ratio 2:3 at P, then
the locus of P is

1) x*+2xp+y*—6x=0 2) x+y—-3=0
3) (x—3)2+y2:16 4) x*=y-3

If the first point of trisection of AB is
(t, 2t) and the ends A,B moves on x and y axis
respectively, then locus of mid point of AB is
)x=y 2)2x=y 3)d4x=y 4) x=4y
The variable line drawn through the point (1,3)
meets the x-axis at A and y-axis at B. If the
rectangle OAPB is completed. Where “O” is

the origin, then locus of “P” is

1)l+§=1 2) x+3y=1
y X
3)14‘321 4) 3x+y=1
Xy
P and Q are two variable points on the axes of
x and y respectively such that

|OP| + |OQJ|=a, then the locus of foot of
perpendicular from origin on PQ is

D) (x-y)(x*+y*) =axy

2) (x+y)(x*+y*)=axy

3) (x+y)(X+y)=a(x-y)

4) (x+y)(x*-y?) =axy

The algebraic sum of the perpendicular
distances from the points A (-2,0), B(0,2) and

10.

C(1,1) to a variable line be zero, then all such

lines

1) are parallel

2) passes through a fixed point(0,0)
3) form a square

4) passes through the centroid of A ABC.

The straight line passing through the point
(8,4) and cuts y-axis at B and x-axis at A.The
locus of mid point of AB is

1) xy+2x+4y =064

2) xy—2x—-4y=0

3) xy—4x-2y+8=0

4) xy+4x+2y=72

Sum of the distance of a point from two

perpendicular lines is 3 the area enclosed by
the locus of the point is

1) 18 2) 16 3)4 4)15
Locus of point of intersection of the lines
xsin@—ycosd =0and

axsec@—bycosecld =a’ — b’

1)x2+y2=a2 2)x2+y2=b2

3) P+yr=da’+b> 4 Xty =(a+b)
If A(1,1),B(2,3),C(-11) are the points of
P is a point such that the area of the
quadrilateral. PA B and C is 3 sq units then
locus of P is
1) y>+6y=0

3) x> +6y=0

4) x*—6y=0

The vertices of a triangle are (1,\/5 ),

(2cos8,2sinf)and (2sin6,-2cos b))

where &< R . The locus of orthocentre of the
triangle is

D) (x=1) +(y—V3) =4



11.

12.

13.

2) (x—2)2+(y—J§)2:4
3) (x-1) +(y—+3) =8
4) (x—2)2+(y—x/§)2:8

A point moves such that the sum of the squares
of its distance from the sides of a square of
side unity is equal to 9, the locus of such point
is

1) x2+y2—x—y—%20

2) X +y*=2x-2y-7=0
3) x2+y2—x—y—§=O

4) x*+y*=2x-2y-5=0

Variable straight lines L :y=2x+c¢ and
L, :y=2x+c, meet the x-axis in 4 and 4,
respectively and y-axis in B and B,
respectively locus of intersection point of
A4 B, and A4, B, is
1) y+x=0

3) y+2x=0

2) y=x

4) y=2x

Let a and b non zero real numbers. Then the

(axz +by’ +c)(x2 —5xy+6y2) =0
(II'T-08)

1) four straight lines, when c=0 and a,b are of the
same sign

equation
represents

2) two straight lines and a circle, when a=b and ¢
is of the sign opposite to that of a

3) acircle and an ellipse, when a and b are of the
same sign and c is of the sign opposite to that of a

4) two straight lines and a circle,when aand b are
of the same sign and c is of the sign opposite to
that of a

14. If the distance of any point P(x,y) from the

15.

16.

17.

point QO(x,,y,) is given by d(P,Q)=max.

|y=»l}- If Qs fixed point (1,2), and
d(P,Q)=3, then the locus of Pis

l)acircle 2) astright line

3) asquare 4) atriangle

A straight line passing through the point

{|X—X1

(xl, yl) meets the positive coordinate axis at

A,B. The locus of the point P which divides

AB in the ratio /- is
1 lx—l+m=l+m 2) @+1)/_1
X oy I
3) only 1 is true 4)both 1 and 2 are true
A(0,ae) B(0,—ae) are two points.The
equation to the locus of p such that

=l+m

PA+ PB=2ais
2 2
2 2
e
2 2
e yz |

4) ?_az(lJrez)
A(ae,0),B(—ae,0) are two points. The

equation to the locus of P such that

PA—PB=2a is
x2 y2
—+ =1
1y a az(l—ez)
LN
2) a az(l—ez)
x2 y2
—+ =1
3) a a2(1+ez)
x2 y2 _1



KEY ‘
3 2)3 3)3 42 54 6)2
1 8)4 092 10)3 1)1 12)3
13)2 14)3 154 16)1 17)1

SOLUTIONS
15+20cosé@ 20siné
( j: (x,2);

2

5 5
Eliminate ‘ 9’

. Let P(h,k)locus of mid point 4(a,0) B(0,b)
2a b

(t,2t) = [?’5} climinate t we get 4/ = 9.

. Letthelinebe REMBANS|
a b

1 3
If passes through (1,3), ™ ” + - =1

4(a,0),B(0,b). .. P =(a,b)

- locusofPis —+—=1,
Xy

v

—2>X

Let P(a,0) Q(0,5)
Equation of'the circle passing through O,P,R

is x>+’ —ax=0

2 2
=Xty 11.

X

X'+

y
o] +[ ] = a

. Algebraic sum of the perpendicular distances from
three non collinear points is zero, then the line
passing through centroid of the triangle formed by
these points.

v P=

12.

10

10.

. Xy
. LetEquation of AB ;"‘521...(1)

Let P(h,k) locus of mid point of AB
a=2h,b=2ksubstitue in (1) we get
xy—2x-4y=0

Let P(x,y) be the locus

|x| + |y| =3 —area= 18 sq.units

Eliminate g

Let P(x,y) be the locus of the point

x=2 1+1
y-3 1-1

1

2

b

[1+2cos6’+25in9 \/§+2sin9—2cosej

3 3
[ 4 @ @
C(0,0) G H(x, y)
1:2
1+2cos@+2sin@

X
3 3
= x=1+2cos@+2sind

Y _ \/§+2sin¢9—2cos9
3 3

= y=\/§+2sin¢9—200549
(x—l)2 +(y—x/§)2 =8
Let (h,k be the locus

)
W +(1-h) +k*+(1-k)" =9

2x y

; in—+—=1
Equation 4 B, in o

-2x y
+-=1 ¢climiate ¢, and

equation 4,B, in B B
2 1

¢, from the above equations.



13.

14.

15.

16.

17.

x? —5xy + 6y = 0 representes two straightlines
if ¢<0, a=b then

c
ax’ +by* +c=0=>x"+)y’=— :where =>0
a a

Locus of P consist of lines |[x—1|=3,

y—ﬂ=3
Let A(a,0) B(0,b)Let P(x,,,) dividesABin
the ratio ] : j;; weget locus of P is

by my,

Xy

=l+m

A(0,b)B(0,a) let P(x,y) be the locus weget
mx

ly
locus of Pis ——+—=1+m
X Y

4(0,ae) B(0,~ae)P(x,y)  PA+PB=2a

2 2
+

X

locus of P is m =1

QN|‘<

PA*=(2a+ PB)’

4x* +4(y—b)2 4
K> kK -4d°
(k=2a,a =ae,b=0)

(or)

11



TRANSFORMATION

J

>

SYNOPSIS

Change of axes or transformation of axes is of three
types :

1) Translation of axes

i) Rotation ofaxes

iii)General Transformation

Translation of axes:

>

)

1) Shifting the origin to some other point without
changing the direction of axes.

When the origin is translated to (h,k), the equations
of transformation are

x = X+h, y=Y+k where (x, y) are the original
coordinates and (X, Y) are the new coordinates
of'the point.

Rotation of axes:

>

1) Rotating the system of coordinate axes through
an angle ‘ g’ without changing the position of the
origin.

When the axes are rotated through an angle ‘9’ in
anticlockwise direction. The equations of
transformation are given by

X Y

X Cos 0 —-Sin O

y Sin O Cos 0

Set-1 x=Xcosg -Ysing,

y=Xsing +Ycosg,

X=xcos@ +ysing ,

Y =-xsing +ycosg,
Transformation is used in reducing the general
equation of any curve to the desired form. For
example
To eliminate first degree terms, we apply
translation.

To eliminate the term containing ‘xy’, we apply
rotation.

Set-2

i)

The point to which the origin has to be shifted to
eliminate first degree terms (X, y terms) in
S =ax?+ 2hxy + by* + 2gx + 2fy +c=0 is obtained
05 _ 95 _
by solving ox oy

To remove the first degree terms from the equation
ax? + 2hxy + by? + 2gx + 2fy + c =0 the origin is
to be shifted to the point

hf —bg gh—a
(xl’yl):[afb—h%’ib—h{}’ ab-h%=0-
In this case, the transformed equation is
aX?+2hXY +bY?+ (gx, +fy, +¢)=0
To remove the first degree terms from the equation
ax* +by? + 2gx + 2fy + ¢ = 0, the origin is to be

0, 0

shifted to the point (Tg ) Tfj . In this case, the

transformed equation is

22
i L +cl|= 0

a
To remove the first degree terms from 2hxy + 2gx

+2fy+c=0, the origin is to be shifted to the point

(i -8
h ' h

equation is 2h?XY —2gf +ch =0

The point to which the origin has to be shifted to

eliminate x and y terms in the equation

a(x+oc)2 +b(y+[3)2 =cis (-a,—B)

aX®>+bY?2+

j. In this case, the transformed

a) To remove xy term of
ax® +2hxy + by’ +2gx+2 fy+c =0 the angle

of rotation of axes is

1 2h
@ =—Tan"' i
2 [a—bj’lf azb

=(2n+1)%,nez ifa=b




b)

If ' @'is angle of rotation to eleminate XY termin

ax’ +2hxy+by* +2gx+2fy+c=0, then

/s
n5+ 0 ,n ¢Z is also an angle of rotation to

eliminate XY term
The angle of rotation of axes so that the
equation ax + by + ¢ =0 is reduced as

(b
X =constantis Tan : (;)

Y =constantis Tan"' (—%j

The equation

S =ax?*+2hxy+by*+2gx+2fy+c=0 has transformed
to AX>2HXY+BY?*+2GX +2FY + C =0, when
the origin is shifted to (Z,m) then
A=a;B=b;H=h;

oS oS
o8 (3]
ox (Lm) oy (l,m)C S (l’m)

The condition that the equation ax? + 2hxy + by? +
2gx + 2fy + ¢ =0 to take the form

aX?+2hXY +bY?=0 when the axes are
translated is abc + 2fgh - af? - bg?>-ch?=0

General Transformation :

,.)

1) Applying both translation and rotation.
11) The equations of general transformation are given

by

X Y
x-h Cos 6 —Sin 0
y-k Sin 6 Cos 0
Set-1: x-h=Xcosg -Ysing,

y-k =X sing +Ycosg,
Set-2: X =(x-h)cos@g +(y-k) sing
Y =-(x-h) sing + (y-k) cos g9
Where (h, k) is the new origin and ¢ is the angle
of rotation.
Note : 1) If the rotation is in clockwise direction
then replace g by-¢4.
2) On translation or rotation the position of the
point, length of line segment, area, perimeter, angles
are not changed. But the coordinates and equations
will change.

EXERCISE-I

If (3,2) are coordinates of a point ‘P’ in the
new system when origin is shifted to (3,7), then
the original coordinates of ‘P’ are

1)(6,9) 2)(-6,9) 3)(6,-9) 4)(6,0)

. The coordinates of the point (4,5) in the new

system, when its origin is shifted to (3,7) are
D(A,2) 2)(-1,2) 3)(-1,-2) 4(1,-2)

. Ifthe point (5,7) is transformed to (-1,2) when

the origin is shifted to A, then A=
D@49  2)(6,5) 3)(-6,-5) 4(2.4)

. If the origin is shifted to the point (-1,2)

without changing the direction of axes, the
equation x’ -y* +2x +4y = 0 becomes
DX*+y*+3=0 2) X’+7*-3=0
) X*-7*+3=0 4 X -Y'-3=0

. If the transformed equation of a curve when

the origin is translated to (1, 1) is

X2 +Y? +2X —Y+2=0 then the original equa-
tion of the curve is

1) x> +2y* =1
3) X’ +1*+3y-3=04) x> +)y*-3y+3=0

2)x* +y* +3y+3=0

. When the axes are translated to the point

(5,-2) then the transformed form of the equa-
tion xy +2x-S5y-11=0is

X Y
Dg=1 2 3=1 IXY=1 4HXY*=2

. In order to make the first degree terms

missing in the equation

2x*+7y*+ 8x - 14y + 15 =0, the origin should
be shifted to the point

D(A,-2) 2)(-2,-1) 3)(2,1) 4)(-2,1)

. The point to which the origin should be shifted

in order to remove the x and y terms in the
equation [ EAM -2018]
14x* - 4xy + 11y* - 36x + 48y + 41 =0 is
D(,-2) 2)(-2,1) 3)(-1,2) 42, -1

. If the distance between the two given points

is 2 units and the points are transferred by
shifting the origin to (2, 2), then the distance
between the points in their new position is
1)2 2)5 3)6 4)7



10.

11.

12.

13.

14.

15.

16.

When (0, 0) shifted to (3, -3) the coordinates
of P(5,5), Q(-2, 4) and R(7, -7) in the new
system are A, B, C then area of triangle ABC
in sq units is

1)43 2)23 3)45 4) 50
When axes are rotated through an angle of
45" in positive direction without changing ori-

gin then the coordinates of (\/5 , 4) in old sys-

tem are [ EAM -2019]
1)@—2J§J+2J§) 2)@+2J§J—2J§)
3) (2v2.42) 4 (2.42)

If the axes are rotated through an angle 3(°
in the clockwise direction, the point

(4, 243 ) in the new system is

D@23) 2)(243) 3)(v3,2) 4) (+3.5)
The of
3x? + 3y’ + 2xy = 2 when the coordinate axes

transformed equation

are rotated through an angle of 45° is
(EAMCET -2008)
D X*+272 =1 2) 2X* +Y* =1
3) X +Y =1 4) X*+37° =1
If the transformed equation of a curve is
17X2-16XY + 17Y* = 225 when the axes are
rotated through an angle 45°, then the origi-
nal equation of the curve is
1) 25x*+9y* =225  2)9x?+25y*=225
3)25x2-9y* =225  4)9x?-25y* =225
If the axes are rotated through an angle 180°
then the equation 2x - 3y + 4=0 becomes
1)2X-3Y-4=0 2)2X+3Y-4=0
3)3X-2Y+4=0 4)3X+2Y+4=0
When the axes are rotated through an angle
9(° the equation 5x-2y+7 =0 transforms
to
D2Xx-5y+7=0
3)2X-5Y-7=0

2)2X+5Y-7=0
42X +5Y+7=0

17.

18.

19.

20.

If the equation 4x*> + 2./3xy + 2y -1 =10
becomes 5X* + Y% =1, when the axes are ro-
tated through an angle g, then g is

1) 15° 2) 30° 3)45° 4) 60°

The angle of rotation of axes in order to elimi-
nate xy term in the equation xy = c?is

s
I)E

The transformed equation of x*+y” =2,

nE oz E =
I B,

when the axes are rotated through an angle
360 is [ EAM -2020]

D 5X?—4xY +7? =77

2) X2 +2XY /572 =/

) xP-y =42 Y x?4+y* =5

The transformed equation of
xCosa +ySina = P when the axes are rotated
through an angle ¢ is

Dx=p 2) X+P=0
y=p 4)Y+P=0
KEY

01)1 02)4 03)2 04)3 054 06)3
07)4 08)1 09)1 10)1 111 12)4
13)2 14)1 151 16)2 17)2 18)4
19)4 20)1

SOLUTIONS
(X1 =(32),(Ak) =(37) () <X+ Y+H
(x.»)=(4.5)
(h,k)=(3,7)

(X,Y)=(x-h,y-k)
(xy)=(57),(X.¥)=(-12)
A:(x—X,y—Y)=(6,5)

(hk)=(-1,2) Put
x=X-1,y=Y+2 trans formed equation is

X =Y*+3=0

5. Given (h,k) = (1,1)

X4+ 4+2x—y+2=0

x=x—h=x-1



0 =45° 3x> +3y* +2xp =2

y=y—-k=y-1 original x=cos@—ysind
equation Xy ) X+ y
=xsin@+ ycos@ = Y=
(x=1)" +(y=1) +2(x-1)~(y-1)+2=0 g Y V2 V2
P +1-2x 4y 412y 4 25— 2 y+3=0 transformed equation
2 2
xX-y x+y x-y\[x+y
=x’+y -3y+3=0 3( +3 +2 =2
2 ) m) A e R
6. (hk)=(5,-2) )
Putx:X+5,y=Y—2 4x2+2y2:2, 2x2+y2:1
= XY =1 14. 9 =45
7. a=2b=7,g=4f=-T,c=15 17x* —16xy +17y* =225
-g —f X =xcos@+ ysinf
New origin= (— j =(-2,1) .
a y=-xsinf+ ycosf
8. 14x* —4xy+11y° —36x+48y+41=0 coXry o —xty
a=14, h=-2 b=11,2=-18, f =24, c=41 V2 V2
2 2
) LEEF] -
. 17 16 +17 =225
={hf14i%,gh—af)=(48+198,36—336j=(L_2) mgtggs V2 )\ V2 V2
ab-h" " ab-h’ 154-4 " 154-4
2(x2+y2) (yz_xz)
9. Distance remains same 17 - —1672225

10. Area of triangle ABC = Area of triange PQR
17(x% +»7)=8(y* —x*) =225

11. Use x=Xcos@—Ysin@ 2 2
25x% +9)7 = 225

y=Xsin@+Y cosb
0=45" (x,y)=(~2,4)

x=xcos@—ysinf,y =xsind+ ycosd

15. x=Xcos180° - Y sing80°,
y=Xsin180° +Ycos180°,
16. x= X c0s90° —¥sin90°

(\/_\/— \/— \/_\/5 \/15 ¥y = Xsin90° +Y cos 90’
(x,y)=(1—2\/§,1+2\/§) 17. 9=%tan‘l( 2h j:300

a—

12. X =xcosf@+ ysinf
18.Given equation xy =¢*,a=0,b=0,h=

l\)l'—‘

Y =—xsin@+ ycosé

Where g = -30° Qzltan1( 2h j:é’zltan1 (lj:l(
2 2 0

a-b
13. x=Xcos@—-Ysind

y=Xsinf+Ycosd G 1 v e n



19. x=Xcos36°—Ysin36°,

y=Xsin36" +Y cos36’

20. Use x=Xcosa—Ysina

y=Xsina+Ycosa

EXERCISE-II

. The point to which the origin should be trans-
lated in order to make the first degree terms

missing in the equation 3xy -2x+y-8=0 is

. By translation of axes the equation
Xy - X + 2y - 6 = 0 changed as XY=c then c=
1)4 2)5 3)6 4)7

. The origin is shifted to (1, 2), the equation y>
- 8x - 4y + 12=0 changes to Y>+ 4aX = () then
a=
1)2
. The
4x> +9y*-8x+36y +4=0 when the axes

2)-2 3)1
transformed

4) -1
equation of

are translated to (1,-2) is x> +pY? =¢. Then
desending order of a,b,c

I)c,b,a  2)cab 3)a,b,c

. The condition that the

ax’ +2hxy + by’ +2gx + 2fy +¢ = 0, can take

4)a,cb
equation

the form gX? +2hXY +bY? =( by translat-
ing the origin to a suitable point is

1) abc+2 fgh—af* —bg* —ch> =0

2) 2fgh—af* —bg* —ch* =0

3) abc—af* —bg® —ch’ =0

4) abct+2fgh=0

. If (cosu, cosB) are the new co-ordinates of

a point P when the axes are translated to the

10.

11.

12.

point (1, 1) , then the original coordinates are
1) (2cos® a/2,2cos’ B/2)

2) (2cos® a/2,2sin’ 5/2)

3) (2sin* @/2,2cos” /2)

4) (=2cos” a/2,-2cos’ B/2)

The first

degree terms of

ax’ +2hxy + by’ +2gx+2fy +¢=0 are

removed by shifting origin to (2, #) . The new

equation is

1) ax® + 2hxy +by* + 2y +2bf+c =0

2) ax> +2hxy+by* + ga+ fB+c=0

3) ax® +2hxy+by* + ha+bf+c=0

4) ax® +2hxy —by* —ha —bf—c=0

When the angle of rotation of axes is Tan'2,

the transformed equation of 4xy - 3x* = a’

is

) 2XY+d* =0 2) XY-a' =0

3) X -4y’ =d’ 4) X -2 =a’

The angle of rotation of axes so that

JSX -y +1=0 transformed as y=k is

> 3z
4 3

Vs T
l)g 4)5

The angle of rotation of the axes so that the
equation x +y -6 = 0 may be reduced to the

form x = 3./2 is [ EAM -2017]

Dzxi6 2 x/4 3x/3 4 x/2

The coordinate axes are rotated about the
origin ‘O’ in the counter clockwise direction
through an angle 60°. If 4 and p are the in-
tercepts made on the new axes by a straight
line whose equation referred to the original

1 1
axes is 3x +4y-5=0 then — b_2 -
a

125 2)19  3)1/16  4)1

The coordinate axes are rotated through an

angle 9 about the origin in



13.

14.

15.

16.

17.

18.

anticlock-wise sense.If the equation
2x’+3xy-6x+2y-4=0 changes to
ax’ +2hxy + by’ +2gx + 2fy + ¢ =0 then a+b
is equal to

1) 3cos@—-3sind  2) 3cos@+2sind

3)1 4)2

Let L be the line 2x+y-2=0. The axes
arerotated by 45° in clockwise direction then
the intercepts made by the line L on the new

axes are respectively [ EAM -2016]
D 1,32 2) 2.1

242 2
3) 2&,7‘/_ 4) i 232

The acute angle gthrough whlch the coordi-
nate axes should be rotated for the point A
(2,4) to attain the new abscissa 4 is given by

1) tan@=3/4 2) tanO=5/6

3) tanf=7/8 4) tanb ==

A line has intercepts a,b on the axes when
the axes are rotated through an angle « , the
line makes equal intercepts on axes then

tana =
(a—b)
) a+b

o (25)
o)l

The new equation of the curve

4(x-2y+1)" +9(2x+y+2)" =25, if the
lines 2x+y+2=0 and x-2y+1=0 are
taken as the new x and » axes respectively
is

1) 4X*+9Y* =5 2) 4X* +9Y* =25

3) 4X* +9Y* =7 4) 4X° -9y =7

The line joining the points A(2,0) and B(3,1)
is rotated through an angle of 45°, aboutA in
the anticlock wise direction. the coordinates
of B in the new position (EAMCET 2011)

D (242)2) (V2.2)3) 22 4) (V2.42)

If the axes are translated to the circumcentre
of the triangle formed by
(9,3),(-1,7),(-1,3), then the centroid of the

19.

20.

triangle in the new system is

()
)33

A point (2,2) undergoes reflection in the x-axis
and then the coordinate axesarerotated
through an angle of /4 in anticlockwise di-

rection .The final position of the point in the
new coordinate system is

D (0,242) 2) (0.-22)
3) (2&,0) 4) (—2&,0)

The coordinate axes are rotated through an
angle 73° about the origin. If the equation

2) (4.3)

4) (0,0)

4x* +12xy +9y* + 6x+9y +2 = 0 changes to

aX’+2hXY +bY? +2gX +2fY +¢=0  then
-ac
valueof = 5=
+h
O L A
)52 )36 ) 52 )40
KEY
DI 21 3)2 41 351 61
72 83 93 1002 11H4 12)4
13)3 14)1 152 16)1 17)1 18)3
19)2 20)1
SOLUTIONS
*New orsin={-£.-£)
New o07igin = (—%,—%j =(-2,1)
(h.k)=((1,2)
x=X+1,y=Y+2
Y —-8X=0
La=-2

Given (h,k) = (1,-2) original equation



4x* +9y* —8x+36y+4=0 5 XY
x=x+1,y=y-2 transformed equation “a b
= 4(x+1) +9(y—2)" —8(x+1)+36(y—2)+4=0 (Xcosa—Ysina) (Xsina+Ycosa) .

a b
2 2 : ; 2 2 _
4x”+9y” =36 Givenequation ax” +by” =C x.coefficient =y coefficient

a=4,b=9, ¢ =36 desending order ¢,b,a (a —b)cosa _ (a +b)sina

6. (x,y)=(X+h,Y+k)=(20052g,2c052£) :tana:a_b
2 2 a+b
7. x=X+a,y=Y+p 16. Take
i 6?—tan’12:>‘[an6’—g 2 2
8. Given B 1 x—2y+1 2x+y+2
4 ——— | +9| ———| =5,
bl V5 V5
cosf =—,sinf =—
NG V5 L AXP 9y =5
x=xcos@—ysinf,y =xsinf+ ycosd 17 4B=V1+1=2
. bydistance, verification the new coordinates
_x=2y _2x+y
NG Y= NG ofBare(Z,\/E)
Transformed equation 18. Given points forms a right angle triangle.
) circum centre = Mid point of AB = (4,5)
e o S R ao(3)
J5 J5 J5 Centroid 33
4(2x2—3xy—2y2) —3(x2+y2—4xy) -, centroid in the new system
= =a 7 13 -5 2
R
3 3 3 3

=5x"-20y° =5a"=>x* -4y’ =a’ ) ] o
19. Reflection of (2,2) in X-axisis (2,-2) = (X,y)

9. a=\/§,b=_1,9=tan—l(__aj use X =xcos@+ysiné,
b Y =—-xsin@+ ycosd

10. a=1,b=1, ﬁztanl(SJ x=xcos@+ysinf, y=-xsin@+ ycos@
. p:iq:i L2+bL2:L2+L2 NIC L S L S N SR I SR SR W -
12. a+b=32+()=;1 ’ ro NN NG

13. =45 (x.)=(0,-242)

14. (x,y)=(2,4),X=4
Using X = xcos@+ ysin @
= 2co0s @ +4sin @ = 4, dividing by sin 6 2 -
= 2+4tanfd =4secl,

20. a=4,c=2,g=3,h=6

3
S.tan@ =—
s.b.s 4



STRAIGHT LINES

J

SYNOPSIS

Inclination of a line :

>

If a line makes an angle (0<0 <) with

x-axis measured in positive direction then @ is
called inclination of the line.

1) Inclination of horizontal line is zero

i1) Inclination of vertical line is 7 /2

Slope of a line :

>

If the inclination of a non vertical line is @ then
tan @ is called slope of the line and is usually

denoted by m, thus m = tan 6
Y

o / X

Slope of horizontal line (x-axis) is zero

( 0 = 00)

Slope of vertical line (y-axis) is not defined
(w0=90")

0=0"=>m=0

0°<0<90° m>0

0 =90" < m 1snotdefined

90° <0 <180" <> m<0

Slope of the line joining two points A(x,,,),
=N
X =4

B(x,,y,)is M= (xl;txz)

Ifx =x, thenthe line 4p is vertical and

hence its slope is not defined
If'y =y, then the line "4 g is horizontal and hence
its slope is 0

Two nonvertical lines are parallel if their slopes are
equal.

Two non vertical lines are perpendicular if product
of their slopes is—1

If ¢ is an angle between two nonvertical lines

having slopes m,, m, then

m, —m
tan@ =+ ——2
1+mm,

,mm, #—1

. . 9 . ml — m2
i) If gis acute then tANU =|———=

1+mm,

11) If @1is one angle between two lines then the other
angle is 7 — @ . Usually the acute angle between
two lines is taken as the angle between the lines

Intercept(s) of a line :

>

)

Ifaline cuts x-axis at A(a, 0) and y-axis at B(0,b)
thenaand b are called x-intercept and y-intercept
of that line respectively

Intercept of a line may be positive or negative or
Zero

x-intercept of a horizontal line is not defined
y-intercept of a vertical line is not defined
Intercepts of a line passing through origin are zero.

Equation of a straight line in various

forms :

i) Line parallel to x-axis: Equation of horizontal
line passing through (a,b) isy=a

Line parallel to y-axis: Equation of vertical line
passing through (a b)isx=b

Slope - point form :The equation of the line with
slope mand passing through the point (x,, ) is
y-y=m(x-x,)

Slope - Intercept form :

The equation of the line whose slope is m and which
cuts an intercept ‘c’ on the y-axis is

y=mx+c



b)

b)

vii)

a)

b)

ﬂ L

o

The equation of the line whose slope is m and which
cuts an intercept ‘a’ on the x-axis is

y=m(X - a)

The equation of the line passing through the origin
and having slope m is y=mx

Intercept Form :Suppose a line L makes
intercept on x-axis is a and on y-

. . . . . X
axis is b then its equation is 3 + % =1

If the portion of the line intercepted between the
axes is divided by the point (x,y,) intheratiom

. . nx my
: n, then the equation of the line is - +y— =m+n
1 1

mx ny
(or) _—t——=m+n
X Y

Equation of the line whose intercept between

the axes is bisected at the point (x , y,) is
XY _

XY

Equation of the line making equal intercepts on the
axes and through the point (x, y ) is
xty= X, + A

Equation of the line making equal intercepts in
magnitude but opposite in sign and passing through
(XY I8 X —y =X —y,

The equation of the line passing through the point
(x,,y,) and whose intercepts are in the ratiom : n
is nx+my=nx +my, (or) mx+ny=mx, +ny,
General equation of line :

A linear equation in x and y always represents a
line.

The equation of a line in general form is
ax+by+c=0 ,where a,b,c arereal numbers
such that ;24 p? «ohaving slope =-a/b,
x-intercept=_¢/a , y- intercept =-c/b .

The equation of a line parallel to ax+by+c=0
isoftheform ax+by+k=0,kecR.

d) The equation of a line perpendicular to
ax+by+c=0 1s of the form bx—ay+k =0,

keR

Equation of a line passing through (x1 N ) and (1)
parallel to ax+by +c=01is
a(x—x1)+b(y—y1) =0

Perpendicularto ax+by+c=01is

b(x—x)—a(y—y)=0

viii) Normal form :

(i)

a) The equation ofthe straight line upon which the
length of the normal drawn from origin is 'p' and
this perpendicular makes an angle

a,(OSa<27r) with positive x-axis is
xcosa+ysina=p, (p>0)

Y

N/

Y

b) Thenormal formofaline ax+by+c¢=0is

() ()

X+ y= ,if ¢>0
\/a2 +b \/a2 +b \/a2 +b
2+ b y= < if c<0
and\/a2+b2 \/c12+b2 Ja* +b* ’

ix) Symmetric form and Parametric equations of
a straight line :

a) The equation of the straight line passing through

(x,,y,) and makes an angle g with the positive

X — X,

) . L. Y=
direction of x-axis is = —
cos sin &

Where 0 € (0,7/2)u(x/2,7)




b)

The co-ordinates (x, y) of any point P on the line
atadistance ‘v’ units away from the point 4 ( X, )
can be taken as
(x+rcosf, y,+rsind) (or)(x, —rcosd,y;, —rsinb)

The equations x = x, +rcos@ , y =y, +rsinf

are called parametric equations of a line with

parameter 'r' of the line passing through the point

(x,,»,) and having inclination @.

Y

P(x,+rcosO, y, +rsind )

X=X,

Y-y
AP AP
or x—x, =APcosg,y-y =APsing.

cosg = , sing=

X=X _ Y=

cosd sin @

Distances :

>

(a)

(b)

1) The perpendicular distance to the line
ax+by+c=0

from originis |C|
8 a’+b’

from the point (s 3 )is |ax1+byl+c|

om the point (%> TS
N

The distance of a point (xl, yl) from the line

L=ax+by+c=0 measured along a line making an

) o ax, +by, +c |
angle ¢ with x-axisis | Lcosa 4 bsine

i) The distance between parallel lines

ax+by+c, =0 and ax+by+c,=0 1s

e -]
Na' +b*
iv) Thedistance between the parallel lines ax-+by+c, =0
and ax +by + ¢, =0 measured along the line having

| €1 76C |
|acos€+bsin9|

inclination @ is
v) The equation of a line parallel and lying midway
between the above two lines 1is

+c,

ax+by+cl—:O

vi) Equiation of'the line parallel to ax+by+c=0 and at
a distance d from the line is
ax+by+ctda’+b* =0

Position of a point (s) w.r.to line (s) :

= 1) Theratio in which theline L =ax+by+c =0
divides the line segment joining
A(x,y)and B(x,,y,) is -L,:L, where
L,=ax +by +c, L, =ax, +by, +c

i) The points A, B lie on the same side or opposite

side of the line L =0 according as L,,, L,, have

11°
same sign or opposite sign that is

L,L,>0orlL,L,<0
) A point A(xl, yl) and origin lies on the same or
opposite sideofaline L =ax+by+c=0

according as c.L,, >0 orcL, <0
iv) The point (x1 , yl) lies between the parallel lines
ax, +by, +c =0, ax, + by, + ¢ =0 or does not

ax, +by, +c,

lie between them according as is

ax, +by, +c,
negative or positive

v) The point A(xl, yl) lies above or below the line
L =ax+by+c =0 according as

i>00ri<0
b b



Proof : The fig. Shows a point P(x,, y,) lying above
a given line. If an ordinate is dropped from P to
meet the line L at N, then the x coordinate of N
willbex,.
Putting x =x, in the equation ax +by+c=0 gives
(ax, +c¢)

b
IfP(x,,y,) lies above the line, then we have

ordinate of N =—

ax, +¢ ax, +¢
oo LD @YO)

(ax, +by, +¢) . L(x,,y,) -0

b , de

0

L=ax+by+c=0
N

Hence, P(x,,y,) lies above the line

L(x;,y,)
b
mean that P lies below the line ax + by + ¢ =0.

ax + by + ¢ =0, and if <0, it would

If P (x1 , yl) lie between the parallel lines
ax+by +c, = 0,ax+ by +c, = 0 then

(ax, +by, +¢,)(ax, + by, +¢,) <0.

If P(x,,y,) does not lie between the parallel
lines

ax +by +c¢, = 0,ax+ by + ¢, = O then

(ax, + by, +¢,)(ax, + by, +¢,)> 0

Proof:

Make c,,c, having same sign.

(If necessary)
= (0,0) lie on same side of both the lines

= ax, + by, +c,, c have opposite signs
ax, +by, +c,, c,have opposite signs
since ¢,c, > 0,we have

(ax, + by, + ¢, )(ax, + by, +¢,)>0

Point of intersection of lines

>

b)

d)

and
Concurrency of Straight Lines :

1) Considertwo lines L, =a,x+by+c, =0
and L, =ax+by+c, =0 then

point of intersection is

be, =be qa,—cq, or
ab, —ab, ’ ab, —ab,

X _ y _ 1
bl Cl

bz ¢

¢ q a, bl

¢, a4 a, bz

Three or more lines are said to be concurrent, if
they have a point in common. The common point
is called the point of concurrence.

IfL, =0, L, =0 are two interesecting lines, then
the equation of any line other than

L =0 and L, =0 passing through point of
intersection can be taken as

L + AL, =0. Where 2 1is a parameter

The three lines L, =ax+by+c =0,i=1,23 are

concurrent e b =0

a b g
(or) Point of intersection of any two lines lies on
the third line
(or) there exist constants 4,, 4,,4, notall zero
suchthat A, L, + A,L, + A,L,; =0

If p1X+q1y =1 5 p2X+q2y = 1, p3X+q3y =1 are
concurrent lines then the points (p .q,), (p,,q,)
(p,.q,) are collinear

If ka+lb+mc=0, then the point of concurrency of

k /
the lines represented by ax+by+c=0 is (— ) —j
m m

Angle between lines :
,.).

1) If '@ is an acute angle between the lines having

m, —m,

slopes m, and m, then tan6 =
1+ mm,



If '@’ is an acute angle between the lines

ax+by+c =0and a,x+b,y+c, =0 then

aa, +bb,

Vi +15a 1

other angle between the lines is 7 — 6
The slope m ofaline which is equally inclined with

cosf=

and Wle:‘albz —ah
aa, +bb,

two intersecting lines of slopes m, and m,

. . ml—m _ m—mz
isgivenby 17T 1 mm,

The slopes of the lines making an angle ¢ witha

m—tana m+tanao

line having slope m are )
gsiop l+mtana 1-mtano

Considertwolines L, =ax+by+c, =0
and L, =ax+by+c, =0
b

, LD
Lines are parallel if a, b,

al _ bl _ cl
Lines are coincidentif — = 7
a, b,

&)
Lines are perpendicular if a,a, +bb, =0
Lines are equally inclined with x-axis

oG _ b
lfaz b,

Triangles and Quadrilaterals :

>

i) Let d, be the distance between the parallel lines
ax+by+c, =0,

ax +by +c¢, =0 and d, be the distance between
the lines

parallel ax+by+k, =0,

a,x +b,y +k, =0 then the figure formed by four
lines is

asquare ifd =d, and aa, +bb, =0,

Rhombus ifd =d, andaa, +bb, =0,
Rectangleif d, # d, and aa, + bb, =0,

Parallelogramif d, # d, and aa, +bb, #0

>

i1)The area of triangle formed by the line
X 1

2+ =1 ith the co- ordinate axis is —|ab)|

a b 2

The area of triangle formed by line ax + by + ¢ =0

2
C

with the co - ordinate axes is
2 |ab|

iv) Area of the rhombus a|x|+b|y|+c:0 is

Vi)

2¢
4(area of A)=m
If p,, p, aredistances between parallel sides and
'g' 1is angle between adjacent sides of

bP,

sind
Area of parallelogram whose

acax+by+q =0, ax+hy+c, =0, ax+by+d =0

: |(Cl_cz)(d1_d2)|
and a2x+b2y+d2=015‘ ab, —a,b, ‘

parallelogram then its area is

sides

Area of rhombus = E

lengths of the diagonals

d,d, where d .d, are

Foot and Image :

>

)

i) If (h, k) is the foot of the perpendicular from
(Xl,yl) to the line ax+by+c=0 then

h—x, _ k—y, _
a b a’+b’ of
(h,k) =(x, +a\,y, + bX) where

—(ax, +by, +¢)

= —(ax, + by, +c¢)
a’ +b?
If (h,k) is the image (reflection ) of the point

(x,,3,) wrttheline ax+by+c =0 then

h—x, k—y —2(ax, +by +c)
a b a’+b’

(h,k) =(x, +aX,y, + b)) where

2(ax, + by, +c¢)

A= —
a’ + b?




i) Image of (a,b)w.rto y=xis(b,a)
iv) Imageof(a,b)wrtox+y=0is (—b,—a)
v) Reflectionof f(X,y) =0 inx-axisis
f(x,—y)=0
vi) Reflectionof f (x, y) =0 iny-axisis
f(—xy)=0
vil) Reflection of f(x,y) =0inx=yis
f(y,x) =0

Angular bisectors of two straight lines :

,.)

Angular bisector is the locus of a point which
moves in such a way so that its distance from two
intersecting lines remains same.

The equations of the two bisectors of the angles
between the linesa x + b,y +c, =0and

ax+by+c,=0are

a,x+by+c, a,x+b,y+c,

2 2
\/a2+b2

=4
JaZ+b’

Ifthe two given lines are not perpendiculari.e. a,
a, + bb, # 0 and not parallel i.e.
a, b, #ab, then one of these equations is the
equation of the bisector of the acute angle between
two given lines and the other that of the obtuse
angle between two given lines.

Whether both given lines are perpendicular or not,
but the angular bisectors of these lines will always
be mutually perpendicular.

i)

The bisectors of the acute and the obtuse
angles:

Take one of the lines and let its slope be m and
take one of the bisectors and let its slope be m,. If
0 be the acute angle between them, then find tan 9

My o my

I+mm,

N

/A <<<P (x.7)
M
B

Iftan @ > 1 then the bisector taken is the bisector

of the obtuse angle and the other one will be the
bisector of the acute angle.

If 0 <tan@ < 1 then the bisector taken is the

bisector of the acute angle and the other one will
be the bisector of the obtuse angles.

consider the linesarea x+b y+c¢, =0andax +

b,y +c¢,=0, where ¢, >0, ¢, >0 then,

a,x+by+c, B a,x+b,y+c,
JaZ+b? Jaz+b’

will represent the equation of the bisector of the
acute or obtuse angle between the lines according
asaa,+b b, is negative or positive.

The equation of the bisector of the angle which
contains a given point :

The equation of the bisector of the angle between

the two lines containing the point (xl, yl) is

ax+by+c, a,x+b,y+c,

JaZ+b? JaZ+b?
a,x+by+c, a,x+b,y+c,
Or = =
JaZ+b’ JaZ+b?

accordingasax, +by +c andax +by, +c,
are of the same signs or of opposite signs.



vi) For example the equation of the bisector of the
angle containing the origin is given by

a,x+by+c, a,x+b,y+c,

Jai+br T Jal+n?
of ¢, and ¢, (for opposite sign take —ve sign in
place of +ve sign)

Ifcc,(a,a,+b b)) <0, then the origin will lie in

the acute angle and if

¢,c,(aa, +bb,) >0, then origin will lie in the
obtuse angle.

viii) Equation of straight lines passing through P(x ,y,)
and equally inclined with the lines
ax+by+tc=0andax+b,y+c,=0arethose
which are parallel to the bisectors between these
two lines and passing through the point P.

Eg.1:

The medians AD and BE of the triangle with
vertices A(0,b), B(0,0) and C(a,0) are mutually
perpendicular if

—2b\( b
Sol: yp1 Be=|— || = |="!

a a

for same sign

vii)

=2b’ =a’
Eg. 2:
If (3,-1),(2,4),(-5,7) are the mid points of the
sides BC,CA » AR of triangle ABC. Then the

equation of the side Cp is

Sol :Here m =—1 and given point (x , y ) is (2, 4).
By point slope form equation of the line is
y—4=-1(x-2)

iv) Two - point form :The equation of aline passing
through two points

A(x,,y,) and B(xz,yz)is

(y_yl)(xz _xl):(x_xl)(yz_yl)

x y 1
(or) x » 1I=0
X, » o1

Eg. 3:
Equation of the diagonal (through the origin)
of the quadrilateral formed by the lines x =0,
y=0,x+y=1land 6x+y=3is

2 3
Sol: Here (x,,y,)=(0,0), (x,,0,) = (g , gj
Using two-point form, the equation of'the line is
3x-2y=0
Eg. 4:
Equation to the straight line cutting off an in-
tercept 2 from negative y axis and inclined at
30° to the positive direction of axis of x, is
Sol : Equation of line passing through (0,-2) and

1
having slope e is\/3y —x+2/3 =0

Eg.5:
The sum of x,y intercepts made by the lines
x+y=a, x+y=ar, x+ty=ar’ ...... on coordinate
axes whenr=1/2, 5 =0

Sol: required sum
=2a+2ar +2ar’ +......(infinite G.P)
=2a/l-r=4a

Eg. 6:

Normal form of the equation x+y+1=0 is
Sol: The given equation is x+y+1=0 = -x-y=1

) (y 1
NoRAN RN

:>xcos(7z+£j+ sin(ﬂ+£j——
4)"7 4)"

hY/4 . Srx 1
:>XCOST+)/SII’1—:—

4 2

Eg.7:
(1,2),(3,6)are two opposite vertices of a rect-
angle and if the other two vertices lie on the
line 2y =x + ¢, then ¢ and other two vertices
are

Mid point

P(x,,y,)=(2,4) which lies on 2y =x + ¢ then
c=6.

Sol: of given vertices 1is

1
Now r=BP=AP= \/g tan @ = E

Hence B=(x, +7cos6, y, +rsinf)=(4,5)

C=(x, —rcos@,y, —rsind) =(0,3)



Eg. 8:
The distance between A(2, 3) on the line of
gradient 3/4 and the point of intersection P of
this line with 5x + 7y + 40 =0 is

Sol :Since m = 3/4, then cosgp = 4/5 and
sing = 3/5.

e 5x2+7%x3+40 _@
5))]
5 5
Eg.9:

The range of ¢ in the interval (0, 7) such that
the points (3, 5) and (sing, cos9) lie on the
same side of the linex+y—-1=0is

Sol :Since (3+5-1) (sind+cosf—1)>0

= sin(£4r49j>i
277) 2

T T 3
= —<—+0<—
4 4 4
= 0<H<Z
2
Eg.10:

The range of «, if (o, o®) lies inside the tri-
angle having sides along the lines
2x +3y=1,x+2y-3=0, 6y =5x -1

:Let A, B, C be vertices of the triangle.

A=(-7,5), B:(5 7]

Sol
i
11
C= [55] . Sign of Aw.r.t. BC to -ve.
If P lies inside the triangle ABC, then sign of P will
be the same as sign of A w.r.t. the line BC
=  5a-6a®-1<0....(0)

SImlla.rlyzd + 3a2 —-1>0..... (ll)

And a+2a?-3<0-.....(>i1)
Solving (i), (ii) and (iii) for ¢ and then taking
intersection,

ae 11 U —2—1
we get 5 5

Eg. 11:
The line x+ 1y -4 =0 passes through the
point of intersection of 4x-y+1=0 and

x +y+1=0. Then the value of ; is
Sol : The three lines are concurrent

1 1 -4
= 4 -1 1|=0
11 1
22
=  2-32-20=0=  A=——

Eg.12:
In A4BC A is (1,2) if the internal angle
bisector of B is 2x-y+10=0 and perpendicular
bisector of AC is y=x then the equation of BC
is
Image of A w.r.to bisector of B is (-7,6) lies on
BC and image of A in the perpendicular bisector
of ACis C(2,1)
.. equation of BC is 5x+9y-19=0
Eg. 13:
For the straight lines 4x + 3y — 6 = 0 and
5x+ 12y + 9 =0, find the equation of the -
(i) Bisector of the obtuse angle between them is
i) Bisector of the acute angle between them is
(iii) Bisector of the angle which contains origin
is
(iv) Bisector of the angle which contains (1, 2) is
Sol: after making ¢, >0 and c,>0 ;
aatbb = (-4)(5)H(-3)(12) =-56 <0
1) The bisector of the acute angle is

Sol:

—4x-3y+6  5x+12y+9
VEA +(3 T Y52
7x+9y-3=0

i) The bisector of the obtuse angle is

—4x-3y+6 5x+12y+9
VA +C) T e
Ox-Ty—41=0

(iii) The bisector of the angle containing the origin

—4x-3y+6  5x+12y+9
VA +(3 T s
Tx+9y-3=0



(iv) Forthepoint(1,2),
4 +3y—-6=4x1+3x2-6>0
5x+12y+9=12x2+9>0
Hence equation of the bisector of the angle
containing the point (1, 2) is

4x+3y—-6  5x+12y+9
5 - 13
Ox-T7y—41=0
Eg. 14:
A light ray emerging from the point source
placed at P(2, 3) is reflected at a point ‘Q’ on

the y-axis and then passes through the point
R(5,10). Coordinate of “Q’ is -

Sol: Image of point P(2,3) in Y-axis is P' (-2,3)

Equationof PR =y-3=1(x+2)
Xx—-y+5=0
P'R meets the Y-axis at Q(0,5)
Optimization:
= LetAandB are two points on same side of line
L=ax+by+c=0
1) The point P such that PA+ PB is minimum, is
intersection of L=0 and the line joining A to image
of B or line joining B to image of Aw.r.toL=0
il) The point is P such that |P4 — PB| is
Maximum, is point of intersection of line L =0
and line joining A and B.
Reflection in surface :

Tangent

IP =incident ray

PN =normal to the surface

PR =reflected ray

~ IPN= /NPR

. Angle of incident = Angle of reflection

No. of lines, no. of triangles and no. of
circles :

= No. of lines drawn through the point A which are
at a distance d from the point B
a) If AB = d then the no. of lines through A ata
distance d from B is 1
b) If AB>d then the no. of lines through A at a
distance d from B is 2
c) If AB<d then the no. of lines through A at a
distance d from Bis 0

= No of right angled traingles in a circle depends on
height h of the traingle and radius r of the circle
a) Ifh=r, no. of right angled traingles =2
b) Ifh <r, no. of right angled traingles =4
¢) Ifh>r, no. of right angled traingles =0

= No. of circles touching three lines
a) No circle if the lines are parallel
b) one circle if the lines are concurrent
c) 2 circles if two lines are parallel and third cuts
them
d) 4 circles if the lines are not concurrent and no
two of them are parallel.

EXERCISE - 1

1. If the linesy = - 3x + 4, ay = x + 10 and
2y + bx + 9 = 0 represent three consecutive
sides of a rectangle then ab =

1 -1
1)18 2)-3 3) 2 4) 3
2. Ifthe straightline (3x+4y+5)+k(x+2y-3)=0 is
parallel to x-axis then the value of k is
1 2)-3 3)4 4)2
3. The equation of the stratight line cutting off
an intercept 8 on x—axis and making an angle
of 60° with the positive direction of y —axis is

1) x—3y-8=0 2) x+3y=8
3) y—\/§x=8 4) y+\/§x=8

4. If (-4,5) is one vertex and 7x-y+8=0 is one
diagonal of a square, then the equation of the

other diagonal is
1) x+7y-31=0 2)x+7y-15=0
3) x+7y+8=0 4) x+7y-35=0

5. The number of lines that are parallel to
2x + 6y— 7 = 0 and have an intercept 10



10.

11.

12.

13.

14.

between the co-ordinate axes is

D1 2)2 3)4  4)infinitely many

If the line (x-y+1) + k (y-2x+4) = 0 makes
equal intercept on the axes then the value of
k is

D13 2)3/4 312 423
Equation of the line on which the length of the
perpendicular from origin is 5 and the angle
which this perpendicular makes with the x axis
is 60°

1) x+43y=12 2) B x+y=10

3) x+\/§y=8 4) x+\/§y:10

The slope of a straight line through A(3,2) is
3/4 then the coordinates of the two points on
the line that are S units away from A are

1) ('735) (17-1) 2) (755) ('17_1)

3) (6,9) (-2.4) 4) (7,3) (-2,1)

Radius of the circle touching the lines
3x+4y-14=0, 6x+8y+7=0 is (EAM-2011)

7 7 7
1)7 2)5 3) 1 4)g

The distance between the parallel lines given
by(x+7y)2 +4\/5(x+7y)—42 =0 is
(EAM-2012)

1 2)5 3)6 4)2
If the straight line drawn through the point

P(\/§,2) making an angle z with x-axis

6
meets the line /3 x-4y+8=0 at Q. Then PQ is
1)4 2)5 36 4)9

If the line 3x+4y-8=0 is denoted by L, then
the points (2,-5),(-5,2)

I)lieonL

2) lie on same side of L

3) lie on opposite sides of L

4) equidistant from L

If the lines ax+by+c = 0, bx+cy+a = 0 and
cx+ay+b=0 4 - p = ¢ are concurrent then the
point of concurrency is

1) (0,0) 2)(LD)  3)Z2) 411
The line segment joining the points (1,2) and

15.

16.

17.

18.

19.

20.

21.

22,

10

(k,1) is divides by the line3x + 4y —7 = 0in the
ratio 4:9 then k is

1)2 2)-2 3)3 43

If the point of intersection of kx+4y+2=0,
x-3y+5=0 lies on 2x+7y-3=0 then k=

1)2 2)3 32 4)-3

If 4a+5b+6¢=0 then the set of lines ax+by+c=0
are concurrent at the point

(z éj (1 1) (1 ij (1 Zj
D13%) P 52 V23953

Equation of the line passing through the point

of intersection of the lines 2x+3y-1=0,

3x+4y-6=0 and perpendicular to 5x-2y-7=0 is
(EAM- 2009)

1) 2x+5y-19=0 2) 2x+5y+17=0

3) 2x+5y-16=0 4) 2x+5y-22=0

Let a and b be nonzero reals . Then the

equation of the line passing through the origin
and the point of inter section of

x/a+y/b=1 and x/b +y/a=1

1) ax+by=0 2) bx+ay=0

3) y-x=0 4) x+y=0

The angle between the lines kx+y+9=0,
y-3x=4 is 45° then the value of k is(EAM-
2007)

1)2or' 2)2or-1/2

3)-20f 2 4)-2or-1/2

If a, ¢, b are three terms of a G..P., then the
line ax + by +¢ =0

1) has a fixed direction

2) always passes through a fixed point

3) forms a triangle with the axes whose area is
constant

4) always cuts intercepts on the axes such that their
sum is zero

If a straight line perpendicular to
3x-4y-6=0 forms a triangle with the coordinate
axes whose area is 6sq. units, then the
equation of the straight line (s) is

(EAM- 2019)
1) x-2y=6 2) dx+3y=12
3) dx+3y+24=0 4) 3x-4y=12

The equation of base of an equilateral triangle



23.

24.

25.

26.

27.

28.

is x+y=2 and the vertex is (2, -1). Then area
of triangle is

D23 2DB6 I3 D23

The quadrilateral formed by the lines
2x-5y+7=0, S5x+2y-1=0, 2x-5y+2=0,
S5x+2y+3=0 is

1) Rectangle 2) Square

3) Parallelogram 4) Rhombus

Foot of the perpendicular of origin on the line
joining the points

(acosB,asin®), (acosg,asing) is
1) (cos @+ cos @,sin & +sin ¢)

2) (cos @ —cos ¢,sin 6 —sin @)

3) [a(cos@+cos¢)’a(sin¢9+sin¢)}

2 2

4) (cos @ cos g,sin Isin ¢)
If 2x+3y=5 is the perpendicular bisector of the

1
line segment joining the points A (1, 3 )and B

then B= (EAM- 2018)
) )
D 13739 2) 13739
) )
3) 13739 4) 13739
Image of the curve x*+3”> =1 in the line
x+y=1is [ EAM -2020]

D) x>+ +2x+2y+1=0

2) X’ +y* =2x+2y+1=0

3) x> +y° +2x-2y+1=0

4) x>+ =2x-2y+1=0

A line passing through the points
(7.2),(-3,2) then the image of the line in x-
axis is

DHy=4 2)y=9 3)y=-1 4)y==2
One vertex of a square ABCD is A(-1,1) and

the equation of one diagonal BD is 3x+y-8=0
then C=

29.

30.

31.

32.

33.

34.

3s.

11

1)(-5,3) 2)(5,3) 3)(-5,-3) 4)(2,5)

If the algebraic sum of the perpendicular
distances from the points (2,0) (0,2) and (4,4)
to a variable line is ‘O’, then the line passes
through the fixed point

1)(1,1) 2)(3,3) 3)(2,2) 4)(0,0)
The vertices of a triangle are (2,0) (0,2) (4,6)
then the equation of the median through the

vertex (2,0) is [ EAM -2016]
1) x+y-2=0 2)x=2
3) x+2y-2=0 4) 2x+y-4=0

A(1,-1) B(4,-1) C(4,3) are the vertices of a
triangle. Then the equation of the altitude
through the vertex ‘A’ is

Dx=4 2)y=4 3)y+1=0 4)x=1
Equation of a diameter of the circum circle of
the triangle formed by the lines
3x+4y-7=0, 3x-y+5=0 and 8x-6y+1=0 is

1) 3x-y-5=0 2) 3x+y+5=0

3) 3x-y+5=0 4) 3x+y-5=0

The incentre of the triangle formed by the lines
xcosa+ ysina=r,

xcosf+ysinff=rx, xcosy+ysiny=rx
is (o, B) then o+ =

Ho )1 3)2 4)4
The orthocentre of the triangle formed by the

points A(acosa,asina)
B(acos B,asin f8) C(acosy,asiny)is
1) (cos ¢ +cos B+cosy ,sing +sin S +siny )

2) I:a(oosa+oosﬂ+cosy),a(sina+sinﬁ+sin;/)]

3) I:a(oosa+sinﬂ+sin7) ,a(sina+oos/3+oosy)]

4)(cosa cos B cosy,sing sinf siny)
If 2x+3y+4=0&Ax+ky+2=0 areidenti-

cal lines then 3, 2/ = [EAM -
2017]



1 2)0

KEY
03)2 04)1
07)4 08)4
12)3 13)2
17)2 18)3
21)2 22)2
25)1 26)4
29)3 30)2 31)3
34)2 35)2

SOLUTIONS
. letthe given sides are AB, BC, CD
AB||CD=b=6
AB1 BC=a=3

-1 4)2

01) 1
05) 2
10) 3
15)2
19) 2
24)3
28)2
33) 1

02)2
06) 4
11)4
16) 1
20)3

09) 3
14)2

23) 1
27) 4
32)3

. Coefficient of x=0

m = tan150" = tan (180—30) = —tan30 =

N
y:m(x—8)
y=5(e8)
x+43y-8=0

. Write the equation to a line perpendicular to
7x—y+8=0 and sub (—4,5)

. Two lines parallel to any given line make intercept
of same length k between the axes in opposite
quadrants

(x—y+1)+k(y—2x+4)=0
= x(1-2k)+y(k-1)+1+4k-0

2=3/’c:>k:g

1-2k=k-1 3

. Intercepts «,

P=5,a=60"
xcosa+ysina =P
. Eq. ofthe given line is 2x+y=4

4

required distance= ﬁ

12

10. Givenlines 6x+8y+7=0 (l)

B )
(2)><2:>6x+8y—28=0 (3)
distance between the parallel lines (1) and (3)

7428 35 7

J36+64 10 2

Radius = —

4

3x+4y-14=0

2R=

1L ¢ 2 ya2r-42=0

22324168

2(1)
22102

2
x+7y:3\/5, x+7y:—7\/5

10v2 _10v2 _,

distance between the lines = \/1_’_49 = 5 \/5 =

12. Given L=3x+4y—-8=0

A(xl,yl): (2,—5)
B(xz,yZ) = (—5,2)

L, =3x+4y, —823(2) +4(—5) —8=6—28=-2<0
L, =3x,+4y,-8= 3(—5)+4(2)—8 =-15<0
The points A,B lies on same side of L=0

4

b2 3 3k=9
9

13.

22

— =

14.

15.

16. a



17.

18.

19.

20.

21.

Given lines 2x +3y-1=0......... (D
3x+4y-6=0..... 2)
solving (1) (2) 6x+9y-3=0

6x+8y-12=0
y+9=0,y= -9substituing (1)

2x—27-1=0, x =14 point of intersection
(14,-9) given line 5x-2-7=0, slope = 582
Perpendicular slope m =-2/5

Equation of line y +9 :—2/5(x—14)
Sy+45=-2x+28
2x+5y+17=0

. . X,y
Intersecting point of 2 + b =1 and

LI [a_b,a_bj
a

22.

23.

24.

25.

Given line x+y=2 point

= (2, —1) p=perpendicular distance from (2,-1) to x
+y-2=0

e I -
p= \/5 —ﬁarea=ﬁ—m—?
Adjacent sides are perpendicular and distance
between parallel sides are not equal.

Mid point becuase 04 = OB

1
Given point 4| L, 3 JL=2x+3y-5=0

1
B(h,k)is a image of A(L—j wrtL=2x+3y-5=0

3

h-1_ k—; ) —2(2(1)+3(;j_5j

b a+b a+b
Given lines kx+y+9=0 (l) >
y—3x=4 (2)

m =—k my=3 0=45"

tan6’:|m‘_m2 1=
1+ mm,

3+k
1-3k

1=3k|=|3+4]| s.o.bs
(1-3k) =(3+k)’
1+9k* -6k =9+k> + 6k
8k> ~12k-8=0
2k* ~3k-2=0
2k —4k+k-2=0
2k (k—2)+1(k—-2)=0

. 26.
k:_—(or)kzz
2
s 217.
¢ =ab
B c2 _1 28.
“2ab 2

The line perpendicular to given line is
2

hx+3yak=0 =6
+3y+k=0 .—=
Ty %

13

3 27 +37
h-1 K73 2(2-4)
- = =
2 3 13
:>h—1:ﬁ
13
.82
13 13
112
3 13
1 12 13+36 49 )
k:—+—: -
3 13 39 39

21 49
B(h,k) = (E,gj

Image of (0,0) in line is (1,1)
. image circleis (x - 1)2 +(y- 1)2 =1
Line equation y =2 Image with respect to x-axex
isy=-2
Given ABCD is a spuare. A(-1,1) diagonal BD is
3x+y-8=0

Cisimage of A. wrt3x+y-8=0



29.
30.

31.
32.
33.
34.

35

h+1:k_1:—2(3(—1)+1—8)

3 1 3 +1°
h+1 k-1 —2(—10)
- = =
3 1 10
h+1=6 k—-1=2
h=5 k=3
c(h.k)=(5.3)
Centroid

A(2,0)B(0,2)C(4,6)

mid point of BC is D(2, 4)
Equation of ADis x =2

AB 1 BC

Hypotenous is diameter

(0,0) is equidistance from sides
If S=0then H=3G

2 3 4

Ak 2
EXERCISE - 11
Thelines p(p* +1)x—y+¢=0 and

(P> +1)>x+(p* +1)y+2q =0are

perpendicular to a common line for
[MAINS-2016]

1) exactly one value of p

2) exactly two values of p

3) more than two values of p

4)no values of p

The perpendicular bisector of the line segment

joining P(1,4)and O(K,3)hasY intercept -

4. then a possible value of K is (AIEEE-2008)

1) -4 )1 3)2 4)-2

P(a, f) lies on the line y=6x-1 and Q(f,a )

lies on the line 2x-5y=5. Then the equation of

the line FQ is

1) 2x+y=3 2) 3x+2y=5

3) x+y=6 4)3x+y=7

Ift, t, are roots of the equation > { )t +1=0

where A is an arbitary constant, then the line

10.

11.

14

joining the points (at’ 2at) (at,’,2at,)al-
ways passes through the fixed point
D(a,0)  2)(0.a) 3)(@@0) 4)(0,-a)
Aline joining A(2,0) and B(3,1) is rotated about
A in anticlock wise direction through angle
150, then the equation of AB in the new
position is

Dy=y3x-2 2)y=43 x-2)
Dy=\y3+2)  Hx-2=3y
ABCD is a parallelogram. Equations of AB

and AD are 4x + Sy =0 and 7x + 2y = 0 and
the equation of diagonal BD is 11x + 7y + 9=0.

The equation of ACis [ EAM -2018]
Dx+y=0 2)x—y=0
Hx+y+1=0 Hx+y-1=0

The line 2x+3y=6, 2x+3y=8 cut the
X-axis at A,B respectively. A line
L=0drawn through the point (2,2) meets the
X-axis at C in such a way that abscissa of
A,B,C are in arithmetic Progression. then the
equation of the line L is

1) 2x+3y=10 2) 3x+2y=10

3) 2x-3y=10 4) 3x-2y=10

The sum of the intercepts cut off by the axes
on lines

X+Y=A,X+Y =AY y X+ Y= aF seerererrenes
1
where 40 and » = > [EAM -2016]

124 Nav2  H22a  da

The equation of the straight line whose
intercepts on x-axis and y-axis are
respectively twice and thrice of those by the
line 3x + 4y =12, is

1)9x +8y=72 2)9x-8y=172
3)8x+9y="72 4) 8x+9y+72=0

If (4,-3) divides the line segment between the
axes in the ratio 4 : 5 then its equation is

1) I5x+16y—12=0 2)3x—-4y—-24=0

3) I5x—16y+108=0 4) 15x —16y—108 =0

A straight line is such that its distance of 5
units from the origin and its inclination is 135°.
The intercepts of the line on the co-ordinate
axes are



12.

13.

14.

15.

16.

17.

1) 5,5 2) V2,42
3) 5v2,5\2 4) 5/:2,5/2

Angles made with the x - axis by two lines
drawn through the point (1, 2) and cutting the

2
line x +y=4 ata distance \/; from the point

(1,2) are

1) zandz 2) zand 3
6 3 8 8
V4 b2 V4 Vs

3) Eand T 4) Zandz

Equation of the line through the point of
intersection of the lines 3x+2y+4=0 and
2x+5y-1=0 whose distance from (2,-1) is 2.

1) 2x-y+5=0 2) 4x+3y+5=0

3) x+2=0 4) 3x+y+5=0

If p,q denote the lengths of the perpendicu
lars from the origin on the lines

xseca—ycosec a=a and

xcosa + ysin a =acos2a then (Eam2017)
1) 45 +¢ = 2 pP+q’=a’

3) p*+2¢* =a’ 4) 4p* +q° =2a’

The equations of the lines parallel to 4x
+3y+2=0and at a distance of ‘4’ units from
it are

1)4x+3y+22=0,4x+3y—-20=0
2)4x+3y+22=0,4x+3y—-18=0
3)4x+3y—-18=0,4x+3y—-20=0
4)4x—-3y—-18=0,4x+3y—-20=0

The range of ¢ for which the points (o, +2)

3a
and (7,05 2] lie on opposite sides of the line
2x+3y—-6=0
1) (—o0,—2) 2)(0,1)

3)(—00,—2)U(0,1)

If P(1+%/5,2+%/5) be any point on a

line then the range of values of t for  which
the point P lies between the parallel lines

4) (—o00,1)U(2,00)

18.

19.

20.

21.

22,

23.

24.

15

x+2y=1land 2x+4y =15 is

NPENP NPENP
1) - <t< 2) ———<t<——

5 6 3
3)z<_43\/E 4)t<%

The distance of the point (3, 5) from the line
2x + 3y — 14 = 0 measured parllel to the line
x—-2y=1Iis

D e NN
Equation of the straight line passing through
(1,1) and at a distance of 3 units from (-2, 3)
is

Hx-2=0 2)5x—12y+6=0
3)5Sx—12y+7=0 4)y—-1=0

If the point (a, a) falls between the lines
|x+y|=2, then:

DlalF2 2laFl  3al<l 4)|al<s

A line L cuts the sides AB, BC of AABC in
theratio2 : 5,7 : 4 respectively. Then the line
L cuts CA in the ratio

1)7:10 2)7:-10 3)10:7 4)10:-7
The number of integral values of m for which
x-coordinate of point of intersection of the
lines 3x+4y=9 and y = mx +1 is also an integer
is

1)2 2)0 3)4 4)11

The line parallel to the x-axis and passing
through the intersection of the lines
ax+2by+3b=0 and bx —2ay — 3a =0, where
(a,b) = (0,0) is

1)Above the x-axis at a distance of 3/2 from it
2)Above the x-axis at a distance of 2/3 from it
3)Below the x-axis at a distance of 3/2 from it
4)Below the x-axis at a distance of 2/3 from it
Equation of line which is equally inclined to
the axis and passes through a common points
of family of lines 4acx +y(ab + bc + ca—abc)
+ abc =0 (where a, b, ¢ > 0 are in H.P.) is



25.

26.

27.

28.

29.

30.

31.

32.

33.

If a,b,cin GPthen theline a’x+b?y +ac=0 al-
ways passes through the fixed point

D@1 21,00  3)(0,-1) H(,-1)
The straight lines x+2y-9=0, 3x+5y-5=0 and
ax+by-1 are concurrent if the straight line
22x-35y-1=0 passes through the point
1)(ab) 2)(ba) 3)(-ab) 4)(-a -b)
If a;tb;tc,if ax+by+c:0

bx+cy+a=0and cx+ay+b=0
are concurrent. Then the value of

2a2b71c71 2b2071a71 202a71b71
1)1 2)4 3)8 4) 16
If p, q, r are distinct, then

(q-r)x +(r-p)y + (p-q)=0 and

(q3-r®) x+ (r*-p®) y + (p*-q°®) = 0 represents the
same line if
1) p+q+r=0 2) p=q=rt

3) pHqiHr=0

If 2(sina + sinb) x — 2sin (a—b) y=3 and
2(cosatcos b ) x+2cos(a-b)y=5 are
perpendicular then sin2a +sin 2b =

1) sin (a-b) —2sin (a+b)

2) sin 2(a-b) —2sin (a+b)

3) 2sin (a-b) —sin (a+b)

4) sin2 (a-b)—sin (a+b).

The acute angle between the lines
Ix + my =Il+m, I (x-y) + m (x+y) =2m is

4) pH+qir=0

nZ
)4

The angle between the lines xcos o +ysin

N N1
)6 )2 )3

=p, and xcos S +ysin f=p, where o > [ is

Da+p 2)a-p3)aef 4) 2a-p

Two equal sides of an isoceles triangle are
givenby 7x—y+3=0and x+y-3=0 and
the third side passes through the point (1, 10)
then the slope m of the third side is given by

) 3m?>-1=0 2) m*+1=0

3)3m*> +8m-3=0 4 m*-3=0

Area of triangle formed by angle bisectors
ofcoordinate axes and the line x=6 in sq.units
is

1) 36 2) 18

372 49

34.

35.

36.

37.

38.

39.

40.

41.

16

A line passing through (3,4) meets the axes
ox and Oy at A and B respectively. The

minimum area of the triangle OAB in square
units is [EAM -2019]

1)8 2) 16 3)24 4) 32
The equation to the base of an equilateral

triangle is(\/§+1)x+(x/§—l)y+2\/§:0

and opposite vertex is A(1,1) then the Area of

the triangle is
323 D43

D 32 233

Area of the quadrilateral formed by the lines

4y-3x—a=0, 3y-4x+a=0, 4y-3x—-3a=0,
3y—4x+2a=0is
1) a_Z 2) a_2 3) 2_a2 4) E

5 7 7 9

The equation of perpendicular bisectors of
sides AB,BC of A ABC are x-y-5=0, x+2y=0
respectively and A(1,-2) then coordinate of C
are [EAM -2020]

D@10 2)0,1) 3)(5,0)
4) (0,0)

If the straight lines 2x+3y-1=0, x +2y-1=0 and
ax+by—-1=0 form a triangle with origin as
orthocentre, then (a,b) is giveny by

1)(64) 2)(-33) 3)(-8,8)4)(0,7)

The vertices A,B of a triangle are

2, 5), (4, -11). If C moves on the line
L =9x+7y+4=0, then the locus of centroid of

triangle ABC is parallel to
1)AB 2)AC 3)BC 4)L

The acute angle bisector between the lines
3x-4y-5=0, 5x+12y-26=0 is

1) 7x-56y+32=0 2) 9x-3y+13=0

3) 14x-112y+65=0 4) 7x-13y+9=0

Find the equation of the bisector of the angle
between the lines x+2y-11=0, 3x—-6y—5=0
which contains the point (1,-3).



42.

43.

44.

45.

46.

47.

1) 2x-19=0 2) 2x+19=0

3) 3x-19=0 4) 3x+19=0

If 2x+y-4=0 is bisector of the angle between
the lines a(x—1)+b(y-2)=0, c(x-1)+d(y-2)=0,
then the other bisector is

1) x-2y+1=0 2) x—2y-3=0

3) x-2y+3=0 4) x-2y-5=0

Let P = (-1,0) Q=(0,0) and R=(3, 3+/3) be
three points. Then the equation of the bisector

of angle PQR is (AIEEE 2007)
l)ngry:O D) x+3y=0
3)f3x+y=0 4)x+§y=0

A ray of light along x+.3y =43 gets

reflected upon reaching x-axis, the equation
of the reflected ray is [JEE-MAINS 2013]

D) y=x+3 2) BBy=x-3
3) y=3x-+3 4) 3y=x-1

Consider the points A(0,1) and B(2,0) and P
be a point on the line 4x+3y+9=0.
Coordinates of P such that | P4—- PB]| is
maximum are

b(35)

-6 17
) (55
A straight line which make equal intercepts

on +ve x and y axes and which is at a distance
'1" unit from the origin intersects the straight

n(32

4) (0,-3)

line y=2x+3+\/§ at (X0>y0) then 2x, +y, =
[EAM 2010]

) 3442 242-1 3)1 4)0

p is the length of the perpendicular drawn from
the origin upon a straight line then the locus
of mid point of the portion of the line
intercepted between the coordinate axes is

1,1 4 1,11
3) xZ yZ 2 4) xZ y2 p

48. The number of circles that touch all the 3 lines

2x+y=3,4x-y=3,x+ty=21is

1o )1 3)2 4)4

Let P(1,1) and Q(3,2) be given points. The

point R on the x-axis such that PR+RQ is

minimum is

D(30] 2(20) 3)(3.0) (o)
Number of circles touching the lines
3x+4y—-1=0, 4x—5y+2=0 and 6x+8y+3=0 is
1)0 2)2 3)4 4) infinite
A point moves in the xy plane such that the
sum of its distance from two mutually
perpendicular lines is always equal to 5
units.The area (in square units) enclosed by
the locus of the point (EAM-2012)

25
1) Y

49.

50.

51.

2) 25 3)50  4) 100

KEY
03)3 04)1
09)1 10)4
15)2 16)3
21)4 22)1
27)3 28)1
33)1 34)3
39)3 40)4
44)3 45)2 46)1
49)1 50)2 51)3

SOLUTIONS
1. Givenlinesp(p2 +l)x—y+y/ =0

01) 1
07) 1
13)2
19)3
25)3
31)2
37)3
43)3
48) 2

02) 1
08) 3
14) 1
20) 3
26) 2
32)3
38) 1

05)2
11)3
17)2
23)3
29)2
35)3
41)3
47)2

06) 2
12)3
18) 3
24) 1
30) 1
36.3
42)3
48)3

(pz +1)2x+(p2 +1)y+2;/:0 are parallel

p(PP+1) -1

(p+1) P+l Pl

2. Given P(l,4)Q(k,3)midpoint of
1+k 7 —
PO=| —,— PO = '
0 ( > 2jslopeof 0 -1 equation of
perpendicular bisector of PQ is

17



9.

10.
I1.

7 1+k 2
y_E: (k_l)(x_(TD passes through (0,- 12. Given } = \/;,(xl,yl) = (1,2) JL=x+y=4
4 :| ax, +by, +c, |
, |acos€+bsin9|
SRR (L SR LI
2 2 2 % 2 | 1+2-4
=44 S I —F - _,/S.0B.S
=16 3 |cos@+sind
k= 2 |
Bysolving f=6a—1and 25 —5a =5 we get 3" —
P(1,5),Q(5,1) (cos6’+sm¢9)
Equation of the line is y (¢, +1,)—2at, (¢, +1,) 1+sin26’=§ sin26’=l=sin300
2 2’ 2
=2x-2at,
A(Z,O)B(3,1) slope of AB=1 , 29:%’
0=15"+45" =60" = m = tan 60° = /3 5
6’:—(0r)—
equation of new position y—0=m(x—2) \/E 12

y=+3(x-2)
by solving AB,BD we get B(-5/3, 4/3)
by solving AD,BD we get D(2/3,-7/3)
mid point of B.D lies on AC

2
= .c=|2—-——,0
A=(3,0)B(4,0); ( - J
Intercepts between the axes made by the given

a Z,ar\/z,arzx/z ...............

Sum of
=a~?2 +a7/\/§+a)/2\/§ ———————

lines are

Givenline 3x+4y =12

X

4 +§ =l required intercepts a=8 ,b=9

XY

—+==1

8 9

Ox+8y="72 a=8b=6
B man

XN

a=135"-90°,P=5

r:\/%,(xl,yl)z(lﬂ)

13. Pointofintersection (—2,1) and verification
14. Given

xseca —ycoseca =a and xcosa + ysina + avog2a

lines

a =45
\/5—1/2)/ =q, x ty=0 given distance
from (0,0) to (1) (2) is p,q
_9 2 2 2
p= 5 ‘]—O,Zp:a now 4p° +q° =a
15. ax+by+ctdNa’+b> =0
16. Points lie on opposite sides of the line
=L,L, <0
=50(3a+3’ —6) <0—>a(a+2)(a-1)<0
=ae(-0-2)u(0,])
17. Origin, P lies opposite side to the first line and same
side to the second line
18. Given

point p(3,5) =(x,,»,)L=2x+3y-14=0

tan 8 ! sin @ ! cosd 2
- anf@=m=— =—, =—
x-2y 1, R \/g \/g

18



(Ej(@j(ﬂ)__l
‘ ‘ 2L\ bc )\ 4 )\ FB
7/:| ax, +by, +c |: 2(3)+3(5)—14 . . . s
|acost9+bsint9| 2[2]+3[ 1 ] 22. Bysolvmg,glvenequatlonswegetX—3+4m
N AW

b

xisanineger of 3+4m =+1,45,

7 . Integral values of mare -1,-2
y=—= J5 | ax, +by, +c | 23. Eq. of required line parallel to x-axis
f |acos9+bsin6’| where = slope =0=A=-a/b

Equation=2y+3=0

1 24. Lines can be written
tan @ = E

Ay 21y =0 Liax+3y)+1-y=0
19. Equation of line passing through (1,1) having slope bX y b y= ’E( X+ y)+ -Yy=
m is y—l:m(x—l)

3
= Lines are concurrent at (_ Z ) 1]

mx—y+1-m=0 (1)
Given distance from (-2,3) to (1) is 3 ;
3 [-2m=3+1-m| .. Required line is y_IZil(XJij

2

m”+1 25
Wm'+1=2+3m| S . O . B . S

O(m +1)=(2+3m)’ =92 +9=4+9n7 +12m  26. [ > 7|7°

. Givenequationis a’x+b*(y+1)=0

1 2 -9

a b -1
12m=5 27. Given lines
m:i ax+by+c=0,bx+cy+a=0,cx+ay+b=0
12 are concurrnet
5
Required line y—1=§(x—1) Y b e
12y-12=5x-5 =b c a=0:>a(bc—a2)—b(b2—ac)+c(ab—(
5x-12y+7=0 c a b
20. From the figure 2 e 2
c
—l<a<lielall. P b+ =3abe > —+—+—=3 now
bc ac ab
Y 2 2 2 2 2 2
a b a b <
2bc‘2ca.2ab :2bc ca ab :23 :8
Bty
J\e q3—r3_r3—p3_p3—q3
C X 28. R
D 0 A q p pP—q
}\,D g +ri+qr=r’+p +pr=p +q* +pq
-r(p-q)=(p—q)(p+q)

19



29.

30.

31.

32.
33.

34.
35.

36.

37.

s . q3—r3_r3—p3_p3—q3
r= = =
P q-r r=p pP—q
mm, =—1
m, —m
tan @ = |———2
o 1+mm, 39.
cosd =4t bb,
Jai +b7\Jal + b2
m=T7 _ m+l ,
Equations of the angular bisectors of the 40
axesare y =xand y = —x '
(p.q)=(3,4) then minimum area=2pq
Area of an equilateral triangle is 41
) .
ﬁ where h is the height of the triangle
The area of the parallelogram formed by the lines
axtbytc=0,ax+by+d=0,ax+by+
—0,ax+b +d—0'|(Cl_cz)(dl_dz)|
Sq.units.
Given A= (1,—2)x—y—5 =0
The B(h,k) isiageof A(1,-2)wrtx—y—-5=0 42.
h-1_k+2 —2(1+2-5) 43.
1 -1 1+1 ’
h-1 _ k+2 5
1 -1
h=3,k=-4 b(hk)=(3,-4), ¢ is image
of B(3,-4)w.r.t x+2y=0
h-3 k+4 -2(3-8)
1 2 5
h-3 =2, k+4 =2
1 2 44.
¢(5,0)

38. Equation of AOis

20

(2x+3y—-1)+A(x+2y-11)=0 passes
thIOllgh (050) :>ﬁ=—1
Since 40 | BC wehave a=-b
similarlyapply BO 1 AC
Choose C=(a, f3)
a+6 p-6
G (-xlay]): ( 3 b 3 j
~6,8

Substance (a, o) ) lies on L=0

aa, +bb, =-32<0, ¢,c,=130>0
_a,x+by+c,

B 2 2
\/a2 +b;

= a =3x, =3y, +6

ax+by+c
\/a12+b12

Use

Given lines

x+2y—11=0,3x—6y-5=P(x,,)=(1-3)

[ +2y, 11| _ [3%, -6y, -]
V5 35
—(x+2y-11) 3x-6y-5

1 3

— 3x—6y+3B3=3x—6y—5=>r=38=0

3x=19 =0
required bisector is perpendicular to given and
passes through (1,2)
‘T’ divides Prise the ratio PQ; QR =1:6

;326 33+0) (=333
R R AR

Equation of

0(0,0)T (73 3f;} 0= N30

-3-0
y=—\/§x,\/§+y:0

(x=0)

1
Slope of reflected ray is T and it passing through

(\/—0) \/_\/_\/_yX\/_



45.

46.

47.

49.

50.
51.

Given points A(O,l),B(Z,O) line 4x+3y+9=0

minimum the point ‘P’ on the line |PA - PB | is
A,B are lies on same side of the given line equation

of A(0,1)B(2,0) is
y—1=_71(x—0):>2y—2=—x

x+2y-2=0 (1)
Ax+3y+9=0 (2)

solving (l) and (2)

4x+8y—-8=0
4x+3y+9=0
S5y -17=0,y=17/5 substituting in ----(1)
g2t
5
(221)
P\757%s

Equation of the straight line having equal intercepts
is x+y =k and proceed.

Equate the distance from (0,0) to the line

X Yy _9 . .
—t—= 48. Given lines are
XN

concurrent.

Image of Pinx-axisis P' = (1, —1) ,Risintersection

of x-axis and line QP'

Two lines are parallel

From given data |x| + | y| = 5 hence required
2(5)

area — m

=50

21



JEE MAINS QUESTIONS

1.Ifthe perpendicular bisector of the line segment —
oiningthe points P (1, 4) and Q (k, 3) has y-intercept
equal to —4,then a value ofk is :

(H-2 2)-4 (3) 14 (4) 15
2.IfaDABC has vertices A(-1, 7), B(-7, 1) and

C(5,-5), thenits orthocentre has coordinates

o+

033

3. Two vertices of a triangle are (0, 2) and (4, 3). Ifits
orthocentre is at the origin, then its third vertex lies in
which quadrant?

(2).(-3,3)

(4).(3,-3)

(1) third
(3) first

(2) second
(4) fourth

4..Let C be the centroid of the triangle with vertices
(3,-1),(1,3)and (2, 4). Let P be the point of inter-
section of thelines x +3y—1=0and 3x—y+ 1=0.
Then the line passingthrough the points C and P also
passes through the point
(D 9.-6) (2O, 7)

3 (7.6) A7)

5..Slope of a line passing through P(2, 3) and
intersectingthe line x + y=7 at a distance of 4 units
from P, is:

11—J§ , 1-7 3ﬁ—1

)1+\/§ ) 1+\/7 )\/7+1
J5-1

AN

6.A point on the straight line, 3x + 5y =15 which is
equidistant from the coordinate axes will lie only in :

(1) 4th quadrant
(3) 1stand 2nd quadrants
(4) 1st, 2nd and 4th quadrants

(2) 1st quadrant

7.Two vertical poles of heights, 20 m and 80 m stand
aparton a hori”ontal plane. The height (in meters) of
the pointof intersection of the lines joining the top of
each pole tothe foot of the other, from this hori”ontal
planeis:

()15 (2)18 (3) 12 (4) 16

8.If a straight line passing through the point P(-3, 4) is
suchthat its intercepted portion between the coordi-
nate axes isbisected at P, then its equation is

(1)3x—4y+25=0
B)x-y+7=0

(2)4x-3y+24=0
(4)4x +3y=0

9.Ifin a parallelogram ABDC, the coordinates of A, B
and Care respectively (1, 2), (3,4) and (2, 5), then
the equation ofthe diagonal AD is

(1)5x—3y+1=0
(3)3x—5y+7=0

2)5x+3y—-11=0
(4)3x+5y-13=0

10.If the line 3x + 4y —24 =0 intersects the x-axis at
the pointA and the y-axis at the point B, then the
incentre of thetriangle OAB, where O is the origin, is

OGB4 @E2 GEH*3) ADHH

11.Let L denote the line in the xy-plane with x and y
interceptsas 3 and 1 respectively. Then the image of
the point (—1,—4)in this line is:

55) 235 5%
1'5’5 2. 5’5 3. 575
55
4. |57
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12. The locus of the mid-points of the perpendiculars
drawnfrom points on the line, x =2y to the linex =y
is

(1)2x-3y=0
3)3x-2y=0

2)5x-7y=0
(4)7x-5y=0

13.A rectangle is inscribed in a circle with a diameter
lyingalong the line 3y =x + 7. If the two adjacent
vertices of therectangle are (-8, 5) and (6, 5), then
the area of the rectangle(in sq. units) is:

(1)84 (2)98

(3)72  (4)56

14.Suppose that the points (h, k), (1, 2) and (- 3, 4)
lie on theline L1. If a line L2 passing through the
points (h, k) and(4, 3) is perpendicular on L1

, then equals :

1 1
1) 3 2)0 3)3 4) 7
15.Two sides of a parallelogram are along the lines, x
+y=3and x—y+3=0. If its diagonals intersect at

(2,4), thenone of its vertex is

G5 @EhH ()26 HGE6)

16. Let the equations of two sides of a triangle be
3x -2y +6=0and 4x + 5y —20 = 0. If the
orthocentreof this triangle is at (1, 1), then the equa-
tion of its thirdside is:

(1) 122y —26x — 1675=0
(2) 122y +26x + 1675=0
(3)26x + 61y + 1675 =0

(4)26x — 122y — 1675=0

17. The foot of the perpendicular drawn from the
origin, onthe line, 3x +y= 4 is P. If the line meets x-
axis at A andy-axis at B, then the ratio BP : PA is

1H9:1 (2)1:3 (3)1:9 @)3:1

18. Leta, b, c and d be non-"ero numbers. If the
point ofintersection of the lines 4ax + 2ay + ¢ =0 and
Sbx +2by + d=0 lies in the fourth quadrant and is
equidistant from thetwo axes then

(1)3bc—2ad=0
(3)2bc—3ad=0

(2) 3bc +2ad=0
(4) 2bc +3ad=0

19.A straight line through a fixed point (2, 3) inter-
sects thecoordinate axes at distinct points P and Q. If
O is the originand the rectangle OPRQ is completed,
then the locus of Ris

1) 2x+3y=uxy
2) 3x+2y=xy
3) 3x+2y=06xy
4) 3x+2y=6

20.The equation y = sin x sin (x +2) —sin2
(x + 1) representsa straight line lying in

(1) second and third quadrants only
(2) first, second and fourth quadrant
(3) first, third and fourth quadrants
(4) third and fourth quadrants only

KEY
01)2 02)2 03)2 04)1 052  06)3
07)4 08)2 091 10)2 11)1  12)2
13)1 154 141 164 174  18)1
19)2 20)4
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- g . g
SOLUTIONS e i)

y=ct=

Lo
From equs, (1) and (1),

_

' 2c+9="2
7] 2

= = 4dx+18=x+9

Mid point of line segment PQ be (k—;l-,

= ix=Uy=-3

~. Slope of perpendicular line passing through Sp=3
1
—+4 3.
W—MHM[k+lz): : 215 Sinice, m, Xy, =1
‘ 'Y T HL Tk .
2 = M=
4-3 1 y—3
- =0
Slope of PQ = —=— = Mae” Ty
Ik 1-k "
My X Mgy, =1
LI g o
. = X
l+k I-k gl
3
|-k =-15=p k=14 p
s )
Vertex Ris [T—’f]
11T Hence, vertex R lies in second quadrant.
4.
O P Coordinates of centroides
C= [ TjtXatXy Myt tis ]
) 3 ) 3
| 3+1+2 —-1+3+4
BT S (s, -5) =[ = ]={131
3 3
The given equation of lines are
x+3y—1=0
& 1 Ir—y+1=(
ST S Then, from (1) and (i1)
. - 12
.. Equation of AS 15 y—T7=2{x+1) pomnt of mtersection P ( _EE]
y=2x+49 A1 equation of line P
. Sx—1lp+6=0
My = :-;* =2

|
. Equaton of BP 15 v—1= E{r+ 7}

24



Since point at 4 units fom P (2, 3) will be
A (4 cost+ 2, 4 sinfl + 3) and this point wall satisfy the
equation of inex +y=7

— eosB+sind =:1,"
On squaring
5 3
a3 <HRE _ o
l+tan-8 4

= 3nn’0+8tan B +3=0

(1gnoring —ve sign)

6

A point which 15 equidistant from both the axes i
on cither y=xand y=—x.
Since, point lies on the line 3x+5y=15
Then the required point

Ix+ 5y =15
x+y =10
15

r=——
-

15 15°
= {x, )= _TTJ Il“dqua:iram:

et
l-.rlG

Ix+ 5y =15

x—=y=10

15

R

15 15
=(x.7)= [?.EJ {1# guadrant)

F=

Hence, the required pont hes in 1" and 2™ quadrant.
25

v B (x, 80}
M
C (0, 20) g0
20 3}
+ 0 A = g
& (x;, 0)

Equations of lines OB and AC are respectively

4]
P= —
s %)

i)

x b
—h iy

5 20 A}

“* equations (1) and (1) intersect each other

. substitute the value ofx from equation (i) o eguation
{1i), we get
.
;—ﬂ + E =1
=y+dy=80—y=16m
Henee, height of intersection pomntis 16 m,

Since, Pis mid point of MM
PMo34)
Mix. 0]
0+x
Thmf 5 ==

=x=—3x2 =2x=-0

¥+
s

Hence required equation of straight line MN 15

and =d=y+i=2xd=y=8

X ¥
2 4L = a3+ 34=0
i B b



9. B+d 16

Since, in parallelogram mid points of both diagonal! = a+l= T o
consides.
v mid-point of 40 = mid-point of BC —u =£_ fi= 3
5 5
C{2.5) i)
[EPRTY 12 .
A B
(2 13,41
u+l p+2) (342 445
- i I i R
=47 . k—u
{3'1 }JJ : ) Emﬂﬁ,ﬂlﬂpﬂ'ﬂtpg= ﬁ—Tﬂ =—1

Then, equation of 4015,
=> k—a=—H+32a

s i
:Lr—?= 1_4 :_T—‘*j — ﬂ_=ﬁ
3
5 Also, 2h=2a+ pand
=i g Te=a+p
Mh=a+2k
Ip—21=5x-20 ==
! . - = a=2h-2k
Sx—3p+1=0 From (1) and (i), we have
h+k
10. =2h—k)
Equation of the hine 1s: So, locusis by —6p=x+y
Ir+dy=24 = Sx=Ty = Sx—Ty=0
Lad=l
oS e 13.
coordinates of A, B & O are (8, 0), (0, 6) & (0, 0) Given situation
respectively, i
= OA=8 0B=6&48=10. ix=-l
Incentre of ACA A 18 given as;
I_[Exﬂ+ﬁx8+lﬂxﬂ Exﬁ+ﬁxﬂ+lﬂx{}]_{z % A ; B(5, 3)
N B+6+10 7 B#6+10 i k]
By =
=L
D

I1.

The line in xy-plane is,

- 5
Ziy=lox+3y-3=0 AR wi
g Akl +» perpendicular sector of AB will pass from centre.

Let image of the point (-1, —4) be {a, B), then 2 equation of perpendicular bisector v=—1
Hence centre of thecirele is (— 1, 2)
Let co-ordmate of D s (o, f)

a+l _f+y_ 2A-1-12-3)
1 3 10

26



+6 +5
= 22 _ 4 and B—=1
1 1

a a

= g=-Bandfi=-1, - D={-§ -1}
|AD|=6and |AB|=14
Area=6» 14=84

15.
k1 R
I=V+3=0 A2 4}
PO 3ot p=3 4]

Since, x— v+ 3=0and x+ 3= 3 are perpendicular lines and
mtersection point ofx— v+ 3=0and x+ =31z A0, 3).
=» M ismid-point of PR = R{4,5)

Let S(x,, x, +3) and Nxg, 3 —x,)

A 15 mid-point of 5¢

= 5n+tu=4x+3+3-x=8

=% I|=3,.1{1=l

Then, the vertex D15 (3, 6).

14.
< kL1, 2) and (=3, 4) are collinear
k. k1
12 Nopgs_2p-dk+10=0
3 4 1
=h+2k=5
5\1 m =£=—ljm =2 - J_L
I.qu .[t _3_-' 2 _LE ra [nir[ 3]
By the given points (4, &) and (4, 3),
k-3 k-3
= =2=k-3=2H-8
TR d A
2h—k=35 -
From (i) and (i1}
k1
— —. e T
h=3k=1 B3

27

16.

o 20=1)

Since, AH is perpendicular to BC

Hence, m 5,0 mge-=-1

2{}—41'3 1
& i
—2 e =

15-4y, 13

S(xa-1)" 3

45— 12x,=—10x,+ 10
35

2, =35 ==

35
4= 10
—_— ( 2 . }
Sinece, 8 15 perpendicular to C4.

Hence, my,, * m.,=-1

3x

S s ()=
_1:'1—1 5

(3x +4}:-=4=5

2{I|—l]

—-33
= bx,+8=5x—S5=x=-13= —13-T

= Equation of line A8 15




18.

455 ; 3
= —Oly—6l0=—[3x+— Civen lines are
: 2
122y — 1220 = 2 +455 dax+2ay+c=0
—— e ==, - -"_
e 2 Shy + 2By +d=0

26— 122y—1675=0 ; ; ; :
oo The point of intersection will be

x -y 1
. 2ad -2bc  4ad -5bc  8ab-10ab
Equatiunr of the line, which is perpendicular to the o 2(ad - be) L be-ad
ling, 3x +y=MA= 0) and passing through origin, is given ~2ab ab
by _Shc-4ad  4ad - Shc
x=0_y-0_, = ¥=" 34 © b
3 1 -+ Point of intersection is in fourth quadrant so x 1s
For foot of perpendicular positive and y is negative.
~((3x0)+(1x0)-1) 2 Also distance from axes 1s same

e 3412 10 Sox==y

(:+ distance from x-axis is —y as y 1s negative)
So, foot of perpendicular P= [% l_’a] be-ad _sbe-dad _ ., . _

ab 2ab
Given the line meets X-mus at 4 = [%0] and meets
Y-axisat B=(0, %) 19.
’ N 2 B0 Equation of PQ i
So, BP= (E +[l-:~.J = gp= P BIM . S
10 10 100 100 LIFE e .
—4Z= {0
h k
1
N 90 #
100
e
i W o Ay (0, k)Q Rehio
_— T
(2,3)

= P4 %+%:}FA:J% <
: 0 P(h, 0)> ~
Therefore 5P~ PA=3 1 W

Since, (i) passes through the fixed point (2, 3) Then,

2.3

—+==1

h k

. el R

T'hen, the locus of R1s —+ == or3x+2y=xy.
Xy

28



20.
y=smx. sn{x+2)—sin(x+1)

. o] e
%EUS-:—IH" LBS{Z:L.} “|:I Lusilr+2}}

2 2
(cos2)=1 Qo
== " —emgm™]
2
LA
(0, N
< ' >
& |

< >y=-35m" 1

L

By the graph y lies in 11l and 1V quadrant.
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PAIR OF STRAIGHT

J

SYNOPSIS

Homogeneous equations :
Combined Equation of a Pair of Straight
lines :

> DIf L, =0,L, =0 areany two lines, then the

combined equationof L, =0,L, =01s L,L, =0
i1) Any second degree equation inx and y
represents a pair of straight lines if the
expression on the left hand side can be
expressed as a product of two linear factors
inxandy.

Separate equations of pair of lines :

» The equations of the separate lines of

ax® +2hxy + by = 0are

ax+(h+\/h2—ab)y:0’
ax+(h—\/h2—ab)y:0

Nature of pair of lines :

= The second degree homogeneous equation
ax® + 2hxy + by* = 0 represents a pair of straight
lines passing through the origin and it represents
(i) tworeal and distinct lines if 42 > 4p
(i1) two coincident lines if 7,2 = 4p
(1i1) Imaginary lines if 3,2 < 4p

Slopes of pair of lines :

> 1) If y=mx,y=m,x arethe two lines
represented by the pair of lines
ax’ +2hxy +by*> =0, p=( with slopes m
and m, then

a) The slopes of the lines are the roots
of the quadratic equation

bm* +2hm+a=0
=2h a )

mm :*"m —m ‘—
2 > 1 2

m,=—
b) m +m, b 1 b

c¢) The combined equation of pair of lines with
slopes m , m, is

(y—mlx)(y—mzx) =0

= " =(m +my ) xy+mm,x* =0

i1) The slopes of the straight lines represented by
ax” + 2hxy +by” = 0 are reciprocal to each other

iii) If the slopes of two lines represented by

ax’ +2hxy +by* =0 are in the ratio /: ; then
(I+m)’ ab=4h*Im

iv) If the slope of one of the lines represented by
ax” +2hxy + by* = 0 is k times the slope of other
line then 4kh* = (k +1)” ab

V) ax® + 2hxy + by” = 0 represents a pair of lines
if the slope of one line is the n power of the other

1/n+1 1/n+1
then (ab") " +(a"b) " +2h=0
vi) If the slope of one line of pair of lines
ax® + 2hxy +by* = 0is square of the slope of the
other line then ab(a+b—6h)+8h* =0

Angle between the pair of lines :
» If g is an acute angle between the pair of lines

ax® +2hxy +by* = 0 then

cosf = |a+b|

(a=b) +4n* "
) 2Vh —ab
sind =

J(a—=bY +4n> "

2Nh* —ab
0=y farh#0



i)The lines represented by ax’ + 2hxy +by* =0
are perpendicular,
ifg+b=0.

i.e., coefficient of 2 4 coefficientof y* =0

Pair of parallel & perpendicular lines :

>

1) The equation to the pair of lines passing through
the point (xl » V) ) and parallel to the pair of straight

lines ax® +2hxy + by* = 0is

a()c—xl)2 +2h(x—x1)(y—yl)+b(y—yl)2 =0
i1) The equation to the pair of lines passing through
the origin and perpendicular to

ax® + 2hxy +by*> = 0is

bx* =2hxy+ay* =0
1i1) The equation to the pair of lines passing through

the point (x1 sV ) and perpendicular to the pair of
straight lines ax” + 2hxy + by* =0 is

b(x-x) =2h(x-x)(y-y)+a(y-y) =0

Common line to pair of lines :

>

i) If the pairs of lines a,x* +2hxy+by* =0,

a,x* +2h,xy +b,y* = 0 have oneline in common
then

a, 2h||2h b
a, 2h|2h b, (or)
(ab, —a,b )" +4(ha, —ha))(hb, —hb)=0
i1) If one of the lines represented by

2

a, b

a, b,

a,x’ +2hxy +b,y* =0 is perpendicular to one of

the lines represented by a,x” +2h,xy +b,y* =0
then

a  2h
b, —2h,

(aya, ~bb, )’ +4(ha, +hb, ) (hb, +ha)=0

iii) If the pair of lines a,x* + 2hxy +b,y* =0 and

2

2h b
—2h, a,

a, b

|
b, a,

(or)

a,x* +2h,xy +b,y* = 0 are such that they have

one line in common and the
perpendicular then

remaining lines are

LR I O S
1 a, b ’ a, b,

Types of triangles :

>

1) The equation of the pair of lines passing through
the origin and forming an isosceles triangle with

theline ax+by+c=01s
(ax+by)2 —k(bx—ay)2 =0.

(a)If =1 thenthe triangle is right angled isosce-
les.
(b) If k£ = 3 then the triangle is equilateral.

1
() Ifk= 3 then the triangle is an isosceles and

obtuse angled
i1) The triangle formed by the pair of lines

S = ax” +2hxy +by* =0 and theline
Ix+my+n=0is

a) equilateral if gx* + 2hxy + by* =
(be+my) =3(mx—~1Iy)

b) Isosceles if h(l2 —mz) =(a—b)im

c)Rightangledif g +p =0 or S(7,m)=0

Centres related with triangles :

>

1) If (a, p ) is the centroid of the triangle whose
sides are ax” + 2hxy + by’ =0 and
Ix+my+n=0,then

a B 2n
bl—hm am~hl 3(bP ~2him+ant) (or)

a B

_ —n

(‘”’J (51’} " 3F,
0X ) (1m) Y ) m)

where F = bx* —2hxy +ay’

The pairof lines S = ax® + 2hxy +by* =0

represents two sides of a triangle and (xl, Y ) is
the mid point of the third side then the equation of
thirdsideis S, = §,, 1.e.,

axx, +h(xy1 +x1y) +byy, =ax +2hx,y, +by



i)

If ax® + 2hxy + by” = 0 represents two sides of a

triangle, G(xl, yl) be its centroid then the mid
point of the third side of the triangle is
3G zef_xl"”lj

2 22

If (kl , km) is the orthocentre of the triangle

i)

The area of an equilateral triangle formed by the
line ax + by + ¢ = 0 with the pair of lines

2
C

(aerby)2 —3(bx—ay)2 =0 is \/g(az +b2)
pZ
= ﬁ where p is the perpendicular distance from

the origin to the line ax+ by +c =0

formed by the lines ax” +2hxy+by* =0 and Pair of angular bisectors :

-n(a+ b)
am® —2hlm + bl
The distance from the origin to the orthocentre of

Ix+my+n=0 thenk =

X
the triangle formed by the lines 2 +% =1 and

ax’ +2hxy+by* =0 is

\/m| (a+b)aﬂ |

\ac’® —2haf+ b’ |

vi) If ax® + 2hxy + by* = 0 represents two sides

ofa triangle for which (c, d ) is the orthocentre,
then the equation of the third side of triangle is
(a + b)(cx + dy) =ad® —2hcd + bc?

Product of perpendiculars :

-

i) The product of the perpendiculars from (¢, )
to the pair of lines
|ac’® +2hap +b’|
ax’ +2hxy+by* =0 is \/(a—b)2 e

Area of the triangle :

-

1) The area of the triangle formed by the line
Ix +my +n =0 and the pair of lines

n*\h* —ab

ax® + 2hxy +by*> =0 18 ‘am2—2hlm+b12‘

The equation of the pair of lines through the origin
and making an angle 'g' with the line

Ix+my+n=01s

(lx+my)2 —tan’ Ot(mx—ly)2 =0 and

2
n

the area of the triangleis ., ( 2 +m? )

>

1) The equation to the pair of bisectors of the angles
between the pair of straight lines

ax® + 2hxy + by’ = 01s h(x2 —y2)=(a—b)xy
i1) The angle between pair of angular bisectors of
any pair of lines is 5
ii1) The equation to the pair of bisectors of the co-
ordinate axes is x* — y* =0
iv) If one of the line in ax? + 2hxy + by* = 0 bi-
sects the angle between the coordinate axes then

(a+b) =4n’

Equally inclined with a line :

>

1) A pair of lines L,L, =0 is said to be equally
inclinedtoaline 7, = ( ifthelines L, =0,L, =0

subtend the same angle with the line 7, =

Every pair of lines is equally inclined to either of
its angular bisectors

Avpairoflines is equally inclined toaline 7, = (, if
L =0 is parallel to one of the angular bisectors.
Given pair of lines through origin is equally inclined
to the coordinate axes «> the pair of angular bi-
sectors of given pair of lines through origin is the
coordinate axes

If the pair of lines ax’ + 2hxy + by* = 0 equally
inclined to the coordinate axes then / =(Q and
ab<0

The pair of lines L,L, =0 bisects the angle be-

tween the pair of lines L, L, = 0 < pair of angular

bisectors of L,L, =0 and pair of lines L,L, =0
represents the same equation



vi)) Two pairs of lines L, L, =0, L,L, =0 are such
that each bisects the angle between the other pair

& pair of angular bisector of L,L, =0, pair of

lines L,L, = 0 represents same and vice versa.

vii)) Two pairs of lines are equally inclined to each other
< two pairs of lines have same pair of angular
bisectors

Non homogeneous equations :

Condition for pair of lines :

= 1) Ifthe equation
S=ax’+2hxy+by* +2gx+2 fy+c=0
represents a pair of lines then
a) A=abc+2fgh—af*>—bg” —ch’ =0

a h g
i.eh b f|=0
g [ c

b) k> >ab, g* > ac, f* > bc
Angle between the pair of lines :
= 1) The angle between the pair of lines

ax’ +2hxy +by* +2gx+2fy+c=0is
same as the angle between the pair of lines
ax’ +2hxy +by* =0
Distance between the pair of lines :
= Theequation
ax®> +2hxy + by’ +2gx+2fy+c=0 rep-
resents a pair of parallel lines iff
A=0, f*>bc,g* >ac,h* =ab and af* =bg® oOr
a h g

P 7 and the distance between the parallel
2 2
g —ac S b
lines is a(a+b) or b(a+b)

Product of perpendiculars :
= 1) The product of the perpendiculars drawn from

(Ol, p ) to the pair of lines

ax” +2hxy+by" +2gx+2fy+c=01is

|[ac’ +2ha +bf* +2ga +2f B+|
(a —b)2 +4h’

i) The product of the perpendiculars from origin to
the pair of lines

ax’ +2hxy +by* +2gx+2fy+c=0is
<
(a=b) +4i’
ii)) Ifthe pair of lines

ax® +2hxy +by* +2gx+2fy+c=0are
equidistant from the origin then
f4 _g4 _ c(bf2 _agz)

Point of intersection of pair of lines :

> DIfS=ax’ +2hxy+by’ +2gx+2fp+c=0
represents a pair of lines and 2 > 4p then the
point of intersection of the lines is

(hf—bg gh—af

b1 ab— I j i.e., obtained by solving

o Os
220 and —=0

ox oy
i1) If the pair of lines

a’ +2hy+by’ +2ge+2fy+c=0 intersect at
(a,ﬂ) then (a,,B) satisfy the equations
ax+hy+g=0, hx+by+ f =0 and

gx+ fy+c=0

(W -bg gh—af
’ (a’ﬂ)_(ab—hz’ab—hz]

be—f* fg—ch [ he—gf g’ —ac
hf —bg hf —bg ) \ af —gh’ af —gh
ii1) The coordinates of the point of intersection of
the lines represented by §=0 1is

f*—bc \/gz—ac
h*—ab’ \ h* —ab

1v) Ifthe equation

ax® +2hxy + by’ +2gx+2 fy +c = 0 represents

a pair of intersecting lines, then the square of the
distance of their point of intersection from

c(a+b)—f2—g2
ab—h*

the origin is
v) Ifthe equation
ax> +2hxy +by* +2gx+2fy+c =0



represents a pair of perpendicular lines, then the
square of the distance of their point of intersection

2+ 2 2+ 2
from the origin is ]h: —fb (or) iz N iz (or)
fZ +g2
b* +h?

Area of the triangle :

-

The area of the triangle formed by the line

Ix+my+n=0and the pair of lines

ax’ +2hxy +by’ +2gx+2fy+c=0 whose
point of intersection is (xl, Y ) is

(Ix, +my, + n)2 \Vh* —ab

\am2 —2h1m+b12\

sq. units

Intercepts of a pair of lines on coordi-

-

,.)

nate axes :
1) Length of the intercept made by the pair of lines
represented by

ax® +2hxy +by* +2gx+2fy+c=0 on

2

a) X —axis is 2y8” —ac
9

2 f* =bc
i

i1) If the pair of lines

b) y —axis is

ax’ +2hxy +by* +2gx+2fy+c=0
intersect on

a) x-axis, then g* = ¢ and

2 fgh =af’ +ch’

b) y-axis, then f* = hc and

2 fgh=bg’ +ch’

Pair of angular bisectors :

If (a, p ) be the point of intersection of the pair of
lines
ax® +2hxy +by’ +2gx+2fy+c =0 then the

equation to the pair of angular
bisectors is

W (x=a)’ ~(y=p) |=(a-b)(x-a)(y-F)

Quadrilateral formed by S=0and S'=0:

>

i)

V)

i) The pair of lines § = ax* + 2hxy + by = 0 and

S'=ax’ +2hy+by +2gx+2fy+c=0 formsa
a) thombus

ea+b#0,(a=b)fg+h(f-g*)=0
b) square
<a+b=0,(a=b) fg+h(f-g*)=0

c)rectangle
ea+b=0,(a=b)fg+h(f -g")=0
d) parallelogram
<:>a+b;tO,(a—b)fg+h(f2 —g2)¢0
4
2h* —ab

f) Equation of diagonal not passing through origin
1s2gx+2fy+c=01e, §'—§=0

e) Area of the parallelogram is

g) Equation of diagonal passing through
is (hf—bg)y :(gh—af)x

If ax® + 2hxy + by* = 0 are two sides of a paral-

origin

lelogram and Ix + my + n = 0 is one of the diago-

nals of'the parallelogram then the equation of other
diagonal is

(bl—hm)y = (am—hl)x
Given (x,,,) as opposite vertex of a parallelo-

gram with S = ax® + 2hxy + by* = 0 as one pair
of sides then the equation of the diagonal not pass-
ing through the orginis 25, - S,, =0

The pair of lines xy+ax+by+ab=0,

xy+cx+dy+cd =0 forma square
a) If|a—c| =|b—d|
b) areais |a—c||b—d|

c) point of intersection of diagonals is

[—(b+d) —(a+c)]

b

2 2



d) Equation of diagonals are
(a—c)x+(b—d)y+ab—cd =0
(a—c)x—(b—d)y+ad—bc=0

Homogenisation :

= 1) The Combined equation to the pair of lines
joining the origin to the points of intersection of the
curve

ax’ +2hxy +by* +2gx+2fy+c=0
and the line [x +my +n=01s ax® +2hxy + by’ +

(2gx+2ﬁ/)(lx+myj+c(lx+—myj =0

—n

i1) The condition that the pair of lines joining the
origin to the points of intersection of

ax’ +2hxy +by* +2gx+2 fy+c=0and
Ix +my +n = 0 to be perpendicular is
n’ (a+b)—2n(lg+mf)+c(l2 +m2)=O

Some standard results :
= 1) The equation to the pair of lines passing through
the origin and each is at a distance of d from

(a,p) is (ﬂx—ozy)2 =d’ (x2 +y2) :
1) If L, M are the feet of the perpendiculars from

(¢,0) to the lines ax” +2hxy+by* =0 then the
angle made by 7 s with positive X-axis is

Tan™ _b—a
74 ) and the equation of LM is

(b—a)x—Zhy—bCZO

ii1) Point of intersection of diagonals of a
rect angle formed by the pairs

ax’+bx+c =0,

a,y’ +b,y+c, =0 is [;_21’;_22]

1 2
iv) The image of pair of lines /' (x, y) =0 with
respect to x-axis is /' (x,—y)=0 and withre

specty-axis is. f/ (—x,»)=0

EXERCISE - 1

The range of ‘a’ so that a’x> + 2xy +4y* =0
represents distinct lines

1 a>10ra<_—l 2 _—l<a<
) 2 2 ) -0

N | =

3)_7<a<% 4)a2% oras_?1

The difference of the slopes of the lines rep-
resented by

X2 (sec2 6 —sin? 6’)—(2 tan ) xy + y*sin? =0

1 2) 2 3)3 4) 4

If the slopes of the lines represented by
ax*+2hxy-+by*=0 are in the ratio 3 : 2, then
1) 25ab = 24h? 2) 8h?=9ab

3) 16h*=25ab 4)h*=ab

The combined equation to a pair of straight
lines passing through the origin and inclined

at an angles 30° and 60° respectively with X-
axis is

D 3 (2 +y? )=dxy
2) 4(x2+y2)=\/§xy
3) x2+\/§y2—2xy20
4) x2+3y% —2xy=0

If the slope of one line is twice the slope of
the other in the pair of straight lines

ax? +2hxy+by? = 0 then 8h?=

1) 7ab  2)-7ab 3) 9ab 4) -9ab

The equation of the pair of lines passing

through the origin whose sum and product of

slopes are respectively the arthemetic mean

and geometric mean of 4 and 9 is
(EAM-2016)

1) 12x* =13xy+2y* =0
2) 12x* +13xy+2y* =0
3) 12x* =15xy+2y* =0
4) 12x* +15xy 23> =0



10.

11.

12.

13.

If the sum of the slopes of the lines given by
x> +2cxy + y* =0 is eight times their prod-
uct, then c has the value

1 2) -1 3)-4
If the pair of lines given by

4y -2

(xz +y? )sin2 a =(xCos a—y Sin a)2 are per-

pendicular to each other then o=

(EAM-2018)
x/d 4 x/3

If the angle 2¢ is acute, then the acute angle
between the pair of straight lines
x*(cos —sin ) +2xycos 6+)7 (cos O+sin ) =0is

(EAM - 2002)

) 72 2)0

1) 26 2 9 3 o
) I
The equation to the pair of lines passing

through the point (—2,3) and parallel to the

4) 6

pair of lines x* + 4xy+ > =0 is
1) x> —4xy+y* —8x+2y—11=0
2) x> +4xy+y° —8x+2y—11=0
3) x> +4xy—y* —8x+2y—-11=0
4) x> —4xy+y° —8x—2y—11=0

The equation to the pair of lines passing
through the origin and perpendicular to

5% +3xy=0 [EAM -2017]
1) 5xp+3y° =0 2) x*=2y*=0
3) 3xp—5y> =0 4) 3x* —2xy=0

If the product of perpendiculars from
(k, k) to the pair of lines x? 4+ 4xy+3y% =0 is

4/+/5 then Kk is
1) +4 2) £3 3)£2 4)+1

If the area of the triangle formed by the lines
3x? —2xy—8y” =0 and the line 2x+y-k=0 is
5sq. units, then k=
1) 5 2) 6

3) 7 4) 8

14.

15.

16.

17.

18.

19.

20.

21.

If the sides of a triangle are
ax’ + 2hxy + by2 = (0 and y =x+c, then its area
is

c*\h? —ab cvh®—ab
D la+b+2h| 2| a+b+2n
h* —ab h* —ab
3) |la+b+c| 4) |a+b+2h|

If the equation of the pair of bisectors of the
angle between the pair of lines

3x2 +xy+by? =0 is x? —14xy—y*> =0 then
b=

1) 4 2) -4 3) 8 4) -8

If the lines x?+(2+k)xy—4y>=0 are
equally inclined to the coordinate axes, then
k=

1) -1 2)-2 3)-3
If the pair of straight lines

4) -4

X' =2pxy-y*=0 and x’-2gxy-)* =0 be
such that each pair bisects the angle between
the other pair, then
1) pg=-12) p=¢

3y p=—q 4) pg=1

If one of the lines in the pair of stright lines
given by 4x?+6xy+ky’=0 bisects the angle
between the coordinate axes, then k¢
1){-2,-10} 2){-2,10} 3){-10,2} 4){2,10}

If x2—32=0, Ix+2y=1 form an isosceles

triangle then /=
11 2) 2 3)3 4) 0

x? +kyy? +2k,y = a* represents a pair of per-
pendicular lines if
) k=1 k=a

3) k=-1, k,=—a

2) k=1, k,=—a
4) k=-Lk,=a’
If for? +10xy+3y° —15x—21y+18=0

represents a pair of straight lines then k =
1) 3 2) 4 3) -3 4)5



22,

23.

24,

25.

26.

27.

28.

29.

30.

If x> +ay”+2fy=a* represents a pair of
perpendicular lines, then 5= (EAM-2014)

1)2a 2)3a 3)4a 4)a

The equation

x> —5xy+py’ +3x—8y+2=0 represents a
pair of straight lines. If ¢ is the angle between

them, then sin g = (EAM-2013)

1 1 1 1
DFE 27 V5 Yo
If the angle between the lines respresented by
2x2 +5xy+3y* +6x+7y+4=0is tan” (m)
and 4° +p* —gb—a—-b+1<0,then 24 +3p=
D1/m 2)m 3)-m D

If ax® + 2hxy +by> +2gx+2 fy+c=0
represents a pair of parallel lines then

gz—ac B
f*—bc -
a a b b
1)5 2)\/% 3)\/5 4);

The square of the distance of the point of in-
tersection of the lines

6x* — 5xy —6y* + x+ 5y —1= 0 from the origin
is

1) 74/169 2) 85/169 3) 74/185
If the lines represented by

(EAM-2011)

4)2/13

ax? +4)cy+y2 +8x+2fy+c=0

intersect on Y-axis, then (f, ¢) =

D 2,4 2)42) 3)(2,-4 4(4,-2)
If the adjacent sides of a parallelogram are
2x2=5xy+3y?> =0and one diagonal is
x+y+2=0 then the other diagonal is

1) 9x-11y=0 2) 9x+11y=0

3) 11x-9y=0 4) 11x+9y=0

The area of the square formed by the lines
6x% —5xy—6y* =0and

6x” —5xy—6y2 +x+5y—1=0 in sq. units is

D 1/V3 24413 313 H1/13
If the lines

31.

32.

33.

34.

3s.

36.

x> +2xy—35y> —4x+44y—12=0 and

5x+ Ay —8 =0 are concurrent, then the value
of 4 is (EAM-2007)
1)o0 2)1 3) -1 4)2

The length of the side of the square formed
by the and

lines 2x*+3xy-2y"=0

2x* +3xy—2y" +3x+y+1=0 is

1 1 1 1
R I I N RN
The angle between the pair of straight lines
formed by joining the points of intersection of
x2+y2 =4 and y:3x+c
to the origin is a right angle. Then .2 is equal

to (EAM-2007)
1) 20 2)13 3) 1/5 4)5

The angle between the lines joining the origin
to the points of intersection of the lines

J3x+y=2 and the curve x* + > =4 is
V4 T V4 T
D% 2) 4 33 iy
The triangle formed by the pair of lines
3x% +48xy +23y* =0 and the line

3x-2y+4=0is
1) Equilateral 2) Isosceles
3) Right angled 4) Scalane

If the pair of straight lines
Ax’ +2Hxy+By* =0 (H2 > AB) forms an

equilateral triangle with the line
ax + by +c =0 then

(A+3B)(3A+B)=

Dp>  2)_g* 32> 4 4n?

The equation of the line common to the pair
of lines 7°x> —(m2 +1)xy+y2 =0 and

mx® —(m+1)xy+y* =0 is

1) mx-y=0 2) x+y=0

3)x-y=0 4) x+y=m



37.

38.

39.

40.

41.

If the pair of lines given by

ax’ +2hxy +by* +2gx+2fy+c=0

intersect on X-axis then

1) b, f,carein A.P 2) a, f,carein GP

3) a,g,careinGP  4)a,g,careinA.P

The rectangle formed by the pair of lines

2hxy+2gx+2 fy+c=0 with the coordinate

axes has the area equal to

1) @ 2) @ 3) M 4) @
i / g’ h

If the pair of lines 2hxy+2gx+2fy+c=0 and the

coordinate axes form a rectangle, then the

equations of its diagonals are

1) 2gx+2fy+c=0, gx-fy=0

2) 2gx+2fy-c=0, gx+fy=0

3) gxtfy-c=0, gx—fy=0

4) gx+fy=0, gx—fy=0

The lines ax?+ 2hxy+by*+2gx+2fy+c¢=0 in-

tersect x-axis in A, B and y-axis in C, D

respectively. Then the combined equation of

AB and CD is

)xy=0

2) ax*+ 2hxy+by*+2gx +2fy+¢=0

3) ax? + 2hxy + by? + 2gx + 2fy + c+g2fxy:0

4) ax? — 2hxy + by? + 2gx + 2fy + C+4%fxy=0

The locus represented by the equation
(x—y+c)2 +(x+y—c)2 =0 is

1) Aline parallel to x-axis

2) Apoint
3) Pair of lines
4) Line parallel to y-axis

KEY
01)3 02)2 03)1 04)1 053 00)1
07)3 08)3 09)4 10)2 11)3 12)4
13)1 141 152 16)2 17)1 18)3
194 20)3 21)1 22)4 23)1 24)1
25)2 26)4 27)1 28)1 29)4 30)4
31)2 32)1 33)3 34)1 354 36)3
37)3 38)1 39)140)141) 4

SOLUTIONS

W —ab>0=>1-4a’>>0= a2—%<0

G i v e n
)cz(sec2 0 —sin’ 6?)—2tan¢9xy+y2 sin” @ = Opt

0 =45°

2

:xZLZ—lj—ny+y—:0
2 2

3
3x* —4xy+y* =0, m1+m2:T’m1m2:T
2N —ab  244-3

|ml_m2|: |b| = 1 :2

[+m) B
l:m:3:2and—( +m) :h—

4lm ab
G i \% e n

!
qsz@%@mﬁ=7?mfmm@:ﬁ

the combined equation of pair of lines

=B () -0

V35 —4)cy+\/§y2 =0

4kh* = (k+1) ab & k=2

4+9 13
Given m, +m, :T:?’ mm, =4x9 =6

combined equation

y2 —(m1 +m2)xy+m1m2x2 =0

12x* =13xy+2y* =0
7. x>+ 2cxy+y> =0

Here m, +m, =8mm,,c=-2

Given pair of lines

2 2 ) _ . 2
x*+y*)sin® @ =(xcosa—ysina)" are per-
pendicular

¥’ sin® o+ y” sin® o= x° cos” ar+ y” sin” e —2xysin crcos o



x’ (sin2 a —cos’ oc)+2xysinac0sa =0,

sina—cos’a =0, sin’a =cos’*

9. G i v e n

10.
11.

12.

13.

14.

15.

16.
17.

18.

19.
20.

X’ (cos6—siné) +29as 6+ ( cosO+siné) =@

a=cos@—sinf,h=cos@, b=cosf+sinf

‘a+ﬂ _ 20086 sl
\/(a_b)z s’ O+4as’ O

cos=

a=0
a(x—xl)z+2h(x—x1)(y—yl)+b(y—yl)2 =0
bx* =2hxy+ay* =0
lac” +2hap + b 3’|

(a—b) +4n’

Given pari of line

K2\J1+24

Area=T3(1)+4-32 "=k =25
k=5

n*\h? —ab
\am2 —2him +b12\

h(x2 —yz):(a—b)xy

h=0
Equation of the bisector of the angles between

x*=2pxy—y*=01is

px>+2xy—py* =0 this same as
p_1_p

2_ _ 2 S = :—1

X =2qy—y =0 T T

(a+b) =4n’
h(1* —m*)=(a—b)im

Given pair of lines x* +k,y” +2k,y =a’ repre-
sents a pair of perpendicular lines

21.
22.

24.

2

W

26.

27.
28.

29.
30.

a+b=0

A=abc+2fgh—af*—bg* —ch> =0

I+k =0 a’+0-k; —0-0,k,=—a

A=0
a+b=0and A=0

and

Given equation x* —5xy + py° +3x—-8y+2=0

represents a pair of perpendicular lines

2 §—16
\ 4

1

sind =

Ea[E)

8p+120-64-9p-50=0, p=6

2B —ab

tan @ =
Here a+b

. O=tan” (%J =tan™' (m)

1
. m=— from the given condition we get

5
a=1,b=1

fi+g
a* + h?
f* =bc,hf =bg

g’ —ac f*—bc
- 2\/a(a+b) =2\/b(a+b)

(bl—hm)y:(am—hl)x

a

2K —ab

Given

x> +2xy—35y> —4x+44y-12=0

S5x+ Ay —8 = 0are concurrent

ﬁ:2x+2y—4

ox

x+y-2=0

O

a

lines
n d



ﬁ=2x—70)éc+—,4345y+22=0

S

solving(l) and (2)
36y-24=0,

2
y= 3 substituing in (1)

2 4
xX+——2=0_x=—1i
3 , 3 lies on

Sx+Ay—-8=0

§+2—/1—8 0
3 3
21 =4

A =2 P is the point of intersection of

I 09
6xf?y

=0 and p lies on the line

31.Givenlines 2x* +3xy—2y° =0

32.
33.

34.

2x% +3xy—2y" +3x+y+1=0

3 3
:2,h:—b:—2’ =—, =—Cc=
hered 2 g=5/=5¢

n’ (a+b)—2n(lg+mf)+c(l2 +m2):O
Homogenising

(Voxer) _
X’ +y’ /( /4/ =0

=2x"+ 2\/§xy =0
The pair of lines passing through origin and which
forms an equilateral triangle with the given line is

(3x-2y) =3(2x+3y) =0

= 3x* +48xy+23y* =0

35.

36.

37.

38.

39.

40.

41.

S . O . B . S

| AL Al =B 2B AT 43 184

34*+3B*+104B =4H’
(A+3B)(34+B)=4H"’

Now

In both pair of lines sum of the coefficients is
zero. Thecommon lineis y=x,

g’ =ac
ICI
2h* —ab
tenes 2hxy+2gx+2fy+c=0
A=abc+2fgh—af* —bg* —ch’ =0

A =0 and apply Given pair of

0+2hfg =ch’ = 2fg=ch

Area |c| |c| 2f§ = |f§|
W —ab " 2h 2h h
Diagonals are
2gx+2ﬁ/+c=0,(gh—af)x =(hf—bg)y
Since the given pair intersects x-axis at A, B then

the equation of AB is y= 0, Since the pair cuts y-
axis at C,D then the equation of CD is x =0. Then

the combined equation of 45 and Cp isxy=0

x—y+c=0,x+y—c=0 solving we get (0,c)

which is a point



EXERCISE - 11

The triangle formed by the pair of lines
x?> —4y? =0 and the line x-a=0 is always

1) Equilateral 2) Isosceles

3) Right angled 4) Scalene

The triangle formed by x + 3y = 1 and
9x2 — 12xy + ky? = 0 is right angled triangle
and k= -9.Thenk=
1) 3 2) 5

3) 7 41

If the pair of lines 2x? +3xy + > =0 makes

angles ¢, and ¢ , with X-axis then
tan (9 -0 2)=

1 2)1/2 3)1/3 4)1/4

If the equation 2x’* - 5xy + 2y” = ( represents
two sides of an isosceles triangle then the
equation of the third side passing through the
point (3,3) is

1) x+y=3 2)x-y=0

3) 2x-y=3 4Hx+y—-6=0

If the equation x>+py’+y=a’ represents a pair
of perpendicular lines, then the point of inter-
section of the lines is

1) (I,a) 2)(1,-a) 3)(0,a) 4)(0,2a)
The condition that one of the pair of lines

ax* +2hxy+by? =0 be coincident with one

line of the pair 3x? +12xy+2y? =0 and the

remaining lines are at right angles, then h (a-
b) = [E AM -2020]

1) a+b 2) ab 3)2ab 4)a/b

If one of the lines represents by 3x*-4xy-+y?=0
is perpendicular to one of the line
2x2-5xy+ky?=0 then k =

1)-3,13/9 2)3,-13/9

3)-3,-13/94) -7, -33

If the pair of lines 3x>-5xy+py*=0 and
6x’>-xy-5y*=0 have one line in common, then p=

25 25
2, =2 —2, =2
D25 2) J
~25 ~25

3) -2, —— 4) 2, —

4 4

10.

11.

12.

13.

14.

15.

16.

17.

The lines 33y? — 136xy + 135x* =0 are equally
inclined to
)x+2y+7=0
3)x+2y—-7=0
If ax? +6xy+by? —10x+10y—6=0
represents a pair of perpendicular

straight lines, then |a| is equal to

1) 2 2) 4 3) 1 4) 3

The centroid of the triangle formed by the pair

2)2x+y-7=0
Hx+y=1

of straight lines 12x° —20xy + 7y = 0 and the
line 2x-3y+4=0is (EAM-2016)

77 8 8
o33 2[5
8 8 4 4
(33 93

If 2x? —5xy+2y% =0 represents two sides of

a triangle whose centroid is (1, 1) then the
equation of the third side is

1) x+y-3=0 2) x-y-3=0

3) x+y+3=0 4) x-y+3=0

The orthocentre of the triangle formed by the
lines x2-3y?’=0 and the line x=a is

NS

3) (a,0)

If x*+4xy+y’>=0 represents two sides of
A OAB and the orthocentre is (-1, -1), then
the third side is

) x+y=2 2) x+y=1

3) x+y+1=0 4)x+y=3

The circumcentre of the triangle formed by
the lines 2x? - 3xy-2y’=0 and 3x-y=10 is
DELn  2)1,-2) 3)GB-6) 4G,-1)
The coordinates of the orthocentre of the
triangle formed by the lines

2x? —3xy+y2 =0 and x+y=1 are is
1) (1, 1) 2) (1/2,1/2)
3)(1/3, 1/3) 4) (1/4,1/4)

X
If SRR intersects
a b



18.

19.

20.

21.

22.

23.

5x* +5y” +5bx+5ay—9ab=0 at P and Q,
Z POQ=rx/2 then the relation between a
and b is

1) a=b 2)a=2borb=2a
3)a=3borb=3a 4Ya+b=35

If the pair of lines which joins the origin to the
point of intersection of

ax® +2hxy +by* +2gx =0,
ax’+2hxy+by*+2gx=0are at right
angles then

§:a1+b1 g _ a+b
D 8 a+b 2) g a +b
h _a+b £:a1+b1
3) h, a, +b, 4) h, —a+b

The angle between the lines joining the origin
to the point of intersection of /x + my =1 and

x*ty*=a’ is [ EAM -2018]

T V2
1) B 2) 7
3) cos_l[lJ 4) 2cos‘1£1J
The curve x’+)* +2gx+2fy+c=0 inter-
cepts on the line /x + my =1, a length which
subtends a right angle at the origin, then
lg+mf +1

P+m*

c —c 2 -2

1) ) 2) > 3) " 4) o
The lines joining the origin to the points of
intersection of x* +y’ +2gx+c=0 and
X’ +y’ +2fy—c=0 are at right angles is
g’ +f*=c 2) g>—f*=0
3) g —f*=2c 4) g>+f>=¢’
The line 4y —3x +48 =0 cuts the curve
y> = 64x inA and B. If AB subtends an

angle o at the origin, then tan0=
R N
) 9 ) 9 ) 9 ) 9

The combined equation of the pair of lines
passing through origin which are at a distance

24.

25.

26.

27.

28.

4 units from the point (5, 6) is
1) 9x* +60xy —20y* =0
2) 9x* —60xy +20y* =0
3) 20x* +60xy—9y* =0

4) 20x> = 60xy+9y* =0
Perpendiculars AL, AM are drawn from any
point A on the x-axis to the pair of lines

2x* —5xy—3y* =0 the angle made by LM
with +ve direction of x-axis is

Vid V4
Ds 23

Two of the lines represented by

0% o=
7 95
ax® +3bx?y + 3exy? +dy’ = 0 willbe
perpendicular if

D a?+ac+db+d* =0
2) a® +3(ac+bd)+d* =0
3) a* =3(ac+bd)+d* =0

D a*—ac—bd+d* =0

Theline x + y =1 meets the lines represented
by the equation

3y —xp? —14x’y+24x> =0 at the points
A,B,C. If O is the point of intersection of the
lines represented by the given equation then

OA> +OB* +0C* =

L2 8 s ol
) 9 )72 ) 72 ) 72
If the equation

ax’ +3bx’y +3cxy’ +dy’ =0 (a,b,c,d #* 0)

represents three coincident lines, then

D g=c 2)b=d
n2b_c 4
)b c d )aczbd

If the line ) =/3x cuts the curve

X+ +3xy+5x +3)° +4x+5y-1=0
at the points A,B,C, then 04.0B.0OC is



1) 4 2) 33 +1 ) -5 1 -5 1
—(3J3-1 ~15— - — —x-5+—p|=
13( NG ) (-15-6p) +4( 2 x6+2x3j( 5 5+2pJ 0

2 4
=47 Z(343+1 _6pV a4l 2| 2FP
3)\/5 4) 13(\/— ) (15-6p) +4( > j{ > =0
KEY (5+2p)" —3(25+p)=0
01)2 02)1 03)3 04)4 053 006)2
07)4 08)4 09)2 10)2 11)3 12)1 25+4p>+20p-75-3p=0
13)2 14)2 154 16)2 17)2 18)2 9. One line verify with
1994 20)2 21)3 22)1 23)4 24)3 W =) = (a—
y')=(a=b)xy
25)2 26)4 27)3 28)1
SOLLUTIONS 9.  One line verify with h(X2 —yz) =(a-b)xy
The lines represented by yx? —4)? =0 are 10. gopooand A=0
x+2y=0... Dx-2y=0..02) 11. Multiplying the option with 3/2 and put in the given
The given line equationis x —g =0 ...(3) line '
i.e., angle between (1) and (3) =angle between 12. G ! v N n
(1)and (2). S=2x"-5xp+2y*=0,G(L1)=(x,»)
One of'the lines of ax® + 2hxy + by*> =0 is 3
Sl - Sll

perpendicular to Ix+my+n=0 then

al®> +2hlm+bm* =0 5 3., ,
26— (w143 )+ 2091 =2 (2 =534 +237)

2_
tan(&’l—6’2)=tan6’:M
ja+b] 5 3
2x—=(x+y)+2y==(2-5+2)
Given lines 2x* +3xy+y° =0, 2 2
a=2 h—i b=1 4x-5x-5y+4 =
s 27 y y_ O
-x—y=-3
2 3—2 1
= ee— i — 3
tan(e) 3 3 x+y—3:0S1:ES11

One of the angular bisectors of the given pair of o e
lines is parallel to the third side and passing 13. x+3y=0;x-\3y=0ix=d
through(3,3) vertices are (0,0),(a,a/\/§),(a,—a/\/§)
(-g -f In an equilateral triangle,
a+b=0, A=0andPI=|~ "= centroid = orthocentre
, 1 1 0 1 1 14. (a+b)(cx+dy)zaafz—2hcd+bc2
1 a_l_;l el B 15. a+b=0, itisright angle triangle.

a, b, . >
Circumcentre lieson 3x -y=10
(aya, ~bb,) +4(hay +ha, ) (hb, + b ) =0 " x-y



16. (kl , km) is the orthocentre of the triangle
formed by the lines ax? + 2hxy + by* = 0

Givenline 2x* —3xy+ y* =0 and

-3

x+y=1

a=2,h=?,b:1 =1, m=1,n=-1

-n(a+b)  1(3) 1

B am® =2him+b(?

(kt k) = G%j

24341 2

17. 112(aer)—2;1(lg+mf)+c(l2 +m2) =0

18.

19.

20.

21.

22.

g (ax2 +2hxy +by* + 2gx)

—g(alx2 +2hxy+by’ + 2g1x) =0

1

OB a

AOBC, cos(ej: 0c P im®

R

Given line x*+)* +2gx+2fy+c=0and

Ix+my=1

condition

L(1+1)+2(lg +mf ) +c(£* +m*)=0

2(tg+mf +1)=(0+m*)C

lg+mf+1_-C
0> +m? 2

Subtracting the given equations, we get

gx - fy+c¢=0. Apply

n’ (a+b)—2n(lg+mf)+c(l2 +m2)=O

the first equation and striaght line

Homogenisation and apply tan 0=

2N RhE —ab

|a+b|

24.

25.

26.

27.

28.

(ﬂx—ay)2 =d’ (x2 +y2) where

a a . .
mm,m, = —Eand puty= gx in given

equation

The given cubic can be written as

(y—2x)(y—3x)(y+4x) =0
. The three lines given by this equation are
y=2x,y=3x and y=-4x, they intersect at

0(0,0) and meet the line x +y =1 at the points

A(l’ijjg(l,i}c(i,ij
33)\04) (373

:.04> +OB*> +0C? 35,1017 221
9 16 9 72

Let o +3bx? y +3cx’y +3cx’ +dy* =0
represent three coincident lines; say y = mx
a b c a b
c

SMm=——=——=——=—=
b c d

P

x=0 _ y-0 _,
ﬁ any point
2

<
d

Tan@ =+/3 Lineis 1

2
r 3

onthe lineis 25 I 1. Where ris distance from

(0,0) substitutingin the curve

r 1+33
8
in‘r’

*.040BOC=— (8)=%(3\/§—1)

1+3\/§)

—



ADVANCED LEVEL QUESTIONS

SINGLE ANSWER TYPE
QUESTIONS

1. Alattice point in a plane is a point for which

both coordinates are integers. The number of
lattice points inside the triangle whose sides
are x =0,y =0 and 9x+223y=2007 is

A) 198 B) 173 C) 99 D) 888

. Let PS be the median of the triangle with
vertices P(2, 2), Q(6, —1) and R(7, 3). The
equation of the line passing through (1, -1)
and parallel to PS is
A)2x-9y-7=0
C)2x+9y—-11=0

B)2x-9y-11=0
D)2x+9y+7=0

3..The number of integer values of m, for which

the x-coordinate of the point of intersection
of the lines 3x + 4y =9 and y =mx + 1 is also
an integer

A)2 B)0 C)4 D.1

. LetP=(-1,0),Q=(0,0)and R = (3,3\/5) be
three points. Then the equation of the bisector
of the angle PQR in [IIT 2020]

3
A) 7X+Y:0 B) x +3y =0
3
C) Bx+y=0 D)X+7Y=0

. Astraightline through the origin O meets the
parallel lines 4x +2y =9 and 2x+y + 6 =0 at
points Pand Q respectively. Then the point O
divides the segment PQ in the ratio

[TIT 2017]]
A)1:2 B)3:4 ()2:1 D)4:3

. The number of integral points (integral point

means both the coordinates should be
integers) exactly in the interior of the triangle
with vertices (0, 0), (0, 21) and (21, 0) is

[TIT 2013]
A)I133  B)190 ()233  D)105

7. Let O(0, 0), P(3, 4), Q(6, 0) be the vertices of

the triangle OPQ. The point R inside the
triangle OPQ is such that the triangles OPR,
PQR, OQR are of equal area. The coordinates
of R are [IIT 2017]

4 2 4 4 2
w[52) 8>3) o 23] 5:3)

. A straight line L through the point (3,-2) is

inclined at an angle gp°to the line

\/§x+ y=1, if L also intersects the x-axis,

then the equation of L is [IIT 2019]

A) y+3x+2-3/3=0
B) y—3x+2+3/3=0
O V3y-x+3+2/3=0

D) 3y +x-3+243=0

KEY
DD 2)D 3)A 4C 5B 6)B
7)C 8)B



5. Let (r,cos6,r,sin6) on4x + 2y =9 then

9
ffF=
' 4cos0+2sind

SOLUTIONS Let (-r,cos6,-1,sin0) lieson2x +y+6=0

. Onthe line y=1, the number of lattice = points Then r, = L
2cos0+sin®
2007 -22
is [M} =198 . . OP r, 3
Thus the desired ratio "o r 2
2
Total no of points 6. Consider the line x = 1, which cuts the line joining
812007 -223y points (0, 21) and (21, 0) at (1, 20), so there are
- Z} [ } =888 19 integral points on this line inside the triangle.
o

Similarly the linesx =2,x =3, ...., x =20 contain

) ) ) respectively 18, 17, ..., 0 integral points.
. Mid point of Q(6, -1) and R(7, 3) is

6+7—1+3=E1
2 2 ) 2’

. 1-2 2
Slope of median through P = 3 —""9
B, 9

° . » X

Equation of the required line is ol (1,0) (21,0

Total number of such points

2
+1=—=(x-1)or 2x+9y+7=0
y 9( ) y _19x20

=19+18+17+....+1 =190

. Solving two equations 3x +4y=9 and y=mx +
7. Point R is the centroid of the triangle OPQ

3+4m . R is 0+3+6 0+4+0)_ 3i
Now x isinteger if 3 +4m=1, -1, 5Sor-5 o 3 ’ 3 1773
m:—l _11 5 (.- In A ABC, with centroid G, areas of A
2" "2 GBC, A GCA & A GAB are equal)
8. The slope of the given line= _/3

So, the integral values of m are -1 and -2 and
.. The slope of the desired line L will be given

1, we get X=

clearly, for these values of m, x is integer

SlopeofPQ=¥= 3 - —/3 —tan 60"
by 7 14 (=3 )tan60?  Or
" tan® =+/3 = 60° ( )
. /PQR =120° 3+ tan 60°
Bisector QS has 60° angle with RQ.
2 s 9 1—(—\/§)tan600
= Slope of QS =tan 120°= _/3
and its equation is y = —/3x . 2.3

or 0
-2

=3 o0r0



MULTIPLE ANSWER TYPE
QUESTIONS

1. For all values of 0, the lines represented by

the equation
(2cos0+3sin6)x +(3cos0—5sin0)y
—(5c0s0-25in0)=0

A) Pass through a fixed point
B) Pass through the point (1, 1)
C) Pass through a fixed point whose reflection in

theline x+y=\/§ 1S (\/5—1,\/5—1)

D) Pass through the origin

. Aline through A(-5,—4) with slope tan @
meets the lines x+3y+2=0,

2x+y+4=0, x-y-5=0 at B, C, D
respectively, such that

AB AC AD ) ‘en
15
——=c0s0+3sin0O
A) AB
B)i—(():=2cos9+sin9
C i—cosO—sinO
) AD

D) Slope of the lineis - %

. A ray travelling along the line 3x—4y =5

after being reflected from aline ; travel along

the line 5x+12y=13. Then the equation of
[1IT-2015\]

B) x =8y

D) 32x—-4y+65=0

the line ] is
A)x+8y=0
C) 32x+4y =65

4 .

All the point lying inside the triangle formed
by the points (1,3),(5,6) and (—1,2) satisfy
A)3x+2y>0 B)2x+y+12>0
C)-2x+11>0 D)2x+3y-12>0

A ray of light travelling along the line
x+y =lis incident on the x-axis and after
refraction it enters the other side of the x-axis
by turning 5 /6 away from the x-axis.The

equation of the line along which the refracted
ray travels is [ADV-2016]

A) x+(2-43)y=1
B) (2-V3)x+y=I
C)y+(2+\/§)x:2+\/§
D)y+<2—\/§)x:2—\/§

KEY
01)A,.B,C  02)A,B,C.LD 03)B,C
04)AB,C  05. A,C



SOLUTIONS

1.(2x+3y—5)cos0+(3x =5y +2)sin6=0
Point of intersection of 2x+3y—-5=0 and
3x-5y+2=01is(1,1)
Let (h, k) be reflection of (1, 1) in the line

x+y:\/§
h—l_k—l_(1+1—\/§J

1 1 2
h=+2-Lk=+2-1
~(hk)=(v2-1,v2-1)
2. A line through A(—S,—4) with slope tan 0 is
X+5 _ y+4_r

sin®
Any point on the line is

=(—5+rcosf,—4+rsin0)

cos0

Ifthis lieson x +3y+2 =0, we have

—5+rcose+3(—4+rsin6)+2=0

.'.r=1—5=cose+3sin9
AB

10 .
similalry, we get, — =2co0s0+sin6

AC
d i—cose—sine
and —=
From conditions,

(cos8+3sin6)’ +(2cosB-+sinb)” =(cosH—sin6)’
= (2cosB+3sin0) =0

:>tam9=—g
3

3.clearly,the line / can be any one of the bisectors of
the angles between the lines 3x —4y =5 and
Sx+12v =13

Ix-4y=5 L 5x+12y=13
™, ,/‘
™, S
., /
\\‘ ’ /
\ P
“, A l,fj
]/ :
S
\__\f:\
.,
\
N
4. )
(5.6)
(-1 §)< x=11/2

5. The line of the refracted ray passes through the
point (1,0) and its slope is tan 1()5°
.. The equation of the line of the refracted ray is
y—0=tan105°.(x—1)

%




COMPREHENSION TYPE 5 .Locus of the centroid of the variable 7triangle

QUESTIONS OAB has the equation (where O is origin)

A) 3x+4y+6xy=0 B)4x+3y—-6xy=0

Passage - 1 C)3x+4y—-6xy=0 D)4x+3y+6xy=0

2 2
A(1,3)and C (—g > —gJ are the vertices of a KEY
triangle ABC and the equation of the angle 01)A 02)C 03)C 04) A 05 B 06)C
bisector of |[ABC isx+y=2
1. Equation of BCis

SOLUTIONS
A) 7x+3y+4=0 B)3x+7y+4=0
O)13x+7y+8=0 D)x+9y+4=0
2. Coordinates of vertex B (1to3)
3 17 17 3 2 2)
N PN A: 193 7C: T, T T B: 2—
A)(IO 10} B)(IO 10) (13) ( 575 ) LetB=(o.2-0)
509 Lieson x+y =2
0) 22 D)(1,1)
m, —m,
3. Equation of side AB is tan 6 = Tmm
+mm,
A)13x-7y+8=0 B)13x+7y-34=0
O)3x+7y—-24=0 D)3x+7y+24=0 1i2 g
+1
2 I+a
Passage - 2 ot R ‘ ~
. . . . - 1+a > o=-=
Consider a variable line ‘L’ which passes 2+E_a ‘1_
through the point of intersection P of the lines 1- > I-a
3x+4y—12=0 and x+2y—5=0 meetingt oty
the coordinate axes at point A and B.
3. Locus of the middle point of the segment AB B- =59
has the eqution B 272
A) 3x +4y =4xy B)3x + 4y =3xy Equation of BC is 7x+3y+4=0
C)4x +3y = 4xy D)4x + 3y = 3xy Equation of ABis 3x + 7y-24=0

4. Locus of the feet of the perpendicular from
the origin on the variable line L has the
equation

A)2(x*+y*)-3x—-4y=0
B) 2(x*+y’)—4x-3y=0
C) x> +y" -3x-y=0
D) x> +y’—x-2y=0



(4to 6)
4. Intersection point of line is

(0, 2k)

(h, k)
(2,312)

A
(2h,0)\

)

Equation of AB is
i_,.izl
2k 2k
1 3
=>—+—-=1
h 4k
= 4k +3h =4hk = 3x+4y—-4xy =0

. Equation of AB is

N

B

(h, k)

AN

hx+ky=h*+k’

3
Put, (2a Ej

2h+%:h2 +k?

:>2(x2+y2)—4x—3y=0

i+Lk:1:>4k+3h:6hk

3h

X,y

. . Yy
6. Equation of ABis TR

\ (0, 3k)

G(h,k)

(3h,0)

3
Put (Z’Ej

i+L:1: 4k +3h = 6hk

3h



MATRIXMATCHING TYPE
QUESTIONS

1. ColumnI

A) The number of integral values ‘a’ for which
point (a, az) lies completely inside the triangle

x=0,y=0,2y+x=3.

k
B) The number of values of a of the form 3 where

k eI so that point (a, az) lies between the lines
x+y=2 and 4x+4y-3=0
C) The reflection of point (t—1,2t +2) inalineis

(2t +1, t) then the slope of the line is

D) In a triangle ABC, the bisector of angles B and
Cliesalongthe liesy=xandy=0.IfAis (1, 2)

then +/10d (A,BC)equals (where d(A,BC)
dentoes the perpendicualr distance of A from BC)

Column II

po
Q1
r)2
s)4

KEY
01) A-p; B-r; C-q; D-s

B)

0

D)

SOLUTIONS

. A)2a’+a-3<0=(2a+3)(a-1)<0

=ae(0,1)
No. of integral values ofa=0
a’+a-2=0=>a=-2,+1

1 -3

4’ +4a-3=0=>a=—,—
2 2

Sae (—2,—§]u(l,1J
2 2
-5 2

Values of a of the form E are ? , 5

Slope of line joining (t—1,2t+2) and (2t +1,t)

2t+2-t
S to1-2t-1
. Slope of perpendicualr bisectors is 2

Image of Aw.r.t y=x and y= 0 lies on BC which
are (27 l)a (19 _2)

i



COORDINATE
SYSTEM

J

SYNOPSIS
Rectangular cartesian coordinate system :

>  Let E’ yoy and ‘Z;’ be three mutually

,.)

perpendicular lines (in a space) intersecting at
‘O’ is called origin.

Y
2Z
7/
7/
/
7/
X' ’ X
// (0]
7
/7
k
Zl
Yl
Lines xox,yoy and ;' are called

x—axis, y—axis and z— gxis respectively.

Planes passing through E,)Ty' is called
xy—plane (or) xoy-
vz, zx —planes.

plane. Similarly

xy,yz and zx -planes are called coordinate
planes and these planes are mutually
perpendicular.

Above system of coordinate axes is called
rectangular cartesian coordinate system.

Coordinates of a point in space :

-

Let P be a point in the space and pjs be the
perpendicular from p to the YOy plane. Let

¥

MN be the perpendicular from js to the
x—axis. Here /N and y— axis are parallel.
Here ON,NM ,MP are

called the x — coordinate, y —coordinate, z — co
ordinate of prespectively. If ON = x, NM =y

and p/p = then (x,y,z)are called the

coordinates of p.
The co-ordinates of the origin are (0, 0, 0)

Let P= (px,py,pz) then

i) P lies on the x-axis <> P, =0 and P, =0
i1) P lies on the y-axis < P =0 and P, =0
iii) P lies on the z-axis <> P, =0 and P, =0
1v) P lies on the xoy plane < P, =0

v) P lies on the yoz plane < P. =0

vi) P lies on the zox plane < P, =0

Octants :

>

The three coordinate planes divide the space
into eight equal parts called Octants. The octant
formed by the edges ox, 0y, oz is called

the first octant. We write it as oxyz. The octant
whose bounding edges are ox,0y',0z! is denoted
by oxy'z'. In a similar fashion the remaining
six octants can be found. The following table

shows the octants and the sign of coordinates
in each octant.

N N _N N, N N N
Octant [> . Fral>g2 Bslos E “»E

5 (B[ e R ETET s 5| 8
x-coordinates | -+ —_ - | + —_ | - —_ —_

y-coordinates | =+ + ol e el — —

z-coordinates | - + + + | - |- — —




The distance between the points (x,,y,,z ) and

(xz,yz,zz) 1S ”

\/(xl_xz)z+(y1_y2)2+(21_22)2

The distance between the points origin and

(xl,yl,zl) is \/x12 +yl+z]
The perpendicular distance of the point P(x,y,z)
from

a) x—axis =/y* +z°
b) Y —axis = Nx?+ 2

C) z—axis =+x" +y°

d) xy— plane=|z|

e) yz— plane =| x|

f) xz— plane=| y| &

Section formula:
1) The coordinates of the point which divides

the line segment joining the points (x,,y,,z,) and

(x,,¥,.2,) internally in the ratio m : n are

my, +ny,
m+n m+n ~ m+n
i1) The coordinates of the point which divides

the line segment joining the points (x,,y,,z,) and

( mx, + nx, mz, + nz, j

).>.
(x5,¥,.2,) externally in the ratio m : n are

mx, —nx, my,—ny, mz,—nz,
m-n ~ m-n  m-n
i11) The mid point of the line segment joining

(x1.y1z)) and (xy,3,,2,)is

(xl+x2 NtV Zl"'zzj
2 7 2 7 2

Collinear points :

>

If the points A(x,,y,.7 ) B(x;,y,.2,) and

C(x;,»,,z,) are collinear points then
AB:BC = (x,-x,):(x,-x;) or
(vi=v2):(v2—y3)or (z,-2,):(z, - 2;) or
X N o4
NTH _NTWh _AT5H or 2 % 3|=0
X=X Ty 4% X, Wz

Coordinate Plane divides line segment :

If A(x,,y,,7) and B(x,,y,,z,) are two points
then
1) yoz plane divides the line segment AB in the
ratio —x, : x,
i1) zox plane divides the line segment AB in the
ratio -y, :y,
iii)
AB
1v) The internal angular bisector of angle A of
triangle ABC intersect the opposite side BC in
D and I is incentre of the triangle then

1) BD : DC =AB:AC

i1) Al : ID =AB+AC : BC

x 0y plane divides the line segment
in the ratio -z, :z,

Centroid of triangle :

1) The centroid of the triangle formed by the

points (x.y1.2; ) (x2.¥.25) and (x5,y5,2;) is

(XI+X2+X3 Vit Y, + s Zl+22+23j

3 ’ 3 ’ 3
i1) If G is centroid of AABC then 3G=A+B+C
iii) (G;08)=2:1.Where G is centroid, O is

orthocentre, S is circumcentre

Tetrahedron :

1) Let ABC be a triangle and D be a point in the
space which is not in the plane of the triangle
ABC. Then ABCD is called Tetrahedron.

i1) The tetrahedron ABCD has four faces namely
AABC,AACD,AABD,ABCD and it has four
vertices namely A,B,C,D and it has six edges
namely AB,AC,BC,AD,BD and CD

iii) The centroid G of Tetrahedron ABCD
divides the line joining any vertex to the
centroid of its opposite triangle in the ratio 3:1.
iv) The centroid of the tetrahedron formed by

the points (xl,yl,Zl),(xz,yz,Zz)a(x3a)’3,z3)

and (x,,,,2,) is

b b

4 4 4

v) If G is centroid of tetrahedron ABCD then
4G = A+B+C+D

(xl TN+5+X% KWWt t), 15+ +Z4)



Locus :

,.)

1) The set of all points in the space satisfying
given condition or a given property is called
locus.

) If p (x, v, z) is any point in a Locus then the

algebraic relation between x, y,z obtained by
using geometrical condition is called the
equation of the locus.

1i1) The Locus of the point which is at a distance
of - units from

XOY plane is |Z| =k
YOZ plane is |x| =k

Z0X plane is | y| =k

1v) The Locus of the point which is equidistant
from

a) XY-plane and YZ - plane is ;2 _ 52 =
b)YZ- plane and XZ - plane is x* — y?> =0
¢) XZ- plane and XY - plane is 3> —z*=0

Translation of Axes :

,.)

1) The transformation that obtained by shifting
origin to some another point without changing
the direction of axes is called Translation of
axes.

i1) If we shift the origin to the point (4,k,/)
without changing the directions of the
coordinate axes and (x,),z) and (X,Y,Z) are the
coordinates of the point P with respect to the
old axes, new axes respectively, then

x=X+h,y=Y+k, z=272+1

EXERCISE -1

. The coordinates of a point on x-axis which

are at a distance of /|3 from the point P

(1,2,3).
1)(1,0,0) 2)(2,0,0)
3)(3,0,0) 4) (13, 0, 0)

. The distance of a point P(x,y,z) from its

image in xy —plane is

D2y 2) 20z 3) 2] 42> +y2 42

10.

11.

If L, M are the feet of the perpendiculars
from (2,4,5) to the xy-plane, yz-plane
respectively, then the distance LM is

D a1 2) 20 3 V29 435
If(2,1,3),(3,1,5) and (1,2,4) are the mid
points of the sides BC, CA,AB of A4BC
respectively ,then the perimeter of the
triangle is

1) 206 +3 2)2(2V6+43)
3)2(V6+3) 8.6+ 3

The points (2,3,5), (-1,5,-1) and (4,-3,2) form
1) a straight line

2) an isosceles triangle

3) aright angled triangle

4) a right angled isosceles triangle

If the extremities of a diagonal of a square
are (1, -2, 3) and (2, -3, 5) ,then the length of

its side is (EAMCET-2001)
DJe 243 ) IV
The point P is on the y-axis. If P is equidistant
from (1,2,3) and (2,3,4) then
P =

15 3
1) > 2) 15 3) 30 4) 5

IfA=(2,-3,1), B=(3,-4,6) and C is a point
of trisection of AB ,then C, =

11 10 -11
Dy - 335 H5

A=(2,4,5)and B=(3, 5, -4) are two points.
If the xy-plane, yz-plane divide AB in the

ratios a : b, p : q respectively then %Jr%:

23 -7 7 22
1) I 2) o 3) ') 4) EE
If the point A(3, -2, 4), B(1, 1, 1) and
C(-1, 4,-2) are collinear then (C : AB) =
)1:2 2)-2:1 3)-1:2 4)4:0
IfA=(1,2,3),B=(2,10,1), Q are collinear
points and Q, =-1 then Q, =

1)-3 2)7 3)-14  4)-7



12.

13.

14.

15.

16.

17.

18.

19.

If (1,1, a) is the centroid of the triangle formed 20. The locus of a point which is equidistant from

by the points (1, 2, -3), (b, 0, 1) and (-1, 1, -4) xy-plane and yz-plane is

,thena-b= )2 —22=0 2) s —0

-5  2)-7 35 41 4 o
3)x2—y2:O 4)x2—|—y2:O

If D(2,1,0), £(2,0,0) and F(0,1,0) are

mid points of the sides BC, CA and AB of
triangle ABC respectively, then the centroid
of triangle ABC is (EAMCET-2013)

21. Origin is shifted to the point P without
changing the directions of the axes. If the
coordinates of Q with respect to the old axes,
new axes are

| (1 1 1) ) (i 2 Oj (2, -1, 4) and (3, 1, 2) respectively ,then
) 37373 N33 P +P, +P, =

211 411 1)-5 )5 3)-1 41
3) BN 4) DN

333 333 22. The coordinates of a point (3,—7,5) in the

If (4,2, p) is the centroid of the tetrahedron

formed by the points (k,2,-1), (4,1,1), (6,2,5) new system when the origin is shifted to

and (3,3,3) ,then k+p = (—4,3,9) is
1)17/3 2)1 3)5/3 4)5
If the zx-plane divides the line segment 1) (-7.10,4) 2) (7,-10,4)
joining (1, -1, 5) and (2, 3, 4) in the ratio 3) (7,-10,4) 4) (-7,-10,-4)
p:1,thenp +1=

1 3 4 KEY
Dy 213 Ny Y3 Ol)1 02)2 03)3 04)2 054
The equation of the set of points which are 06)2 07)1 084 09)3 10) 2
equidistant from the points (1,2,3) and (3,2,- 112  12)1 13)2 14)4 154
1). 16) 1 17)1 182 1991 20)2
1) x-2z=0 2) 2x-z=0 23 22)2
3) 2x+y=0 4) x-2y=0 SOLUTIONS
If the sum of the squares of the perpendicular | [ o the point Q (,0,0), P (1,2,3)PQ=4/13

distances of P from the coordinate axes is 12

,then the locus of P is :>\/(a—1)2+4+9=\/ﬁ
1) x*+y*+22=6 2) x+y+z=6
3) xX*+y?+22 =12 4) x+y+z=12 :><a—1>2:():>a:1

The locus of a point which is equidistant
from yz-plane and zx-plane is

Hx+y=0 2) x>-y*=0 P'(x,y,—z)
3) x> +y*+22=0 4) x*-y*=0

If the distance of P from (1, 1, 1) is equal to
double the distance of P from the y-axis ,then 4 Given D = (2, 1, 3) E ( 3,1, 5) JF (1, 2, 4)
the locus of P is

1) 3x2 -y +32° +2x + 2y +22-3=0
) 37—y 4327 +2x+ 2y + 22 DE =\1+4 =5, EF =JJ4+1+1 =/6,DF =J1+1+1=4/3

2) 3x* +y* +322 +2x +2y+22-3=0

2. Find distance between P(x,y,z) and

3. L=(2,4,0) M =(0,4,5), find 1ps

P e r 1 m e t e r

3 2 2 2 —3=
) 3x2+3y2 4377 +2x 42y +22-3=0 MB@:ABJFBC+C4:2(D€+FE+FQ=2(\B+\/6+\/§)

4) 3x% - y? 4322 +2x+2y+22+3=0



10.

I1.
12.

13.

14.

15.
16.

17.
18.

19.
20.

21.

22.

:2(\/§+\/g+\/§)

AB=AC; 4B*+4C* = BC?
A(1,-2,3)and C(2,-3,5)

are extremities of a diagonal of a square

d=AC=1+1+4=6

, d 6
side X= \/— \/— \/g

h=\/y2+zz,k=\/x2+y2
Given 4 = (2,—3,1)3

in the ratio 2:1

C :(ﬁ]:‘_“
T3 )73

a:b=-z :z, and Pig=—x:x,

Given

=(3,—4,6) “C’divides AB

X —X:iX—X,

AQ:QB=-2:3

3G=A+B+C ;b=3,a=-2;a-b=-5
D(2,1,0) E=(2,0,0)F =(0,1,0)

Given

w | N

4
centroid of DEF =(§a ,Oj =centroid of ABC

4G=A4+B+C+D

G:(xl TN NN+, 4151z +Z4j
4 ’ 4 ’ 4

pil==y:»
Apply PA=PB when P(x,y,z)

(y2 +22)+ (22 +x2)+ (x2 +y2)= 12
il =ly[= 2" = y?

APZZJ;:;?

2l =~

Let p(h,k,1)

h=x-X, k=y-Y, [=z-Z
(3.-7.5) = (X.¥,Z) +(~4,3,9)

EXERCISE - 11

. If (Cosa, Sinat,0),(cos B,sin f3,0),

(cos y,siny, 0) are vertices of a triangle then

circum radius R is
D1 2)2 3)3 44

. Tf P(0,5,6), Q(1,4,7), R(2,3,7) and S(6,5,16)

are four points in space, then point nearest
to the origin is
)P 2)Q 3)R 4)S

. The distance between the circumcentre and

the orthocentre of the triangle formed by the

points (2,1, 5), (3,2, 3) and (4, 0, 4) is
D 2L 3. 9o

. Let A (4,7,8), B (2,3,4) and C (2,5,7) be the

vertices of A4BC. The length of the median
AD is

NG D 3)£ 4)£

. The points A(5,-1,1), B(7,-4,7), C (1,-6,10), D

(-1,-3,4) form
1) A parallelogram 2) A rhombus

3) A square 4) A rectangle

. If the orthocentre, circumcentre of a triangle

are (-3, 5, 2), (6, 2, 5) respectively , then the
centroid of the triangle is

»(213)

3)(9.9,12) 5 (%—_23%]

A=(2,3,0)and B = (2,1, 2) are two points.
If the points P, Q are on the line AB such
that AP=PQ = QB then PQ =

)

1)(3,3,4)

D22 262 V2

. In the right angled triangle ABC, /g-9¢°,

A=(2,5,1),B=(1,4,-3) and C = (-2, 7, -3).
If P, S, R are the orthocentre, circumcentre,
circumradius of the triangle ABC then

R+P, =



10.

11.

12.

13.

14.

15.

16.

)7 2) 10 3)8 4)13

The harmonic conjugate of (2, 3, 4) w.I.t the
points (3,-2,2) and (6,—17,—4) is

D (0.0.0) NVSA
3) (11,-16,2) 4 (184,-5,%)

A (5,4,6), B = (1,-1,3) and C (4,3,2) form
AABC . If the internal bisector of angle A
meets BC in D, then the length of 4 is

1)%/170 2)2\/170 3)2\/170 4)%\/170

In AABC if A = (0, 0, 4); AB = 4,
BC=3, CA=5,1=(,0,1)is the incentre
and the internal bisector of 4 intersects
BC at D then D, =

4 -4 8
1) 3 2) 3 3) 3 4)0
G(1,1,-2)is the centroid of the triangle ABC

and D is the mid point of BC.
IfA=(-1,1,-4) then D =

1) (l,l,_—sj 2)(5,1,2)

2 2 >
3) (-5,-1,-2) 4)(2,1,-1)
In the tetrahedron ABCD, A= (1, 2,-3)
and G(-3, 4, 5) is the centroid of the
tetrahedron. If Pis the centroid of the
ABCD then AP=

1)*”3i 2)‘”35 3) a2l 4)@

If the centroid of tetrahedron OABC
whereA,B,C are given by (a,2,3), (1,b,2)
and (2,1,c¢) respectively is (1,2,-1) then
distance of P(a,b,c) from origin is

07
D107 2) Jia 3)

1
74)\/5

A = (1,-2,3), B = (2,1,3), C = (4,2,1) and
G = (-1,3,5) is the centroid of the
tetrahedron ABCD. If p = Dy and q = D,
then13p-11q =

1o 2)1 3)-1 4)2

Locus of point for which the sum of squares

17.

18.

19.

20.

1.

of distances from the coordinate axes is 10
units

) x*+y*+2° =8 2) X*+y*+22 =10
3) ¥’ +y*+22 =15 4) x> +y*+2° =5
The equation of the set of points P, satisfying
the sum of whose distance from A(4,0,0),
B=(-4,0,0) is equal to 10.

1) 9x* —25y* = 252> =225
2) 9x* +25y% +252>-225=0
3) 25x* +9y* +252° =225

4) 9x* +25y* —25z° =225
The locus of the point P such that

PA® +PB* =10 where A=(23,4),B=(342) is
) X*+y*+22 —x+y—4z+12=0

2) X+ 4+ =5x+y—62+24=0

3) 2(¥* + 37 +27)—x+y—4z+12=0

4) X+’ +2+x—y+4z-12=0
The point to which the axes be should
translated to eliminate first degree terms in
the equation

X+ Y 27 =2x—4y+2z-3=0

1) (1’2)-1)2) (2’43-2) 3) (33271) 4) (276)3)
The transformed equation of

X+ +z —6x—8y+2z+24=0
when the axes are translated to the point
3.4,-1)is

1) 2x*+3y* =27 =25 2)x*+y +2z°=2

3) 2x* =3y’ -2"=25 4 xX*+y"-z=50

KEY
01)1 02) 1 03)4 04)3 05)2
06) 1 07)3 08) 1 09) 4 10)2
11) 1 12) 4 13) 1 14) 1 15)1
16) 4 17)2 18) 2 19) 1 20) 2
SOLUTIONS
G 1 \% e n

Al oosasine; 0), B oos 3sin3,0) (| cos ,siny, 0).S( 0,05
circumcenter



circum radius - SA=1

Find OP, OQ, OR, OS

The triangle formed by the given points is an
equilateral triangle.

-. circum centre = ortho centre

11 / 2
D=(2,4,—);AD = 4+9+T5

AB?> + BC* # AC*, AB=BC

6. OG : GS = 2 : 1

10.
I1.
12.

13.

14.

15.

16.
17.
18.

0(-3,5,2)5(6,2,5)°G’ divides O and S in the

ratio 2:1

G:(gﬁ,ﬁj:(s,s,zm)
333

P,Q are the points of trisection of AB

(PQ :%ABJ
AC

Ortho centre =P =B and R =

A=(3,-2,2)B=(6-17,-4); P=(23,4)

AP : PB =-1:4. Harmonic conjugate of P
divides AB intheratio1:4
BD:DC=AB:AC=5:3
BC=a,CA=b,AB=c= Al:ID=(b+c):a
G divides AD in the ratio 2 : 1

(1’1,_2):(2x—1’2y+1’22—4j

3 3 3

(x,y,z) = (2, 1,—1)

Ap= 4G+ 22220

a+1+2+0 =1,2+b+1+0 =2’3+2+c+0
4 4 4

a=1,b=5,¢c=-9

op =+/1+25+81=4/107

D=4G—(A+B+C)

(V+z2)+ (T +x)+ (P +y*) =10
PA+ PB =10;expand
P=(x,),2)

19.

20.

@:0:295_2:0 @:Ozzy—4:0
Ox > Oy

@:0322+2=0
oz

x=X+3,y=Y+4, z=7-1



DIRECTION COSINES &
DIRECTION RATIOS

J

SYNOPSIS
Direction Cosines of a Directed Line :

= Ifadirected line ‘L’ passing through the origin
‘O’ makes angles «, # and y with the positive
direction of axes 07, Eﬂﬁ respectively ,
called directed angles,then cosine of these

angles namely cosa,cos f, and cosy are

called “direction cosines” of the directed line
‘L. Direction cosines of a line are denoted by

(I,m,n),where [=cosa,m=cosf3,n =cosy
Direction cosines of axes :
> )
Dc's 0fX—cvcisare(cosO°,00s9O°,cos90°) =(1,0,0)
i) Dc'sof Y—avis are (cos90°,c050°,cos900) =((),1,0)

iii) Dc's 0fZ—walsme(cos90°,cos90°,cosO°) =(0,0,1)

Relation between direction cosines of a

line :
> If(/,m,n)ared.c’s ofa line then

D P2ym?+n?=1

ii) cos® o +cos”® B+cos’y =1

iii) sin® @ +sin® B+sin’ y =2

V) cos2a +cos2f+cos2y =—1

Direction ratios of a line :

= Any three numbers which are proportional to
the direction cosines of line are called direction
ratios(d.r’s) of a line. They are denoted by
(a,b,c). For any line, if (a,b,c) are d.r’s of a line

then (Aa,Ab,Ac),(A=0) is also set of direction

ratios

Relation between direction ratios and
direction cosines:

= Let (a,b,c) be direction ratios and (/,m,n) be
direction cosines of a line. Then

fm_n_, 1
a b ¢ b e
S S SR

> —- SN==T
V& +b +¢ NP +nt+1 V& +0 +¢

Direction ratios and direction cosines of

a line segment :
= 1) The direction ratios of the line segment

joining  A4(x,),,z)and B(x,,y,,z,) may
be taken as(x, —x,,», = ¥,,2,—z,) or
(xl — X V1 = )22 _ZZ)
i1) Direction cosines of line segment joining
A(x,,y,,z)and B(x,,,,z,)are
4| X2 Yo 572
AB’ AB ' AB

iii) A line has two sets of d.c’s. If (/,m,n) is

one set then other set is (—/,—m,—n)
Co-ordinates of a point on directed line :
» If (I,m,n)are the d.c’s of op where ‘O’ is the

origin and OP =r then P = (lr, mr,nr)

Angle between two lines :
= 1) If g is acute angle between two lines whose
direction cosines are

(£,,m,,n, Yand (l,,m,,n,) then

a) cos@ = |lll2 +m,m, + nln2|

b)sinf = \/2(11’”2 —lm, )2




i1) If '@ is acute angle between the lines whose
direction ratios are

(al,blyc1 ) and (albz,cz) respectively then
|a1a2 +bb, + clcz|

COS&: 2 2 2 2 2 2
\/a1 +b +¢ \/az +b; +¢;

iii) If (1,,m,,n, )and (l,,m,,n,) are direction
cosines of two intersecting lines then the d.c’s
of the lines bisecting angle between them are
proportional to (/, £/,,m, £m,,n £n,)

iv) D.c’s of angular bisectors are

L +1, m, +m, n, +n,
2¢0s0/2 2cosf /2 2cosb/2
[ -1, m,—m, n—n,

2sin@/2°2sin@/2°2sinf /2

Where gis angle between the lines

Condition that lines are perpendicular,

>

parallel :

i) (1,m,n)and(l,,m,,n,) are d.c’s of two lines.

Then
a) The lines are perpendicular if

L, +mm,+nn,=0

/
b) The lines are parallel if 1_1 = =
2

2
ii) Let (a,,b,,¢,)and (a,,b,,c,) be d.r’s of two

lines. Then
a) The

aa, +bb, +cc, =0

lines are perpendicular if

a _b ¢
b) The lines are parallel if a_2 = g = Z
iii) If the d.c’s  (/,m,n) of two lines are
connected by the relations
al+bm+cn=0 and fmn+gnl+him=0,

then the lines are

. S g h
—+=+—=0
a) perpendicular if PRA

b) parallel if \Jaf +.[bg +~/ch =0

iv) If the d.c’s (l,m,n) of two lines are
connected by the relations

al +bm+cn=0and y* + ym® + wn® =0, then
the lines are

a) perpendicular if Zaz(v+w) =0

2 2 2
C

b) parallel if —+—+<=0
u A% w

Length of projection :

B

P
M / N Q

Let A, B are two points, /= PQ be directed

line and M, N are be the projection of A, B on
!, R be the projection of A on BN and ‘g’ is

angle made by 45 with P—Q

1) If ¢ @’ is acute angle then MN is projection of

AB on |

i1) If ¢ @’ is obtuse angle then -MN is projection

of ABon |

ii1) The Projection of AB on the line ‘/’ is

AB CosO

iv) Length of projection of the line segment
joining two points .

A(xl,yl,zl),B(xz,yz,zz) on a line whose
direction cosines are given by (/,m,n ) is

|1(x, = %) +m(y, = y)+n(z, - z,)|
v) Length of projection of the line segment
joining two given points A(x,,y,,z,) and
B(x,,,,z,) on (a) X-axisis p= |x2 —x1|

(b) Y- axis is q=|y2 —yl|

(c) Z- axis is r =|z, - z)|

2

(d) XY-planeis d, = \/(xz - X )2 +( =)



() YZ- planeis d, = \/(yz ) +(z-2z)

(f) ZX- plane is d, = \/(xz - X, )2 +(22 -z, )2

) dl=p*+q*, d} =q*+r*, d; =p°+r°

d12+d22+d32 :2(p2+q2+r2)

(h) AB*=p*+q*+r°;

_dl+d; +d;
2

AB?

Areas :
)-). 1) IfA(xlaylazl)aB(x2>y2,Z2)JC(x37y3’ZB)

are the vertices of triangle ABC then area of

AABC ZL‘EXE‘
2

11) If A(xlaylazl)aB(x2>y2,Z2)JC(x37y3’ZB)

and D(x,,y,,z,) then

a) Area of parallelogram
ABCD:%‘EXE)‘ :‘A—BXE‘

Some standard results :

= 1) D.c’s of line equally inclined with coordinate

1 1 1
axes are (iﬁ’if’iﬁJ

i1) a) Angle between any two diagonals of a cube

is cos™ (lj
3

b) The angle between a diagonal of a cube
and the diagonal of a face of the cube is

Cos™ z

3

ii1) If a variable line in two adjacent positions

has direction cosines.

v) (l,m,n),(l+§l,m+5m,n+5l) and §5@1is

the angle between the two positions then

(81)" +(5m)" +(5n) =(56)

v) If a, b, ¢ are the lengths of the sides of a
rectangular parallelopiped then angle between

10

any two diagonals is given by
cos™! a’*+b* ¢’
JER TR , (In numerator all the three

terms not have the samesign)

vi) If a line makes angles «, f,7,0 with the
four diagonals of a cube then

4
cos’ a +cos’ f+cos’ y+cos’ & =§

EXERCISE -1

. Aline AB in three dimentional space makes

angles 45° and 120° with the positive X-axis
and the positive Y-axis respectively. If AB

makes an acute angle ¢ with the positive
(AIEEE-2010)
4) 75°

Z-axis, then ¢ is equal to
1)30° 2)45°  3)60°

. If the angles made by a line with the positive

directions of X and Y-axes are
complementary angles then the angle made
by the line with Z- axis is
HnZ

) 4

T T
Do 23 97

. If g is an angle given by

2 2 2
cos” a+cos” B+ cos
cosf = B Y

sin® @ +sin” B+sin” y
where o, 3,y are the angles made by a line

with the axes OX,0Y,0Z respectively then

the value of @ is

A N N
b B

. n St .
. If a line makes angles 'EXET) with OY, OZ

respectively where O = (0, 0,0) then the angle
made by that line with OX is

1) 45°  2) 90° 3) 60°  4)30°



10.

IfA=(4,3,1) and B = (-2, 1, -2) then the
angle made by the line AB with OZ where

0=(0,0,0)is
tan™ —40
2) 3

1) sin”? (ij
7

12.

3) cos _1(ij 4) g
49 7
. 26 3

If OP =21 and D.c’s of )p are (75?—7)
then P =

13.
1) (6,-12,4) 2) (6,18,-9)
3) (3,—6,2j 4) (5,-10,6)

) ,—1U,

If OA is equally inclined to OX, OY and OZ
and if Ais /3 units from the origin then A is

14.
(EAM-2006)

1) @3,3,3) 2) (-1, 1,-1)

3)(-1,1, 1) 4) (1,1, 1)

The projections of a vector on the three
coordinate axes are 6,-3 and 2 respectively.
The dc’s of the vector are (AIEEE 2009)
1) (6,-3,2) 2) (6/5,-3/5,2/5)

3) (6/7,-3/7,2/7)
The angle between the diagonals of the
parallelogram formed by the points
1,2,3),(-1,-2,-1),(2,3,2), 4,7, 6) is

1) cos71(7)
3) cosl[LJ 4) cosl(ij
V465 465

If o is the angle between two lines whose
d.r’s are (1,-2,1) and (4,3,2) then

{3l

DB Do NaE Hy5

11

11.

4 (-6/7,-3/7,2/7) 5.

2) Cosl(ﬁj 16.

If the line joining the points (k,1,2),(3,4,6)
is parallel to the line joining the points
(—4,3,—6),(5,12,1) then (k,l):

1) (-2,7) 2)(0,6) 3)(0,-6) 4)(2,-7)
If the joining the
(-1,2,3),(2,-1,4) is perpendicular to the

line points

line joining the points (x,—2.4),(123) then x =

13 2)10 3 -3 4 10

) )10 )5 9
A(-1,2,-3),B(5,0,-6) and (0,4,-1) are
the vertices of a triangle. The d.r’s of the

internal bisector of /B4(C are
1) (25,-8,-5) 2) (5.6.8)
3) (25.8,5) 4) (4,7,9)

OX, OY are positive X-axis, positive Y-axis
respectively where O = (0, 0, 0). The d.c's of
the line which bisects ~ XOY are

1) (1, 1,0) 2) (%% 0]

3 (5075 4) (0,0, 1)

If the dc¢’s of two lines are given by

[+m+n=0, mn-2In+im=0, then the
angle between the lines is

2) = 4)0
)3 )

T T
l)z 3)5

The acute angle between the two lines whose

de’s are given by [/+m—-n=0 and
Pami—nt=01s ( EAM-2002)

no 2= pZ  HZ

) Ve VT 3

. The dr’s of two lines are given by

a+b+c=0, 2ab+2ac—bc=0. Then the
angle between the lines is (EAM-2001)

Dz T DT My



18.

19.

20.

21.

22,

23.

If the projections of the line segment AB on
the coordinate axes are 2, 3, 6 then the square
of the sine of the angle made by AB with OY
where O = (0, 0, 0) is

3 3 4 40
1) F 2) ) 3) 7 4) )
IfP=3,4,5), Q=(4,6,3), R=(-1,2,4) and
S =(, 0, 5 are four points then the
projection of RS on PQ is

8 4
1) 3 2) 3 3)4 4)0

A=(x;,y.,z) and B=(x,,y,,z,) are two
points. If (Lmn) are the d.c's of CD and
I(cy = x)+m(y, =3 )+n(z;-7)=0 then
the cosine of the angle between the lines AB

and CD is
1) 90° 2)1 3)0 4)1/2

If the projections of the line segment AB on
the coordinate axes are 12,3, kand AB=13
then 2 _2f+3=
)0 2)1

H1 417

If the vertices of a triangle are (1,1,1),
(4,1,1,), (4,5,1) then the area of triangle is

1) 5 sq.unit 2) 6 sq.unit
unit

3) 3 sq.unit 4)2sq

IfA=3,1,-2), B=(-1,0,1) and / m are the
projections of AB on the Y-axis, ZX-plane
respectively then 32— +1=

-1 20  3)1 4)9

KEY
01)3 02)4 03)1 04)2 05)2
06)2 07)4 08)3 09)3 10)3
1)2  12)4  13)3 142 15)3
16)4 17)2 18)4 19)2  20)3
21)3 22)2  23)1

10.

11.

12

SOLUTIONS
We know that

cos?45° +cos? 120° +cos* 9 =1

:l+l+cos2¢9:1
2 4

:>coszt9=l:>cosﬁzil
4 2

0=60° or 120°
a:l9:>ﬂ:90° -6

cos’ a+cos’ f+cos’ y =1=y =90°
cosé?:l
2

Use cos® o+ cos* B+ cos” y=1

d.r’s of AB =(a, b, ¢)=(6,2,3)
< 3

Cosf = ==
a+b*+cr 7
Tan@z@

2 6 -3
P=|—(21),—(21),—(21) |= -
EERIChR=TE ) R
If A=(1,1,1) then 04 =+/3 and
LAOX = LZAOY = LZAOZ
(a,b,c) = (xz_xl’yZ V12, _Zl)= (67'3a2)
6 -3 2
laman il e e
( ) (7 7 7)
D.r’'s of AC=(1,1,-1), D.r’s of
BD =(5,9,7)

5+9-7|

V34155

aa, +bb, +cc, =0 = 9=90°
o 0
secE+cosecE:\/§+\/§= 2\/5

D.r’s of a line joining (k,1,2),(3,4,6) are

cosf = :>9:cosl(

)

(3-k.3.4)



12.

13.

14.

15.

16.

D.r’s of a line joining (—4,3,-6),(5,12,/)are

(9,9,1 + 6)

Since these two lines are parallel
3-k 3 4

9 9 I+¢ =k=0,/=6

D.r’s of the line joining (—1,2,3),(2,-1,4) are
(3a_351)
D.r’s of the line joining (x, —2,4),(1,2,3) are

(1—x, 4,—1)

The two lines are perpendicular

=3(1-x)-12-1=0, S
3

D.r’s0fBA=(5+1,0—2,6+3)=(6,—2,—3)

: (ﬁ_i_ij
= D.c’s of BA are 5T
D.r’s of CA are (0+1,4—2,—1+3)E(1,2,2)

: 122
= D.c’s of CA are 3°37°3

-. D.r’s of the internal bisector of /BA4(C are

6,122 3.2) (B8 51 1585
77377737 773) 212021

cos45°, cos45°, cos90°
h 1 2 1
C

S8,
a b 1 1 1

V4
= Angle between the lines = 5
l+m-n=0=>n=[+m

Pami—nt=0 =+m*—(1+m) =0

=-2m=0 =[=00rm=0
If 7 =0 then
n=m==[lm:n=0:m:n=0:1:1.
If 5 =0 then
n=I=I0l:m:n=17:0:1=1:0:1
0.1+1.0+1.1 1 T
cosf=——— " =_ ===
242 2 3

13

17.

19.

20.
21.

22.

23.

a+b+c:0—>(1)
2ab+2ac—bc:O—>(2)

:>2a(b+c)—bc:0, [a:—(b+c)]

:>(b+20)(2b+c):O

b
=c=-2b Or 5
Ifc=22b =a+b-2b=0=a=5bh
a:b:c=1:1:-2
b

Sa=——

b b
=—— +b——=0
If c > then a > , >

:>a:b:c=—é:b:—é=—1:2:—1=1:—2:1
2 2

If g is an angle between the lines then

HO+O(2)+(2)(1)

VI+1+41+4+1

cosf =

1 2z T

== 0=L o Z

2 3 3
D.r’'sof AB=(2,3,6)=(a, b, ¢c)
Use cospo——>l
Va* +b* +c?
Use ‘l(xz _xl)"'m(J’z _yl)"'n(zz _21)‘
Where (I,m,n) are d.c’s of PQ

0=90°=cos@ =0
p,q,r=12,3k

Use 4B> = p? +¢° +r*
Let A(l,l,l),B(4,1,1),C(4,5,1)

AB*+ BC?* = CA%,AABC 1s a right angled

triangle.
Area of the triangle
1 1

=—AB.BC=—(3)(4) =6sq.uni
> 2( )( ) sq.unit




. If (x,3,5)and (2,

EXERCISE - 11

. A line makes the same angle g with each of
the X- axis and Z- axis. It makes S angle

with Y-axis such that sin”> #=3sin’ ¢ then

cos’ @ =

N N RN
)5 )5 )5 )5

. The d.r’s of the line AB are (6, -2, 9). If the

line AB makes angles o, with OY, OZ

respectively where O= (0,0,0) then

sin o.—sin’ B = (AIEEE 2004)
=32

1) o1 P D7 4) 121

. A line makes angles «,f,y with the

s
coordinate axes. If 0!+,5’=5 then

(cosa +cos f+cosy)” is equal to

2)1+cos2a
4)1

1)1+sin2a
3)1-sin2a

. A line OP where O = (0, 0, 0) makes equal

angles with OX, OY, OZ. The point on OP,
which is at a distance of 6 units from ‘O’ is

S
3 (2V3.243.243)  4) (643,643, 643)

. If O=(0,0,0), OP=S5 and the d.r’s of OP

are (1,2, 2) then P, +P, +P. =

25 25 510 10
Dy 7 4)(3 3’ 3]

1) 25 9
—1,2) are d.r’s of two lines
and angle between the lines is 45° then the
values of x are
1)-4,-52 2)3,42

3)4,52 4)-3,32

. Thed.r’s of thelinex=ay+b,z=cy+d are

I)l,a,c 2)a,1,¢c 3)b,1,c 4)c,a, 1

8.

10.

11.

12.

14

If the d.c’s (/,m,n) of two lines are connected

by the 2l—m+2n=0and
mn+nl+Im=0 then the angle between the
lines is

relations

NE N E o E N
)T DT e D3
If the dr’s of two lines are given by

3Im—4ln+mn=0 and [4+2m+3n=0 then
the angle between the lines is

nZ nZ= 3 Z anZ
) ) ) 3 ) 4 ) 5
If the d.c’s (/,m,n) of two lines are connected

by  the [+5m+3n=0,
717 + 5m? —3n* =0 then the d.c’s of the two
lines are

relations

1 3 -1 3 4
Y (r s’ r] (mmmj
The triangle formed by the points
(4,2,4)(10,2,-2),(2,0,—4) is
1) Equilateral triangle
2) Right angled triangle
3) Isosceles triangle
4) Right angled isosceles triangle

The vertices of a triangle are (2,3,5),

(-1,3,2), (3,5,-2), then the angles are
1) 30°, 30°, 120°

2) Cos™ [%),900,C0s'1 (%}
3) 30°,60°,90°

4) Cos™ [%),900,@.@‘ (%J



13.

14.

15.

16.

17.

If the d.c’s (/,m,n) of two lines are connected

by the relations

lines are
(e % 7 e % %)
}a33%)

2)( 1 2

1 2 3 1 3 4
3>(mmmj’(m’m’ﬂj
[

g dleoand
D6 V6" V6 )\ V6" V6 Vo
A=(-1,2,-3), B=(5,0,-6), C=(0,4,-1)

are the vertices of a triangle. The d.c’s of the

internal bisector of /B4(C are

() 2 ()

3>(J%mwsﬂj 4>(r5rf%j

The foot of the perpendicular from (1,2,3)
to the line joining the points (6,7,7) &(9,9,5)
is

1) (5,3,9) 2) (3,5,9)

3) (3,9,5) 4) (3,9,9)

If a line in the space makes angles «, f and

7 with the coordinate axes, then

cos 2at+cos 2 3+cos 2y +sin’ +sin” f+sin’ y =
D1 20 31 42

If a line makes angles «, 3,7 with positive

then the

sina sin f+sin fsiny +sin ysin is

(31 o[z

3)(-1,2) 4) (-1,2]

axes,

[+m+n=0,
2lm—mn+2nl =0 then the d.c’s of the two

range of

»

KEY

0)3  02)1 03)1 04)3  05)3
06)3 07)2 08)4 091 10)1
1)1 12)4 13)1 143  15)2
16)3 17)4

SOLUTIONS

cos’ @+cos> B+cos’ =1

= 2cos’  =sin’ S =2co0s’> O=3sin’> 0

:>c0520:E

(a,b,c)=(6,-2,9)

c

b
,cos=
V& +b2 +¢ V& +b* +c*

Use coso=

V4
=—-a
p 2
2 2 2 0
cos“a+cos” f+cos y=1= =90
. 2
=(cosa +sina)

(cosa +cos B+ cos 7/)2

1

1 1
NN I e

OP=6; dc'sof OPz(

P = (Ir, mr, nr)

5. OP=r;OPd.c's=(l, m, n) ; P = (Ir, mr,nr)

o

1 2x+7
V2 33442

= x’-56x+208=0 =>x=4,52

a,a, +bb, +cc,
2 2 2 2 2 2
\/al +b +¢ .\/a2 +b; +¢c;

14_&4_&:1_14_

1
a b c 21 2
= Angle =90°
[+2m+3n=0 =[=-2m-3n
3im—4In+nm=0

= 3m(—2m—3n)—4n(—2m—3n)+mn =0

Use cos@ =

=0

—9mn+8mn+12n* +mn=0
:>m=i\/§n,l:(+2\/§)n

D.r’s of the lines are

(232 -3,2,1) (247 -3,-2.)

= —6m*

= 12n* = 6m’



faay +bby+ e, = (-242-3)(242-3) 241

=9-8-2+1=0

= Required angle = 5

10. [+5m+3n=0=1=-5m-3n

I1.

70 +5m* -3n=0
:>7(1—5m—3n)2+5mz—3n2 =0
=3m+2n=0,2m+n=0

= 6m*> +Tnm+2n* =0
:(3m+2n)(2m+n):0
=3m+2n=0,2m+n=0

If 2m+n=0then m=k,n=-2k,1=k

D.r’s of one line are (k,k,—Zk) = (1,1, —2)

_2p

If 3m+2n=0 then /= ,N=p

D.r’s of second line are ( p,—2p,3p)=(1,-2,3)

D.c’s of two lines are

(%% N7 )
V66 V6 )\ 147 V14714

Let 4(4,2,4),B(10,2,-2),C(2,0,—4)
D.r’s of 47 are =(1,0,~1)

D.r’s of B¢ are =(4,1,1)

D.r’sof ¢ are =(1,1,4)

If ¢ is an angle between 4B, AC then

\1x1+0x1+ ><4\
CoOSax =

J+041/1+1+16 2
= a=60°

If S is an angle between BC, AC then

[Ix4+1x1+(4)x1|
cos ff = == = =60

V1404114141 2
If 7 is an angle between ZE,E’Z then

12.

13.

16

‘lxl+0xl+ ><4‘
cosy = —

VI+1+1641+0+1 2
Angles of the triangle are 60°, 60°, 60°
-. ABC is an equilateral triangle

Let 4(2,3,5),B(~1,3,2),C(3,5,-2)

:>}/=60°

D.r's of g are (-1-2,3-3,2-5)
=(-3,0,-3)=(1,0,1),

D.r’s of B¢ are
(3+1,5-3,-2-2)=(4,2,—4)=(2,1,-2)
D.r’sof ¢4 are (3-2,5-3,-2-5)=(1,2,-7)
If ¢ is an angle between 4B, AC then

o1

e NG

If g is an angle between ﬁ’,TB then
Cosfp=0= 3=90°
If 7 is an angle between BC,CA then

2
=Cos™' \/:
! 3
Angles of the triangle are
! L,90°, COSI\/z
V3 3

l+m+n=0=>/=-m

Cosa = = a=Cos

Cos

-n
2lm—mn+2nl =0
:>(—m—n)—nm+2n(—m—n):0
= —2m’ = 2nm—mn—2mn—2n*> =0
= 2m’ +5mn+2n* =0
:>(2m+n)(m+2n):0

=2m+n=00r m+2n=0
If 2 +n =0 then m=k,n=-2k,l=k

D.r’s of one line are (k,—k, —Zk) = (1,1,—2)
If m+2n=pthen n=p,m=-2p,l=p
D.r’s of second line are ( p,—2p, p) =(1,-2,1)



14.

15.

16.

17.

Bisector of /4 meets BCatD
BD:DC=AB:AC=17:3
- p-(1228 29)
10 10 10
25 8

5
d.r’s of AD:(B’E’E]: (25,8,5)

25 8 5]

V7147147714
Any point on the line joining the given points

can be taken as (6+31,7+21,7—2¢)

If it is the required foot of the perpendicular of
(1,2,3)

we get 3(5+3t)+2(5+2t)—2(4—2t) =0

=>t=-1
. Foot of the perpendicular

=(6-3,7-2,7+2)=(3,5,9)

d.c’s of AD = (

c0s 20 +cos2B+cos 2y +sin” a+sin® f+sin’ y

=2cos’a—1+2cos’ f—1+2cos’ y—1+
1—cos’a+1-cos” f+1—cos’ y

=cos’ a+cos’ f+cos’y =1

(sin05+sin/5’+sin}/)2 >0

and sin” o +sin” B +sin” y —sina sin S

—sin #siny —sin ysina >0

But sina,sin #,siny >0

EXERCISE - 111

If Ois the origin and the line OP of length r
makes an angle ¢ with X-axis and lies in
the XY-plane then the coordinates of P are

)(rcosa,0,rsina) 2) (rcosa,rsina,0)
3)(0,0,rcosax)
The three

4) (rsina,rcosa,0)
with d.r’s (1,1,2)

(3-L-3-14),(~/3-1,4/3-1, 4) forms
1) An equilateral triangle

2) A right angled triangle

3) An isosceles triangle

4) A right angled isosceles triangle

lines

17

. If three consecutive vertices

. Let a line makes an angle ‘9’ with X and

Z-axes and S with Y-axis. If

sin(ﬂ):\/gsinﬁ, then o529 =

)5 )3 5 V5

. A line makes acute angles «, 5,7 with the

coordinate axes such that

2
cosacosﬂ=cos/5’cosy=§ and COs Y cos« =§
then cosa +cos f+cosy value is
o2

)3

25 5 5
1) ) 2)5 3)5

. If the dr’s of a line are (1+4,1-4,2) and it

makes an angle g(° with the Y- axis then ;]
is

D1£/3 2)4+5 3)2+25 4H2+45

. If the angle between line with d.c’s

2 a b
(— \/ﬁ’ \/ﬁ: \/ﬁj and other line with d.c’s

3 3 6
) >~ is 90° then a pair of
(\/54 J54 \/54j 0 P

possible values of ‘a’ and ‘b’ respectively
are
1)-1,4 2)4,2

34,1 4)-4,2

of a
parallelogram are A4(4,3,5), B(0,6,0),

C(-8,1,4) and D is the fourth vertex then the

angle between 4 and pp is

Cos™ (—55 j Cos™ (—65 j
D= Jiaovier ) 277 (Viaovier

COS_I(LJ Cos_l(;j
0 Jiaodier) V™ Viaodier

8. IfA=(2,1,9),B=(-4,1,-3),C=(0,7,6)and

in the A 4BC the equation of the median

-7 z-6
through C is §=y—=27 thena+b+c=

b
1)9 2)7 D10 4)4



9.

10.

11.

12.

13.

P,2,-2,), 0(@,10,11), R(1,2,3), S(3,5,7)
if 4 denotes the length of projection of PQ
on RS then 29,2 4 29 is equal to

1) 8100 2)8029 3)8129 4)90

If the lengths of the sides of a rectangular
parallelopiped are 3,2,1 then the angle
between two diagonals out of four diagonals

is
cos™ (éj cos™ (zj

1) 7 2) 3
cos™! (E) cos™! (i)

3) 14 4) 14

D) If P=(0,1,2),0=(4,-2,1) Then

ZPOQ = /2 where ‘O’ is origin.
II) If the d.r’s of two lines are (1,—1,0) and

T
(1, —2,1) then the angle between them is —.

6
Which of the above statements are correct
1)only I 2) only II
3) BothI & 1T 4) Neither I nor II.

Observe the following statements
Statement I : The dr’s of a straight line L,
are (a, b, ¢)) and dr’s of another straight
line L, are

(a,, by, ¢,). The straight lines L , L, are

perpendicular if g,a, +bb, +c,c, =0
Statement I1 : The dr’s of L, are (2,5, 7) and
4 10 14

dr’s of L2 are (EEE) The lines

L, L, are parallel

Which of the following is correct?

DI is true, Il is true & II is correct explanation
of I

2) I is true, II is true & II is not correct
explanation of I

3) Lis true, Il is false

4) 1 1s false, Il is true

I) If the d.c’s of two non-parallel lines satisfy

[+m+n=0 and }? ;> _5,?> =0 then the

V4
angle between the lines is 3

18

I) If the d.r’s of two non-parallel lines are

(0,4,-4) and (,0,—x) then angle between

7
the lines is 3 (A>0,u>0)

1) Both I and II are true and Il is the correct
explanation of I

2) Both I and II are true and II is not the
correct explanation of I

3) Lis true but Il is false
4) 1 1s false but Il is true

KEY
01)2 02)1 03)1 04)3 05)4
06)3 07)1 08)3 09)3 10)1
)3 12)2  13)2
SOLUTIONS

. OP lies in XY- plane and makes ¢ angle with

T s
X-axis = it makes 5—0! with Y- axis and 5

with Z- axis.
d.c’s of OP are

(I,m,n)=| cosa, cos(z—ozj,cosZ
2 2

=(cosa,sina,0), P = (lr,mr,nr)

. If a is the angle between (1), (2) then

1 o )
Cosa=E:>0€=60 and g is the angle

1
between (1),(3) then cos S = 3 = f=60°

cos’a +cos” B+cos’y =1
€08’ @+cos” @+cos’ f=1
2cos’ @ =sin’ B
sin(ﬂ):\/gsinﬁ(given)
sin® B =3sin” @
. 2cos’ @ =3sin’ 6

3
:3(1_0082 9)=5c0s26':3 ,coszﬁzg



4 4 8 25 8. F=mid point of AB, d.r’s of CF=(a, b, c)

cosa+cos f+cosy) =l+—+—+—=—
4. ¢ Proosy) =g o = 3 4}

2
s of RS = , ,
9. D.c’sof (@@@

A= |Z(x1 —X,)+m(y, —y,)+n(z _Zz)|

5
:cosa+cosﬂ+cos7/:§

b

5 COSf=—fp———x B . b —c?
\/a2+b2+cz 10 (a7 ba C)_(39 29 1)5 Use cos@zm
= A2 —41-1=0=>1=2+/5 aa, +bb, +cc,

0=
11. Use
\/alz +b12 Jrcl2 \/az2 +Z)22 +022

—22+az+bz_1 .
6. J21 J21 21 ( i tn _) 12. lis true, because the line L, with d.r’s (4.5,¢)

and the line L, with d.r’s (a,,b,,c,)

diglipi=21 =a+b"=17 ... (1)

Angle between the given lines is 90° are perpendicular if , aa, +bb, +cc, =0
(2 (3, (e )(3 T true b 4 _b_a
\/i \/g \/i \/g 1S Tru€ bpecause , a, b2 c,
+(Lj(_—6j=o 42 :105 :147 1. 1.1
V21 \ 54 K/@ K@ //5 2 2 2
—6+3a—6b=0=3g—-6b=6=a-2b=2..... (2) I is not correct explantion of I

—

Solving (1) & (2), we get a possible solution 3. D) Solve the given equations for the d.r’s of the

givenby g=4:p=1
7. II) Use “cos@” formula
D C(-8,1,4)

lines and use “cos@” formula

A(4.3,5)  B(0,6,0)
In the figure E is mid point of AC and BD

{227
2

Since it is also midpoint BD,
we have D =(—4,-2,9)
D.r’sof AC are (12, 2, 1)

12 2 1
D.c’s of AC are [\/@9\/@’@)
D.r’s of BD are (-4, -8, 9)

-4 -8 9
D.c’s of BD are (\/ﬁ’\/ﬁ’\/ﬁj

Angle between diagonals @ = Cos™ (

55 j
V1494161

19



1 1
JEE MAINS QUESTIONS ie (Inmm)= (_ﬁ’o’ﬁ)
1. An angle between the lines whose direction cosines Ifn=0thenl=-m
are given by the equations, | +3m+ 5n=0 and

2 2 _ 2
5lm—2mn+6nl=0, is [Online April 15,2018] tn =1 =2m" =1

*+m

1 1 1 _g
-1 -1~ -1 i m_i_
1) cos™ L 2) cos < 3) cos 3 4) cos 1 NG
2. The angle between the lines whose direction 1
cosines satisty the equations | +m +n=0 and ;2 + let, 7= 2
mrtnp? is [2014] 1
I=—=—= and n=0
nZ 22 3 s 2
6 2 3 4 (12um2,12) = (~—1=,=.0)
KEY 2 N2
1)2 2)3 1
V4
SOLUTIONS cosf=2  —-0==
DGiven
1+3m+5n=0 (D

and Sim-2mn+6nl=0 ..(2)
From eq. (1)

we have

Pllltzth_e%/%iﬁesor%l ineq. (2), we get;
5(-3m—-5n)m—-2mn+6n(-3m—>5n)=0

15m* +45mn+30n* =0

m’ +3mn+2n° =0
m’ +2mn+mn+2n° =0
(m+n)(m+2n)=0
Therfore, m=—norm=-2n
Form=-n,1=-2n
Andform=-2n,1=n
(1, m,n) =(-2n,—n, n) Or (I, m, n) = (n, — 2n, n)
(1, mn)=(-2,-1,1)0r(I,m,n)=(1,-2,1)
Therefore, angle between the lines is given as:
1

COS(0)= é 0 =cos™' P

2. Given,l+m+n=0 and }2 = ;% 4+ ;2
(—m—n)2:m2+n2
mn =0 and m =0 or n=0

Ifm=0thenl=-n
we know

t

Sl

P+m?+n*=1and "=

20



3D-PLANES

J

SYNOPSIS

Equation of a Plane :

,.)

,.)

,.)

Every first degree equation in x,y,z always
represents a plane.

Plane surface is a surface in which line joining
every two points P and Q on it lies entirely in
the surface.

The general form of equation of plane is

ax+by+cz+d =0, a,b,c arenotall zero i.e.,

a+b*+c*#0

Equation of Planes with Different

,.)

Conditions :
1) The equation of the plane passing through

the point (x1 V2 ) and having d.r’s of normal
as (a,b,c) is
a(x—x)+b(y—y)+c(z—2z)=0or
ax+by+cz =ax, +by, +cz,

The equation of the plane passing through a
point (xl,yl,zl) and parallel to the plane
ax+by+cz+d=0is
a(x—x)+b(y—y)+c(z—2)=0

=>ax+by+cz=ax, +by, +cz

Equation of plane which is Parallel to lines

.

1) The equation of the plane passing through

the point (xl, Vi» zl) and parallel to lines

whose  d.r’s are (ay,b,¢,) and
X=X Y=Y Z—Z
.| a b ¢ =0
(az,bz,cz) is| ! ! !
a, b, )

i1) The equation of the plane passing through the

iii)

points(x,, ,2,), (X,,¥,,2,) and parallel to
the line whose d.r’s are (a,b,c) is

X=X  Y=N
=% =N
a b c

zZ—z

z,—z|=0

The equation of the plane passing through three
non collinear points

(xlaylazl)’(xzayzazz)a(x3ay3az3) is

X=X Y-y Z—z
=X »=n z-z=0
X=X V=N Z3—%
iv) If (xl,yl,zl),(xz,yz,zz)(x3,y3,z3) and

(x4, y4,z4) are coplanar, then

Xy=X V=N 2475
X,=X, V=% Z,—z|=0
Xy3=X W= Zz3—Z

General equation of a plane with different

>

b)

conditions :
1) The equation of a plane with d.r’s of normal
as(a,b,c)is ax+by+cz+d=0.

1) If a) a=0, h#0,c#0 Then equation
by+cz+d =0 represents a plane which is
parallel to x-axis and |« to YZ - plane.
b=0,a#0,c#0 then

ax+cz+d =0 represents a plane which is

equation

parallel to y-axis and |« to xz -plane.
a#0,b#0,c=0 then

ax+by+d =0 represents a plane which is

equation

parallel to z-axis and |« to XY -plane.



ii1) The equation of the plane passing through
()q, yl,zl) and parallel to
a) yz- plane and |« to X-axis is x = x,
b) xy-plane and |« to Z-axisis z = z,
c) zx-plane and |« to Y-axisis y =y,
iv) Equation of plane parallel to the plane
ax+by+cz+d, =0 is of the form

ax+by+cz+d,=0
v) Distance between the above two parallel planes

. |d1 —d, |
is
Na' +b*+ ¢’
vi) Equation of plane parallel to = d, 1S
ra = d, (vector form)
vii) The equation of the plane, mid way between

the parallel planes ax + by +cz+d, =0 and

ax+by+cz+d,=01s

dl+d2j:0
2

viii) The equation of the plane which bisects the

ax+by+cz+(

line joining A(xl,yl,zl) and B(xz,yz,zz) and
perpendicular to AB is

(xl _xz)x+(Y1_yz)y+(Zl_Zz)Z:

(x12 +y,° + 212)_(x22 +y,0 + zzz)
2

ix) Thereflectionof g'x+b'y+c'z+d' =0 inthe

plane ax+by +cz+d =0 is given by
Z(aa1 +bb' +ccl)(ax+by+cz+d)
= (a2 +b’° +cz)(a1x+bly+clz+d1)
Intercept form of a plane :
> i) If a plane cuts X-axis at 4(a,0,0), Y-axis at
B(0,b,0) and Z-axis at C(0,0,c) then a,b,c

are called X-intercept, Y-intercept, Z-intercept
of the plane.

ii)) The equation of the plane in intercept form is

£+Z+£:1
a b c
i) If ax+by+cz+d=0is a plane if

a#0,b#0,c#0 then X-intercept = .

d

Y-intercept =—— Z-intercept = ——
c

b 2
iv) The equation of the plane whose intercepts are
K times the intercepts made by the plane

ax+by+cz+d =0 on corresponding axes is
ax+by+cz+kd =0.

Foot and image :

= 1) The foot of the perpendicular of the point

P(xl,yl,zl) on the plane
ax+by+cz+d=0is Q(h,k,I) then

h—x, _k—y 1-z —(ax +by +cz +d)
a b c a*+b*+c?

i) If Q (h, k, 1) is the image of the point

the plane

p(x,,2)w.r.to
ax+by+cz+d =0 then

h—x,

a b c

k-y, -z —2(ax, +by, +cz,+d)

a’+b’+c’
iii) If °d’ is the distance from the origin and (,m,n)

are the dc’s of the normal to the plane through
the origin, then the foot of the perpenducular

is (ld,md,nd)

Ratio formula :
= 1) The ratio in which the plane
ax + by + ¢z + d = 0 divides the line segment

joining (x;,,,z,) and (x,,¥,,2,) is
—(ax, +by, +cz, +d):(ax, +by, +cz, +d)
i1) Position of the points w.r.to the plane

a) If % +by, +cz,+d
ax, +by, +cz, +d

>(0 then the points

P(x,, %,z ) and Q(x,,,,z,) lic on same side

of the plane ax+by+cz+d =0



b) If % +by, +cz,+d
ax, +by, +cz, +d

<0 then the points

P(x,, .2 ) and Q(x,,y,,2,) lie on opposite
sides of the plane ax+by+cz+d =0
Normal form of a plane :

> 1)If (Z ,m, n) are the direction cosines of normal

to plane 7 and pis the |« distance from origin
to the plane then the equation of plane is
Ix+my+nz=p
i1) The normal form of the plane representing by
the equation ax+by+cz+d =0 1s
a) Ifd<0
a b -
V& +b +¢ XJF\/a2 +b +¢ y+\/a2 +22+Cz Zz\/az +:z e
b)Ifd>0
—-a -b — d
\/a2 +b +¢ x+\/az +b 4+ y+\/a2 +b*+¢ . \/a2 +b +c
Perpendicular distance from point to the
plane :

» 1) The perpendicular distance from (xl, yl,zl)
to the plane ax + by + cz + d = 0
lax,+by, ez +d |
1S \/az+bz+c2

i1) The perpendicular distance of the plane
ax+by+tcz+d=0 from the origin 1s

d
Na' +b*+c*
Areas :
= i) Area of the triangle formed by the plane

X z
424221 with
a b c

1
a) X — axis , Y —axis is 5|ab| Sq. units
: 1 :
b) Y- axis, Z— axis is §|bC| Sq. units

1
¢) Z— axis, X— axis is §|ca| Sq. units

.. Xy z .
i1) Ifthe plane o + b + A =1 meets the co-ordinate

axes in the points A,B,C. then the area of the
triangle ABC is

%\/(ab)z +(be)’ +(ca) .

Angle between Two Planes :

= 1) The angle between two planes is equal to the
angle between the perpendiculars from the
origin to the planes.

i1) If '@ ' is the angle between the planes

ax+by+cz+d =0and

a,x+b,y+c,z+d, =0 then

cosO o+ a,a, +bb, +c.c,
J@+B +C a2 b+

ii1) If the above two planes are parallel then

4_b_a
a2 b2 CZ

iv) If the above two planes are perpendicular then
a,a, +bb, +cc, =0

v) Angle between the line with d.c’s(/,,m;,n, ) and
the plane whose normal with d.c’s (lz,mz,nz)

is @ then cos(90-0)= |lll2 +mm, +n1n2|

vi) If @ is angle between a line L and a plane =
then the angle between L and normal to the
plane 7 1S 90+ 4.

Equations of planes bisecting the angles
between given planes :

= 1) Equations of two planes bisecting the angles

between the planes a,x+b,y +c,z+d, =0 and

a,x+b,y+c,z+d, =0 are

ax+by+cz+d, _+a2x+b2y+czz+d2
\/al2 +b +c}

@+ e
i) If d,,d,>0

Condition Acute Obtuse

aa,+bb, +cc, >0 - +

aa,+bb,+cc, <0 + -



i)

b)

a) The Bisector planes are perpendicular to each
other

Positive sign bisector is the bisector containing
the origin.

The projection of line segment on a line

>

(plane) :

Let P, Q be two points and Lbe a line ([T plane).
If M, N are feet of perpendiculars from P,Q to
the line L (to the plane 1) respectively then
MN is called projection of PQ on the line L(the
plane1T). The length of projection of PQ is
always non-negative.

EXERCISE -1

The equation of the plane passing through
the point (3, -6, 9) and perpendicular to the
X-axis is

Dx+2=0 2) y-3=0 3) z-7=0 4x-3=0
The product of the d.r's of a line
perpendicular to the plane passing through
the points (4,0,0), (0,2,0) and ( 1,0,1) is

He 2)2 3)0 4)1

Equation of the plane through the mid-point
of the join of A(4,5,-10) and B(-1,2,1) and
perpendicular to AB is

1) 5x+3y—112+1375=0

2) 5x+3y—llz:1375

3) Sx+3y+11z=135
4)5x+3y—llz+%: 0
A plane which passes through the point

x-4 y-7 z-4,

3,2, 0) and the line

1 5 4
) x—y+z=1 2) x+y+z=5
3) x-2y-z=1 4) 2x—y+z=5

The equation of the plane parallel to the
plane 2x+3y+4z+5=0 and passing through
the point (1,1,1) is

1) 2x+3y+4z-9=0 2) 2x+3y+4z+9=0
3) 2x+3y+4z+7=0 4) 2x+3y+4z-7=0

10.

11.

12.

13.

Distance between two parallel planes
Tx+4y—-4z+3=0and 14x+8y—-8z—-12=0
is

1 L 2)1 3 2 4 1

) 9 ) ) 15 ) 2

In the space the equation by+cz+d =0
represents a plane perpendicular to the plane
1)YOZ 2) Z0X 3I)XOY 4)Z=
k

If the foot of perpendicular from (0, 0, 0) to
a plane is (1, 2, 2) then the equation of the
plane is

) x+2y+8z-9=0 2) x+2y+2z-9=0
4) x+2y=3z+1=0
The foot of the perpendicular from
(7,14,5) to 2x+4y—-z=2is

3) x+y+z-5=0

1)(-1,1,0) 2)(1,28) 3)(2-1,-2) 4)(1,2,3)

The ratio in which the plane ;’.(2‘—2}43%):17
divides the line joining the points
—2i+4j+7k and 3{ -5 + 8k is
1)1:52)1:10 3)3:5 4)3:10

For the plane [1=2x+3y+5z+10=0, the
point (2,3,-5) lie in the

1) Opposite to the origin side
2) Origin side  3) Plane

The normal form of 2x—-2y+2z=35is

4) can not say

6 2 3
1) 12x—4y+3z=39 2) —;)C+;y+;z:l

G243 o2 2 15
N ERINERAET ) 37733573
The d.c's of the normal to the plane

2x—-y+2z+5=0 are

1)(3,-2,6)



14.

15.

16.

17.

18.

19.

20.

A plane passes through (2,3—1) and is
perpendicular to the line having dr’s
(3,—4,7). The perpendicular distance from

the origin to this planeis (EAM-2017)

3 5 6 13
D 2 d7m Y
5, 7 are the intercepts of a plane on the
Y-axis, Z-axis respectively, if the plane is
parallel to the X- axis then the equation of

that plane is [ EAM -2018]
1) 5y+7z=35 2) Ty+5z=1
3)5 7 4) Ty+5z=35

If the plane 7x+11y+13z=3003 meets the
coordinate axes in A, B, C then the centroid
of the AMB(C is

1) (143,91, 77) 2) (143,77,91)

3) (91,143,77) 4) (143,66,91)

If the areas of triangles formed by a plane
with the positive Xx,v:v,z:Z,x axes
respectively are 12, 9, 6 sq. unit respectively
then the equation of the plane is

X y z
2iliio —+=+—=1
1)4 6 3 D63
X Y Xy
TR —t+=+—=1
3))3 4 6 4)3 6 4

The area of the triangle formed by

XX 2 with X-axis and Y-axis is
4 3 2

) 2)3
angle

3)6
between

4) 12
The the
2x+y+z=3,x—y+2z=51s

2019]

planes
[EAM -

nZ nZ 3 5z
)5 )% )T 93
If the

x+2y—kz+7=0 are perpendicular then
k=

planes 2x+3y—-z+5=0,

21.

22,

23.

1)4 2)6 3)8 4) -8

If Ax+4y+5z=7, 4x+44y+10z-14=0
represent the same plane then the value of
1=

H1 2)2 3)0 4)3

If the planes x+2y+kiz=0 and 2x+y-
2z+3=0 are at right angles, then the values
of k is [ EAM -2020]

1

1) —% 2) 5 3)-2 4)2

If the points (L1,p)and (-3,0,1) be
the
7.(37 +4j +12k ) +13=0 then the value of P =

equidistant from plane

1 1
D-3 2)6 D3 43
KEY
01)4 02)1 03)2 04)1 05)1
06)2 07)1 08)2 09)2 10)4
1)1 12)4 13)4 144 154
16)1 17)1  18)3 19)4 20)4
21)2  22)4  23)1
SOLUTIONS

Equation of the plane passing through (3, -6, 9) and
perpendicular to x-axis is x = x,

= x-3=0

Equation of the plane passing through the given
points is x+2y+3z-4=0,

(1,2, 3)

379
Mid point of AB=| 7>5> 5~

D. r's of normal =

22 2

D.r’s of AB are (5,3,-11)
Equation of plane is

{?—Gh%}—%%ﬂ.(shﬁ—l1%):0
r(si+37-11k) =122

Verify options
a(x—x)+b(y—y)+c(z—z)=0



10.

11.

12.

13.

14.

Dist _ |d1 _d2|

istance = T
Nat +b* +

Verification method

D.r’s of the perpendicular to the plane are
(1,2,2)

=1

D.r’s of the normal to 2x +4y -z =2 is(2,4,~1)
The point (1, 2, 8) lies on a plane and D.r’s of a
line joining (1, 2,8) and (7,14,5) are
(6,12,-3)=(2,4,-1).,

~. Required point =(1,2,8)

Plane is .(i—2j+3k)=17 (1)

A point P dividing the join of

—2i+4j+7k and 3i-5;+8k in the ratio

, (3/1—2 i+(—5/1+4j.+[8/1+7Jk
A:1Is {50 a+1 )\ o

It lies on (1) then we get

/1=i:>/1:1=3:10
10

5

I, =4+9-25+10=-2, T11,=10= The
point lie on the opposite to the origin side.

Na’+b* +c* =\4+4+1=3.

2 1
Normal form is gx—§y+§Z=§

D.c's=i{ a , b , ¢ J
\/a2 +b* +c \/a2 +b* +c \/a2 +b* +c

Equation of the plane is
3(x=2)=4(y-3)+7(z+1)=0
=3x—-4y+7z+13=0

Perpendicular distance from origin

13 13

CJ9+16+49 74

15.

16.

17.

18.

19.

20.

21.

22.

23.

.oy z
Plane equation is 5 + 7 1

The plane 7x+11y+13z=3003 meets the
coordinate axesin 4(429,0,0), B(0,273,0),
(0,0,231) .

. (429 273 231

Centroid of A4BC 1is 333
=(143,91,77)

If a,b,c arethe intercepts of the required plane

1 1 1
then Eab = 12,§bc = 9,§ca =6
=ab=24,bc=18,ca=12

a2=abac=24><12=16:>a=4
bc 18

ab=24,ac=12=b=6,c=3

The equation of the plane is -+ +~ =1
<. The equation of the plane is o +° -+
1 :
Area =5|4><3|=6 sq. units
L _@o-0ens0e) s 1
Va+1+1/1+1+4 6 2
:>9:£
3
Given  planes are  perpendicular
aa +hb, +6¢, =0

= (2)(1)+(3)(2)+(-1)(k)=0
=2+6+k=0,=k=-8
Given equations represent the same plane

a b ¢ d
4 _ 1__1:_131232/1:2
az bZ C2 dz 4 10

Use a,a, +bb, +c,c, =0

Distance from point 4 (5) to plane , 4k =0



an+ k‘

is H
n

EXERCISE - 11

. The vertices of a tetrahedron are A(3,4,2)
B(1,2,1) C(4,1,3) D(-1,-1,3). The height of A
above the base BCD.

b _27 S U I
37 V237 7237 247

. If the equation of the plane passing through
the points (1,2,3), (-1,2,0) and perpendicular
to the ZX - plane is ax+by+cz+d =0

(a>0)then [ EAM -2015]

1)a=0andc=0 2)a+d=0

3) c+d-5=0 4) a+c+d-4=0
. The dr’s of a normal to the plane passing

through (0,0,1),(0,1,2) and (1,2,3) are
1) (0,1,-1)
3) (0,0,-1) 4) (1,0,0)

. The equation of the plane which passes
through the line of intersection of the planes

2) (1,0,-1)

2x—y=0 and 3z-y=0 and is

perpendicular to the plane 4x+5y -3z =38
is

1)28x—17y+9z=0 2) 28x+17y+9z=0
3) 2x+17y-92z=0 4) 2x—y—-z=0

. The equation of the plane through the line
of intersection of planes

ax+by+cz+d=0 , a'x+b'y+c'z+d'=0
and parallel to the linesy=0=zis

1) (ab'—a'b)x+(bc'—b'c)y+(ad'—a'd):0
2) (ab'-a'b)y+(ac'-a'c)z+(ad'-a'd) =0
3) (ab'—a'b)x+(bc'—b’c)z+(ad'—a‘d) =0

4) (ab'—a'b)x—(bc '—b'c)y+(ad'+a'd) =0
. The equation to the plane through the line of

10.

11.

intersection of 2x+ y+3z-2=0,

X—y+z+4=0 such that each plane is at a
distance of 2 unit from the origin is

) x+y+2z+13=0,x+y+z-3=0

2) 2x+y—-2z+3=0,x-2y—-2z-3=0

3) 15x=12y+16z+50=0,x+2y+2z-6=0
4) x-y+2z-13=0, x+y-z-3=0

A plane 7z passes through the point (1,1,1).
If b, c, a are the dr’s of a normal to the plane,
where a, b, ¢ (a<b<c) are the prime

factors of 2001, then the equation of the
plane 7 is

1)29x+31y+3z=63 2) 23x+29y—29z=23

3) 23x+29y+3z=55  4) 31x+27y+3z="71

The dr’s of a normal to the plane through
(1,0,0), (0,1,0) which makes an angle of

T
Zwith the plane x + y =3 are

DLN2,1 DLLY2 3)LL2 42,11
Let A(1,11),B(2,3,5) and C(-1,0,2) be
three points, then equation of a plane parallel
to the plane ABC which is at a distance 2
units is

D2x-3y+z+2/14=0  2) 2x=3y+z—/14=0
3) 2x-3y+z+2=0 4)2x-3y+z-2=0
A variable plane is at a constant distance 3p
from the origin and meets the axes in A, B
and C. The locus of the centroid of the
triangle ABC is [ EAM -2016]

D x?+y?+z7=p7

-2

) xP+yP+z7 =4p
3) x4y 4z =16p>

4 xP+yP+z7=9p>

A variable plane intersects the coordinate
axes at A,B,C and is at a constant distance 'p'
from 0(0,0,0). Then the locus of the
centroid of the tetrahedron OABC is



12.

13.

14.

15.

16.

I 1 1 1 11 1 4
D ETETETE DT
1 1 1 16 1 )
DI A

The equation of the plane which is parallel to

X-axis and making intercepts 3 and 8 on Y

and Z-axes respectively is

1)3y+8z=24 2)3y—-8z=24

3) 8y—-3z=24 4) 8y+3z=24

The sum of the intercepts of the plane which

bisects the line segment joining (0,1,2) and

(2,3,0) perpendicularly is

1)2 2)4 3)6 4)12

A plane meets the coordinate axes at A, B, C

so that the centroid of the triangle ABC is

(1, 2, 4). Then the equation of the plane is
(EAM-2020)

1) x+2y+4z=12 2) 4x+2y+z=12

3) x+2y+4z=3 4)4x+2y+z=3

The reflection of the plane 2x—3y+4z-3=0

in the plane x—y+2z—-3 =0 is the plane

1) 4x—3y+2z-15=0 2)x-3y+2z-15=0
3) 4x+3y—2z+15=0 4)4x+3y+2z+15=0

The equations of bisectors of angles between
YZ-plane and XZ-plane is

1) x—z=0,x+2z=0 2) x—z+2=0

3) x+z=0,x-2z=0 4) x+y=0,x—y=0
KEY

01)2 02)4 03)1 041 052

06)3 07)3 08)2 09)1 10) 1

11)3 12)4  13)1 14) 2 15)1

16) 4

SOLUTIONS

. The equation of'the plane containing BCD

x—-1 y=-2 z-1

3 -1 2 |=0
-2 -3 2
=4x—-10y-11z+27=0

23

distance from 4=

237
The pl ion is T+==1
) e plane equation is RS
L3 2 s m=32
[ m [

.LetA( 1),B(0,1,2),C(1,2,3)
B=(0,1,1),4C=(1,2,2),
ik
ABxAC=0 1 1|=

1 2 2

i(2-2)—j(0-1)+k(0-1)=j—k

.. D.r’s of normal to the plane are (0, 1, -1)

. Any plane through the line is

2x—y+ 21Q3zy)=0 (1)
given4x +5y—-3z-8 =0 (2)
(1) and (2) are perpendicular we have

2(4)+5(—(1+2))+34(-3)=0 :2:%

=14(2x-y)+3(3z-y)=0.
=28x—-17y+9z=0

. Equation of the plane through the intersection

of the planes ax+by +cz+d =0 and
a'x+b'y+c'z+d =0
(a1x+b1y+clz+dl)+l(ax+by+cz+d):0
which is parallel to Y =0=Z
parallel to X - axis

_al

:(a1+al)l:0 Sal=—d'=1=——
a

the equation of the plane is

(alb—abl)y+(alc—acl)Z+ald—ad1 =0

. Equation of the plane is

(2x+y+3z-2)+k(x—y+z+4)=0

e | -2+4k | 5

J+E) +(1=k) +(3+k)




= k=13,-1
~. Planes are (2x+y+3z-2)+13
(x—y+z+4)=0,(2x+y+3z-2)-1

(x—y+z+4):O

=15x-12y+16z+50=0,x+2y+2z-6=0

7. 2001=3%x23x29 and
(3+23+29)=55=0a=3,b=23,c=29

8. Any plane through (1,0,0) is
A(x=1)+B(y-0)+C(z-0)=0 ....... (1)
It contains (0,1,0)if —4+ B =0......(2)

T

Also (1) makes an angle of 4 with the plane
x+y=3,

Vs |A + B|
S COS—=

4 Ja2 1B+t 1241
=24B=C? .....(3)
From (2) and (3),
C=24  =C=+24
Hence A:B:C =A:A: +,/2 4
(1,1, +2)

- Du.'s are

9. A(1,1,1),B(2,3,5),C(-1,0,2)d.r’s of AB are

(1,2,4)
D.r’s of AC are (-2,-1,1).

D.r’s of normal to plane ABC are (2,-3,1) As a
result, equation of the plane ABC is

2x—3y+z =0 Let the equation of the required

plane is 2x -3y +z =k, then

=2k =214

k
‘V4+9+1

Hence, equation of the required plane is

2x-3y+z+23/14=0

10, If =+2+2=1
a b c

I1.

12.

13.

14.

15.

16.

distance from origin=3p
1 1 1 1
+—+

@ b 9p’
= Then a =3x,,b =3y,,c =3z
1 1 1 1

. i —F—F— = —
_,Locu51sxz [ERPEEEE

Intercepts of the plane = 4x, 4y, 4z where
(x.y, z) is the centroid of the tetrahedron OABC.

1 1 1 1

+ + =
Here, 162 " 16y2 1622 p?

Required plane equation is

L2 1=8y+32=24
308

The plane equation is
2x(x, =x)+2y(y, = y)+22(z,— z,)
+X YLzl —x —yi -z =0

where (x,y,,z)=(0, 1, 2) and
(X, ¥, 2,) =(2,3,0)

. Xy z
Let the equation of the plane be 2 + b + P 1

.'.A:(a,0,0),B(O,b,O),C(0,0,c)
Centroid of AABC = (1, 2,4)

a b c

3(§,§,§j=(1,2,4) =a=3,b=6,c=12

The equation of the plane is §+ % + T 1
=>4x+2y+z=12

Equation of the required plane be obtained
using the reflection of a'x+b'y+c'z+d' =0

in the plane  ax+by+cz+d =0 is given by

Z(aa1 +bb' +ccl)(ax+by+cz+d)
z(a2+b2 +cz)(a1x+b1y+clz+dl)

Equation of yz-plane is y =(, Equation of xz-



planeis y =0

.. Equation of'the bisectors of the angles between
the planes are

)lC: JI}:>x+y:0,x—y:0

EXERCISE - III

. If the points (1, 1, -3) and (1, 0, -3) lie on
opposite sides of the plane x+ y+3z+d =0
then
1)d<7

3) 7<d<8

2) d>8

4) .
d<7ord>8
. Pis apoint such that the sum of the squares of

its distances from the planes x+y+z=0,
x+y—-2z=0,x—y=0 is 5 then the locus of P is
D) x*+y*+22=10 2) x> +y*+2z° =25
)P+ y*+z2=5 A X +y"+2°=50
. Theplane ax+by +cz+(-3) =0 meet the co-

ordinate axes in A,B,C. Then centroid of the
triangle is
3 3 3
1) (3a,3b,3¢) 2) ( cj
245 wlbdY
333 Nas

. The areas of triangles formed by a plane with
the positive x ,v;Y,7Z; 7, x axes respectively
are 12,9, 6 square units then the equation
of the plane is

X y X y z
A —+=+—=1
! 4 6 3 2)6 3 4
X y z X y
—+=+—=1 =1
3)4 4 6 4)3 6 4

. Equation of the plane passing through the
point (-1,3,2) and perpendicular to each of the

planesx+2y+3z=5 and 3x+3y+z=0is
1) 7x+8y—-3z=0 2) 7x-8y—-3z=-37
3) 7x—-8y+3z+25=0 4) 7x+8y+3z=23
. If P=(0,1,0) and Q = (0,0,1) then the
projection of PQ on theplane x+y+z=31is

10.

11.

12.

13.

10

1)2 2)\2 3)3 443
A parallelopiped is formed by the planes
drawn through the points (2, 3, 5) and (5, 9,
7) parallel to the coordinate planes. The
length of diagonal of the paralleopiped is

D7 )38 HVI55 AT

If the angles made by the normal of the plane
2x+3y—4z-16=0 with the coordinates

axes X, Y, Z are Cos 'k, Cos 'k,,Cos 'k, »
then £k ,k,,k, respecitvely are
4 2 3 4

2 3

D9V J PV V29 Vo
2 3 4 11 1

3) 29°Y29 429 2 4

75 -
If the plane 4(x—1)+k(y—2)+8(z-5)=0
x-1_ y-2 z-5

contains the line ) = 1 then [ is
1)2 2)4

3)-8 4)8

If the plane 3(x—2)+(y—2)+6(z+3)=0

x-2 y-2 z+3
b 1

inclination with X-axis is 60°, then it satisfies

the equation

1) 64*+36a+37=0 2) 364> +37=0

3) 36a° +37a+36=0 4) a+3=0
If the equation of the plane passing through
the line of intersection of the planes

4)

3 9

contains the line whose

ax+by+cz+d=0,ax+by+cz+d =0
and perpendicular to the XY-plane is
px+qy+rz+s=0 then S=

1)dc-dc 2)dc+dc

3) dd tec, 4) aa +bb +cc,.

The two planes represented by
12x* —2y* =62 —Tyz +62x—2xy =0 are

1) 2x+y+22z=0,6x—-2y+3z=0

2) 2x—y+2z=0,6x+2y—-3z=0

3) 2x—y+2z+4=0,6x+2y-3z=0

4) 2x—y+2z=0,6x+2y—-3z+1=0

The angle between the planes represented by



14.

15.

2x* —6y" —122° +18yz+2zx+xy =0 is

(16 (17
1) Cos I(Ej 2) Cos 1(5)

(19 s
Cos™'| —= -
3) (21) 4) 2

The equation of the plane through the line of
intersection of the planes x—2y+3z-1=0,

2x+y+2z-2=0 and the point (1,2,3) is

1) 7x-9y+8z=0 2) Tx+y+8z=0

3) x+3y-2z-1=0 4) x-3y-2z+1=0
The equation of the plane which is parallel to

Y-axis and making intercepts of lengths 3 and
4 on X-axis and Z-axis is

1) 2x+2z=20 2) 4x+3z=12
3) 4x-3z=12 4) 6x+13z=15
KEY

01)3 02)3 03)4 04)1 05)3 06)2
07)1 08)3 09)3 10)1 11)1 12)2
13)1 14)3 15)2

SOLUTIONS

. d-7 and d-8 must have opposite signs

= 7<d <8.

2 2 2
) (xl+yl+zlj +(x1+y1_221j +[xl_ylj -5
' V3 V6 V2

=>x+y +z5=5

. A plane meet co-ordinate axes at

A(E,O,Oj B(O,E,O) C(0,0,i)
a ’ b ’ c
.. Centroid GZ(l,l,lj

a b c

l¢ab|=12, l¢bcL=9, l4caL=6
2 2 2

Equation of the plane is
a(x+1)+b(y—=3)+c(z+2)=0
a+2b+3c=0; 3a+3b+c=0

If L, M are the feet of the perpendiculars from

P, Q to the plane then projection of PQ is LM.
The lengths of edges are 4=5-2=3,

b=9-3=6,c=7-5=2

11

10.

.. Length of the diagonal — /42 + p% + 2 =7

The d.r’s of normal of the plane
2x+3y—4z-16=0 are (2,3,-4) and the

2 3 4
d.c’s are (@’@’@j

2 3
——,Ccos f=—— e —
75 = s 75

Where «, 5,y are the angle made by the normal

J.cosa = ,COSy =

with X, Y, Z axes respectiely.

2 3
na=Cos’' | —=— |, f= os_l(—j
(F)eme(
—4
=Cos™'| —
’ (@j
2 3 4
-~k ky,k; values are J29°429° 429
respectively

If a plane contains the line, then its normal and
line are perpendicular

4(2)+k(4)+8(3) =0
(i.e.,al+bm +cn= 0)

8+4k+24=0 =k=-8
The d.r’s of line are (a,b,1)

-. The d.c.’s of line are

a b 1
{\/a2+b2+1 Vo b2 +1 Ja 4 b +1

fcos60 =—% 21:4
Na? +b* +1 2 JaP+b*+1

e, 2g=~a’+b* +1

1.6, 3a2 = b2 41 eeeveereeens (1)

As the plane contains the given line, we have
3(a)+1(b)+6(1)=0
Eliminating b from (1) & (2),



I1.

12.

13.

14.

15.

we get 3a° = {—(6+3a)}2 +1
1€, 6a° +36a+37=0

c
The plane equation is (ax + by + cz+d) - (C_J

1

(ax+by+tcz+d)=0.
The product of the equations of planes for the option
(2)is (2x—y+2z)(6x+2y—3z)=0

12x* =2y =62 +Tyz+6x2—2xy =0

-, correct answer s (2)

The equation 2x* —6y” —12z* +18)z+2zx+xy=0
represents two planes and they are

2x-3y+6z=0

x+2y-2z=0
If ¢ is the angle between the planes (1) and (2)

then cos@= (2)()+(-3)(2)+6(-2)| _le
2+(3) 6422422 2
-.0=Cos™ E

Equation of the plane is
(x—2y+3z—l)+k(2x+y+z—2) =0
It passes through (1, 2, 3) then

5+5%k=0=k=-1
-. Plane is

(x—2y+3z—l)—1(2x+y+z—2):O
=>x+3y-2z-1=0

Equation of plane parallel to Y-axis is of the

both ~+=2=1=2+Z=1=4x+3z=12
a c 3 4

12

JEE MAINS QUESTIONS

1. The shortest distance between the lines

RinL i 2020
0 1 o [ ]
X+y+z+1=0,2x -y +z+3=0is:
1 1
1)1 2)\/5 3) \/E 4)

2. If for some a R, the lines

x+l o y-2 z-1 x+2  y+1 z+1

L Lo =

2 -1 1’ a 5-a 1
are coplanar, then the line L2passes through the point
: [ 2020 ]
1) (10,2,2) 2) (2,-10,-2)
3) (103_27_2) 4) (‘2,10,'2)

3.If the equation of a plane P, passing through the
intersection of the planes, x +4y—z+7=0and 3x +
y+5z=8is ax + by + 6z =15 forsome ab, , IR
then thedistance of the point (3, 2, —1) from the plane
Pis

[2020 ]

4.The distance of the point (1, -2, 3) from the plane

3 -6
[Jan. , 2020 ]

X
x-y+z=>5 measured parallel to the line 5°
1s

1

1)% D1 33 4y7

5.The foot of the perpendicular drawn from the point
(4,2, 3)to the line joining the points (1,2, 3) and

(1,1, 0) lies onthe plane : [Jan., 2020 ]
H2x+y—-z=1 2) x—y-2z=1
x—2y+z=1 Hx+2y—z=1



6.The plane which bisects the line —oining the points
(4,—2,3)and (2,4, - 1) at right angles also passes

through thepoint: [ 2020]
(1) (45 07 1) (2) (03 _17 1)
(3) (45 07 _1) (4) (03 1: _1)

7.The plane passing through the points (1, 2, 1), (2, 1,
2) andparallel to the line, 2x = 3y, z=1 also through

the point : [ 2020]
(1) (05 67 _2) (2) (_23 07 1)
(3) (05 _67 2) (4) (23 07 _1)

8.A plane passing through the point (3, 1, 1) contains
twolines whose direction ratios are 1,—2, 2 and 2, 3,
—lrespectively. Ifthis plane also passes through the

point( a, 3, 5),thenaisequalto: [2019]
(H5 (2)-10
(3) 10 4)-5

9.Let P be a plane passing through the points (2, 1,
0),(4,1,1)and (5,0, 1) and R be any point (2, 1, 6).

Then theimage of R in the plane Pis:  [2019]
(1)(6,5,2) (2)(6,5,-2)
(3)(4,3,2) 4) 3,4,-2)

10.A plane which bisects the angle between the two
givenplanes 2x —y+2z—4=0and x +2y+2z—-2

= 0, passesthrough the point : [2019]
(1) (1,-4,1) (2)(1,4,-1)
(3)(2,4,1) 4 2,-4,1)

11.IfQ (0,-1,-3) is the image of the point P in the
plane 3x —y +4z=2 and R is the point (3, -1, -2),
then the area (in sq.units) of trianglePQR is :

[2019]

91

o1 c)— d)

4 2 2

65

a)2{13 b)

12. Let P be the plane, which contains the line of
intersectionof'the planes, x +y+z—6=0and 2x +
3y +z+5=0and it is perpendicular to the xy-plane.
Then the distance of thepoint (0, 0, 256) from P is
equal to:

[2019]

63 205 11

17
)5 D O D

13.The equation of a plane containing the line of
intersectionof the planes 2x —y—4=0andy+2z—
4 =0 and passingthrough the point (1, 1, 0) is :
[2019]
2)2x—-z=2
4)x+3y+z=4

(1)x-3y—-2z=-2
B)x—-y—-z=0

14.The sum of the intercepts on the coordinate axes
of theplane passing through the point (-2, -2, 2) and
containingthe line joining the points (1,—1,2) and (1,

1, 1)1s [2018]
(1) 12 (2)-8
(3)-4 4) 4

15.A plane bisects the line segment joining the points
(1,2,3)and (— 3, 4, 5) at right angles. Then this plane

also passesthrough the point. [2018]
(1) (=3,2,1) 2)3,2,1)
(3)(1,2,-3) 4 (-1,23)
KEY
01)2 02)2 03)3.00 04)2 05)1
06)3 07)2 08)1 09)2 10)4
113 12)4 13)3 14)3 15)1
SOLUTIONS

1.For line of intersection of planesx +y+z+1=0
and 2x—-y+z+3=0:

Puty=0,wegetx=-—2andz=1
Loir=(=2i+k)+ A2+ j—3k)
Ll:;:(f—f)+y(—}‘+kA)

now piXby=-2[i+ j+k]anda2-al=—3j+ j+k

1
so shortest distnace is ﬁ

13



Required distance PQ =1

2. Since, lince are coplanar
5.Equation of line through points (1,—2,3)and (1, 1,

1 3 2 ox—-1 y-1 z
2 -1 1|=0 Ois =5~ =373
a S-a |l M,1-1,2)
I(-1-5+a)-32-a)+2(10-2a +a) Direction ratios of P M[-3,-1- 1,4 3]
therfore, ¢ =-4 PM 1 AB,SO 4 =1
Equationof L2is =23 F =517 ' This point sutsfy he plane 2x 2=

Point (2,10, -2) lies on line L.2 6.Direction ratios of normal to the plane are <1, -3,

2> Plane passes through (3, 1, 1)

.Equation of plane P is Equation of plane is,
(x+4y-z+7)+ 4 (3x+y-52-8)=0 I[x-3]-3[y—-1]+2[z-1]=0
X(1+3 2 )+y(d+ 2 )+2(-1+5 2 )H(7-8 1) =0 x-3yr2z=0

7.Let plane passes through (2, 1, 2) be
a(x-2)+b(y-1)+z-2=0
It also passes through (1, 2, 1)
-at+b-c=0 , a-b+c=0

1+34 4+4 54A-1 7-84
a b 6 -15
From last two ratios, 4 =-1

-2 3 ) The given line is
« b X2 2l paraliel to pl
a=2, b= -3 35" o lsparalle to plane
Equation of plane is, 2x-3y +6z-15=0 3a+2b=0
21 B a _b_ c
dlstance=7=3 - 0-2 3 243
4.Equation of line through point P (1,—2, 3) and
llelto the li i—l—i‘ — ﬁ:—:i
para etotemez—3—_6ls -3 s
x-1_y+2_z-3 2x-3y—4+43-52410=0
2 3 -6 2x-3y-5z+9=0

So, any pointon line=Q(2 4 +1,3 1-2,-6 1+3) 8. Plane contains two lines
Since, this point lies on plane x -y +2= 5

A N

ioJ
2A+1-34+2-64+3=5 P o
= —4i+5j+7k
A= 2 3 -1
so, A=
-4(x-3)+5(y-1)+7(z-1)=0
. . L 9 11 15
Point of intersection line and plane, Q (7 x 7) -4x+5y+7z=0

This also passes through (a, -3, 5)
-4a-15+35=0

14



-4a=-20 a=5

. 12.
Equation of planeis x+y—2z=3
x-2 y-1_z-6_-2@2+1-12-3) (@) Let the plane be
1 =2 6 P=(2+3p+245)+ Mx+y+z-6)=0
*,%2)=(6,5,-2) "+ above plane is perpendicular toxy plane.
10.The equations of angle bisectors are, ((2 +l); +(3 + }h)j + (] +l)k) A =0=)=-]

xX+2y+2z-2 _+2x—y+22—4

. . Hence, the equation of the plane is,

P=xt+2yt+11=(

Xx=3y=2=0or 3x+y+4z-6=0 Distance ofthe plane P from (0, 0, 256)

(2,—4,1) lies on the second plane.

0+0+11

5

1

5

I1.

(c) Image of Q (Du =1,= )in planf: 15, 13.Let the equation of required plane be;

{x—[)}:{y+l}::+3: _2{1_12_2) . 2x-y—-4)+1 (y+2z-4)=0

3 -1 +4 9+1+16 This plane passes through the point (1, 1, 0) then (2
:>x=3y=-2 =1 -1-4H+ 2(1+0-4)=0
=P(3,-2,1),Q(0,-1,-3),R(3,-1,-2) A=l
- Area of APQR is Then, equation of required plane is

2x-y—-4)—(y+t2z-4)=0

- 2x—2y—-2z=0bx-y-2z=0
A

o B

—|OPx0OR|==]3 -1 4

e 2
3 g 4

] ( % . 1

=E\,:(—l]—j(3—12]+k{3)p|

15



14.

Equation of plane passing through three given points
is:

X=X ¥ N =z
X=X Ya=» H-3|=0
3% F¥s—J1 S5
x+2 y+2 z-2
=>|1+2 —14+42 2-2|=0
l#2 1+2 1=2
x+2 y+2 =z-2
= | 3 1 0 |=0
3 3 —1
= —x+3y+62—8=0
x 3y b6z 8§
2 8§ 8%
e B B o
8 8 8
3 6
=L G
ST
3.6

15.Since the plane bisects the line —oining the points
(1, 2,3)and (-3, 4, 5) then the plane passes through
the midpoint of the line which is :

2 5 =
(1 3244 h+3] [_2 6 §];(_1,3,4}.

1" 3 2 2272

As plane cuts the line segment at right angle, so the
direction cosines of the normal of the plane are
(-3-1,4-2,5-3)=(-4,2,2)

So the equation of the plane is : —4x + 2y +2z= }

As plane passes through (— 1, 3,4)
so
—4=D+23)+24)= 2

A=18
Therefore, equation of plane is : —4x +2y+2z=18

Now, only (-3, 2, 1) satisfies the given plane as
—4(-3)+2(2)+2(1)=18

sk sk sk ok s ke sk skeosk ok
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3D-LINES

SYNOPSIS
Equation of a line :

> General Form (Unsymmetrical form)
of a line :

The intersection of two plane s is a line.The
equations
ax+by+cz+d =0=ax+b,y+c,z+d,
represents a line.
1) Equation to the X-axisisy=0,z=0
Equation to the Y- axisisx=0,z=0
Equation to the Z- axisisx=0,y=0
Equation of the line parallel to x-axis is y=p,
z=q, P,.9eR
Equation of the line parallel to y-axis is x=h,
z=q, h,qeR
Equation of the line parallel to z-axis is x=h,
y=p, h,peR
Symmetrical form of a line :
,.}

Vi)

1) The equation of the line passing through the

point (x,,¥,,z ) and having d.c’s (I,m,n) is

X=X _Y-h_z27%

/ m n

1) The equation of a line passing through the point

(x,»,2,) and having d.r’s (a, b, ¢) is

X=X _Y-h_z27%

a b c

i) The equation of the line passing through two

points (x;,¥,,z) and (x,,,,2,)is

X=X _ V=0 _

Vo= W

zZ-2z

Xy =X Z, — 4

Vector form of a line :

= Cartesian equation of a line passing through the
point (x,,y,,z,) and having d.r’s (a,b,c) is
X=X _Y=h_z274%
a b c

YT _YTh _zZTAa g
a b c

Let

X—x)=al=x=x +al

y=n=bA=y=y +bA

z—z1=cA=>z=z+cAd,Now,

xi +yj +zk = X1+ ﬂ,a7+ylj_'+lb7+zll;+/1d;

7 =(x1 +yj +zk)+Aai +bj +ck)

Which is the vector equation of the line passing

through (x,,y,,z,) and having d.r’s (a,b,c)

(or) vector equation of the line passing through

(X,, ¥,» z,) and parallel to the vector

ai +bj +ck where 7 =xi + yj +zk .
Conversion of non-symmetrical form to

symmetrical form :

= Let the equation of the line in non-symmetrical
form be
axtbyt+cz+d =0=ax+by+cz+td,
To find the equation of the line in symmetrical
form, we must know (1) its d.r’s (ii) coordinates
of any point on it.

To find the d.rs of the line :
Let /, m, n be the d.r’s of the line.

Since the line lies in both the planes, it must be
perpendicular to normals of both planes.

So,a/+bm+cn=0

al+bm+cn=0
From these equations proportional values of /,
m,n found by cross multiplication method

17



/ m n

by ¢ a

by

by

cy ay by

l m n

— = =
bicy —byey  cap —cray by —axhy

ii) To find a point on the line :
At least one of the d.r’s must be non-zero.
Letab,—ab = 0
The line cannot be parallel to xy-plane.
Let it intersect the xy-plane in (x,, y,, 0)
thenax +by +d =0
andax, +by +d, =0
By solving these equations we get the point
(x,,y,,0) on the line.
Hence the equation of the line in symmetric

x-x _y=n_z=0
I m  n

Note: If / = 0, take a point on yz-plane as
(0,y,,z,) andif m « 0 take a point on xz-plane
as (x,,0,z).

Parametric form :

= The parametric equations of the line passing
through the point P (x1 Vb2 ) and having d.c’s

form is

(I,m,n) are x=x,+lr, y=y +mr,

z =z, +nr Wherer=OP
Remark: The coordinates of a point on the line
whose d.c’s are (/, m, n) which is at a distance
of ‘r’ units from the point (x,,y,z,) are
(o lr,yy £mr,zy £ nr)

Angle between two lines :

= If @ is the angle between the lines given by

X=Xy _Y=n_z2774

by

and

a C

X—Xp Y~V _272

“ by o then
bby +cic ‘
cos@:‘alazjL 172 12
2 2
‘ V2Xa 2a ‘
. _ a_h_a
1) a)lf the lines are parellel then a, b, ¢

b) If the lines are | - then aa, + b, +cjc, =0

ii) If '@' is the acute angle between the line

X—Xx - z—z
NEPARRL - and the plane
[ m n
ax+by+cz+d =0 then
|al +bm+cn|
sing = Na* +b> + P NP +m? + 1
X—x -
i) Ifthe line — = - my L= 272 s parallel to
the plane ax+by+cz+d=0  then

al +bm+cn=0 (Normal to the plane is
perpendicular to the line)

i/ B Ap B erpendicular
l m n perp

If the line

a b c

[ m n
d.c’s of the line which makes equal angles with

1 1 1
coordinate axes are i(ﬁ’ﬁ’?j and the

to the plane ax + by + cz+d =0 then

d.r’s of the line are (1, 1, 1).

Coplanar lines :

= Two lines are said to be coplanar if they are
either parallel or intersect.

Non—Coplanar Lines :

= Two lines are said to be non coplanar or skew
lines if they are neither parallel nor intersecting.

Condition for two lines to be coplanar :

lies in the

X—x - z—z
= The line Lo YT N nl

[ m
plane ax+by+cz+d =0 if
ax, +by, +cz,+d =0,al +bm+cn=0.

X=X _ Y- n_z74
by a

Note: The lines

X=X Y= _z272%
a

ar lanar
by e e cop

X=X V1=
by

by

21—2

= ap 6] =0

ar (%)

18



Equation of a plane containing lines :
= The equation of the plane containing the lines

X=X _V=n_z75 X=XH V=W _27%5
@ b a T @ b, &)
X=X Y-V Z—Z
iS al bl Cl :O (Or)
ar by %)
X=Xy Y=Y 2723
al bl Cl = 0
a by %)
X—X - z—z
> If the lines — =2 A 275
/ m n
ax+by+cz+d =0=ax+by+cz+d, are

coplanar then
ax, +by +cz +d,
al+bm+cn

_ax,+by +c,z, +d,
a,l +bm+c,n

Skew lines :

= Two straight lines are said to be skew lines if
they are neither parallel nor intersecting. i.e. the
lines which do not lie in a plane.

Shortest distance :

» IfL, and L, are skew lines then there is one and

only one line perpendicular to both of the lines

L, and L, which is called the line of shortest

distance. If PQ is the line of shortest distance

then the distance between P and Q is called

distance between the given skew lines.

The shortest distance between the skew lines

PG+ AT =+ By s

li-m b B]
o]

(@ - @) (b sz)|
|By % b, |

If the above two lines are coplanar or

intersecting then [671 —ay 51 52 } =0

i) Shortest distance between the lines
X-x% _ Y= »h _z2-4%
al bl Cl
X=Xy V=V 272,
and = = is
a, b, )

\/z (be, =byc,)’
Distance between parallel lines :
= The distance between the parallel lines

b x(@ —ay)

r—a1+/1b r—a2+,ub is |b|

Proof: Given parallel lines are:

F=a+ib (1)
7=+ b - (2)
’ @
8 >— (1)
T Q
—_—

Let PQ be the distance between (1) and (2)
let T be a point on (1) with OT =g,
Let OP = a,
Let Q be the projection of P on (1)
Let g be the angle between PT and p
hx7p = (IDITPIsin@)i - (3)
Where 5 is the unit vector perpendicular to the
plane of the lines (1) and (2)
TP=0P-0OT =@, -4
In APTQ

PO

sinf =—== PQ = PT.sinf
PT

From (3) b_xﬁ=(‘l;‘ ‘ﬁ"sin 9)1%
= bx(@-a)=Ib|(PQ)i
et -a)|- 17

(1Al =1)

‘b x(az a1)‘ ‘b x(a = al)‘
- F7"2 770
Pa- g
‘b x(a —52)‘
=>PO="————
Z

19



EXERCISE -1

. The equation of the line joining (-2,1,3 ) and

(1,1,4)is

x+2 y-1 z-3 x=2 y+l z+3
3 0 1 ) 3 0 1

x+2 y+l z-3 4 x-3 y-1 z-2
4 3 2 ) 1 1 1

. The equation of the line through (3,1,2) and

equally inclined to the axes is

x-3 y-1 z-2
0 1 0

1) ——=—= 2)

B B x-3 y-1 z-2

0o 0 1 111

. The equation of the line passing through
(-1, 2, -3 ) and perpdendicular to the plane
[ EAM 2017]

2x+3y+z+5=0is

x-1_ y+2 z-3 5 x+l y-2 z+3
-1 1 -1 -1 1 1

x+l y-2 z+3 4 x+l y-2 z+3
2 3 1 ) 1 1 1

. The equation to the plane which passes
through the z-axis and is perpendicular to

x—-1 y+2 z-3
the line == = is
cosa Ssina 0

1) xsina+ycosa=0 2) xsina—ycosa=0

3) xcosa+ysina=0 4) xcosa—ysina=0

. The cartesian equation of line is

x=5 y+4 z-6
3 7 2

its vector form is

)+l(3z +27 +2k)
2) 7 =(5i - 4J+6k)+/1(3z+7j+2k)
k) k)
k k

+A(3i +7] +2k

3
4) 7 =(-51+4j+6 )+/1(3z+7]_'+2 )

10.

11.

12.

13.

20

Parametric form of the equation of the line
3x-6y—-2z-15=0=2x+y—-2z-5 is

x=5 _y_z x-1 y=-5 z-1
D7 2" P2 T TS
3)x 3 y+1 _z x+521_i

2 15 14 2 15
The Value of p so that the lines
I—Tx:7y2;l4:z;3 and 7;;x:yT—5:6;z N
right angles are
1)70/11  2)7/11 3)10/7  4)17/11
The angle between the lines
x-1 y=-2 =z+3 x y z,

2 1 2 M Tgh
1) o 2) 30° 3) 45°  4) 90°
The sine of the angle between the straight
. x-2 y-3 z-4
line 3 = 4 = 5 and the plane
2x-2y+z=51is
1) ﬁ 2) & 7= 4 &

3 5v2 5
The angle between the lines 2x =3y =—z and
6x=-y=—-4zis [ EAM 2019]
1)0° 2) 30° 3) 45° 4) 90°

The angle between the pair of lines
F=(3T+27-4k)+A(7T+27+2k) a n d
F=(57 -27)+ (37 +27 +6k) is

1) tan™' (19/21) 2) cos ™' (19/21)

3)sin~' (19/21) 4) cos™ (19/20)
The angle between the lines x =1, y =2 and

y=-1,z=0is [ EAM 2020]

ns =3I e

)5 )6 ) 3 )

The lines

x-1 y-2 z-3 x=2 y-3 z-4
a 3 4 3 4 5

are coplanar. Then a =

11 2)2 3)-1 4)-2



14.

15.

16.

17.

18.

19.

20.

21.

x=2 y-3 z-4
1 1 —k

If the lines and

x-1_ y-4 z-5

2 1 are coplanar then k can
have (MAIN-2013)
1) any value 2) exactly one value
3) exactly two values 4) exactly three values

The equation of the plane containing the line

x-1 y+1 z-3
2 -1 4

plane x+2y+z=12 is

1) 9x—2y+5z4+44=0  2)9x—2y—5z+4=0

3) Ix—2y—-5z—4=0 4)9x+2y—5z—-4=0

A plane which passes through the point

and perpendicular to the

x—4 y-T7 z-4

3, 2, 0) and the line 1 5 4 is
(AIEEE - 2002)

Dx-y+z=1 D)x+y+z=5

I)x+2y-2=1 4)2x —y+z=5

The value of m for which staight line
3x—2y+z+3=0=4x-3y+4z+1 is parallel to
the plane 2x—y+mz—-2=0 is

1)-2 2)8 3)-18 4) 11
If the line ~——=2t1_z"1 d
e line > 3 4 an
x-3 y—-k =z
n = T = T intersect then k=
(JEE MAINS -2012)
1)-1 2)2/9 3)9/2 4)0

Let L be the line of intersection of the planes
2x+3y+z=1andx+3y+2z=2.If L makes
an angle o with the positive X-axis then

coso = (AIEEE - 2007)
1 1 1
1) NE] 2) ) 3)1 4) N3

The d.r’s of the line given by the planes
x-y+z-5=0,x-3y—-6=0 are
1)(3,1,-2) 2)(2,-4,1)

3)(1,-1, 1) 4)(0,2,1)

The equation of the plane containing the line

X=X% _Y= N _272
/ m n

is

21

a(x—x;)+b(y-y )+c(z—2z)=0 where

1) ax;+by+cz;=0 2) al+bm+cn=0

b
3)7:Z:_ 4) Ixy+my; +nz; =0
KEY
01)1 02)4 03)3 04)3 05)2 06)3
07)1 08)3 09)3 10)4 11)2 12)1
13)2 14)3 152 16)1 17)1 18)3
1991 20)1 21)2
SOLUTIONS
. Dur’softheline = (x,—=x,,y,~y,,2,Z,)
Let(a,b,c)=(3,0,1)
Use the formula admi AP A
a b c
. Use the formula TTAYTA _ETA , where
[ m n
l=m=n= L
3
. By verify the options

. By wverification D.r’s of normal are

(cosa,sino,0)

x-5 y+4 _z-6
3 7 2

7, =3x-6y-2z-15=0

=1

m,=2x+y—-2z-5=0

now the dr’s of the common line two planes
are (14,2,15) and Put z=0inx, and z, and
solve them we get a point

x-1 y-2 z-3

3 " 2p 2 (D)
7

x-1_ y-5 z-6

-3p 1 -5 @

7

(1) and (2) are perpendicular.
aa, + b1b2 + Gy = 0

. Use formula,

|qay + b, + ¢, |

cosf =
\/al2 +b12+c]2\/a22 +b22+022




10.

I1.

12.

13.

14.

15.

16.

17.

Take (al,bl,cl) = (3,4,5) and
((12,b2,6'2) = (2,_2,1) .
Use

|aya, +biby + ;|

cos(z—ﬁj—
2 \/alz+b12+clz\/a22+b22+cz

2

Given lines are

r_ry_z
3 2 -6 1
r_ Yy _Z
2 -12 -3 2)
If 9 is the required angle
s
aa, +b1b2 +C1C2 :0, e=§
D.r’s of given lines
by :(1,2,2),52 =(3,2,6); cosé :%
||

The line x = 1, y = 2 is parallel to z-axis.
The line y =1, z = 0 is parallel to x-axis.

s
Angle between the lines is 5
Xo=X M=V Z,— %
[, m, n |=0
L, m, n,
1 -1 -1
1 1 —k|=0
—k*+3k=0.k=0,-3
k2 1
x—1 y+1 z-3
Take 2 -1 4 [=0
1 2 1
Verification

Required plane has to pass through the points
(3,2,0)and (4,7, 4)

7, =3x-2y+z+3=0
m,=4x-3y+4z+1=0

18.

19.

20.

21.

22

a b c
-21 3 =2 a b c
- = =
-3 4 4 -3 —-8+3 4-12 -9+8
D.r’s of the common line of the two planes are
(_53_89_1)

D.r’s of the normal to the plane are (2, —1, m)
Now apply the perpendicular
condition with the given plane we get m = -2

Xo=X YYo= Z,—Z%
a, b, ¢, |=0
a, b, C,

, ) ) ) < xx
D.r’s of the line of intersection 3797173

(a, by ¢)=(3,-3,3)
D.r’s of x-axis (a,, b, ¢,)=(1, 0, 0)

3 1
COSOl = —F———==—
V91919 3
By cross multiplication method
a b c
-111-1 a b ¢
X X —=—=—
-301-3 3 1 =2

Plane contains the given line normal to the plane
must be perpendicular to the line
so, al + bm + cn = 0.

EXERCISE - 11

A line passes through two points A(2,-3,-1)
and B(8,-1,2). The coordinates of a point on
this line at a distance of 14 units from A are
1) (14, 1,5) 2) (-10,-7,7)

3) (86, 25,41) 4) (0,0,0)

The distance of the point (1,0,-3) from the

plane x—y—z=9 measured parallel to the
. x—=2 y+2 z-6
line > 3 6 is

1)6 2)7 3)8 4)9

The distance of the point (1, -5, 9) from the
plane x — y +z =5 measured along a straight
(AIEEE-2011)

3) 53 4310

line x=y=zis

D35 21043



10.

11.

x=2 y+1 z-1
3 2 -l
curve xy=c’,z=0 ifc= [EAM -2018]
D+3 D+ HT
The point of intersection of the line
x=3 2-y z+l1
3 41
2x+4y+3z+3=0, x+2y+3z=0is
1)(9,6,1) 2)(-9,6,1)
3)(9,-6,1) 4) (-9,-6,-1)
The shortest distance between the lines

z-1 x-4 y-5 z-2,
T4 s 3 "¢

The line intersects the

1) +1

and planes

x-2 y-3
3 4 2

1 1 1 5
1) ﬁ 2) ﬁ 3) ﬁ 4) %
The shortest distance between the lines
F=(1-1)T +(1=2)7+(3-2()k and
(s+1)1 +(2s l) (23+1)k

1) 8/J17  2) 8/4493 3) 8/429 416429

The distance between the parallel lines
F=20 +3j—k +A(i —j +2k) and

F =31 +4] +k + u(i —j +2k) is

17
”Zf 2>f 3>f

The reflection of the point A (1, 0, 0) in the

4)7

.oox—1 y+1 z+10

line S T3 g s [EAM -2019]
1)(3,4,-2) 2)(5,-8,-4)
3)(1,-1,-10) 4)(2,-3,8)

The foot of the perpendicular from (a,b,c) on

theline x = y = z is the point (r,7,7) where

D) r=a+b+c 2) r=3(a+b+c)

N3r=a+b+c 4)r:4(a+b+c)
The length of the perpendicular from the point

12.

23

1,2,3) to theline ~—0=2"7 =27
(1, 2, 3) to the line 3 > ) is
1)7 2) Ja8  3)8 4)9

The length of the perpendicular from the

point (-1, 3, 9) to the line
x—13 y+8 z-31

s 8 1 °
1)21 2)22 3)20 4) /439

KEY
01)1 02)2 03)2 04)3 053 06)2
07)3 081 09)2 10)3 11)1 12)1
SOLUTIONS
x=2 y+3 z+1 x-2 y+3 z+1
= = = = = oints
6 2 3 ¢ 3 x%P

on the line

3r

6 2r
= 2+—r,-3+—,-1£— —
( 7 7 7 j where r=14.

. Equation of the line passing through (1, 0, —3)

with d.r’s (2, 3, —6) is

x—1 _ y—0 _ z+3 _,

) 3 g ! (ay)
x=1+2t,y=3t,z=-3 -6t
Let P be a point in the plane x—y—z=9 such that
AP is parallel to given line
P=(1+2t, 3t,-3 —6t)
Substitute P in the given plane, t =1
P=(3,3,-9),AP="7.

. LetP=(1,-5,9)

Let Q be a point on the given plane such that
PQ is parallel to given line
The equation of the line PQ is

x-1_ y+5 z-9
1 1 1
Let Q= (1+1,1-5,1+9)
Sub Q in the given plane, ¢=-10
5.0=(-9,-15,-1)
= /300 =103

. we have 7= for the point, where the line

intersects the curve. therefore,



10.
I1.

x=2 y+1 0-1
3 2 -1
x_zzland yTH:l

=

=>x=5and y=1

Putting these values in xy = ¢*, we get

5= c=15

By verification method

a =(2,3,1), @& =(4,5,2), b = (3,4,2)

by =(4,5,3)

‘[671 ~a b by ]‘
i

Shortest distance =

Given lines

=(1 27 +3k)+t(-i +] —2k) and
(G —-7—k)+s( +27 -2k)

=(1,-2,3),b1 =(-1,1,-2)

d, =(1,-1,-1),b, =(1,2,-2)

‘[671 ~@, by 52]

[or B

r=
a

Find
ay=2i +3j—k,a=-31 +4j +k,
7 -2k

a
b=i-j+2k ,a—a,=5i -

i 7k
@) =1 -1 2|=47+12] +4k
5 -1 =2

b (@ ~a,)| =176, [6] =6

‘b x (@~ az)‘ \/F
5]

Any point P on the line is (2r+1 , —3r-1, 8r—10)

D.r’s of AP are (2r, —3r—1, 8r—10)

AP is perpendicular to the given line

2(2r) = 3(3r-1) + 8(8r-10) =0 =r=1

P (3,-4,-2)

Let B be the image of A

B=2P-A

apply the formula for perpendicular condition.

LetP=(1,2,3)

I;X(al

=2

Distance =

12.

24

1.

LetA=(6,7,7)
Let B be the foot of the perpendicular of P on

the given line ]

D.r’s of given line = (3, 2, -2)
B

2 2
Dcsofglvenhne—(\/—\/—\/_j

AB = projection of AP on the given line

= |l(x2 —x1)+m(y, —y1)+n(z; —Zl)|

AB= 17

From A ABP, pg2
= \/4_ =7

LetA=(-1,3,9)

Any point P on the line is

(13 + 5t, —8-8t, 31 +1t)

Let P be the foot of the perpendicular of A

D.r’s of AP = (14+5t, —11-8t, 22 + t)

AP is perpendicular to given line.

aa,t+bb,+cc,=0

=5(14+5t) +8(11 +8t) +22+t=0

=t=-2,P=(3,8,29),AP=21

= AP? —4B* =66 17

EXERCISE - 111

Equation of the perpendicular line from

3,1, 11) to the line ~ =22 =22 ;
G,-1,11) to eline - 3 4 i
x=3 y+l z-11 x=3 y+l z-11
1 -6 4 ) 2 5 7
x=3 y+1 z-11 x=3 y+l z-11
1 11 3 1 6 4
2. The equation of line of shortest distance
x-3 y=-5 z-7
between the lines = = ;
1 -2 1
x+1 y+1 z+1
7 6 1 °



x-3 y-5 z-7
D773 4
x+3 y+5 z-7

2)

2 3 4

x+3 y-5 z-7
A

x-3 y-5 z+7
VTS T

. Aplane mirror is placed at the origin so that

the direction ratios of its normal are
(1, -1, 1). A ray of light, coming along the
positive direction of the x-axis strikes the
mirror. Then the direction ratios of the
reflected ray are

G122 o122
1333 ) 37373
gol=2-2 o122
) 33773 ) 37373
y=-1 z-3
. Ifthe angle between the line X=T= 7
and the plane x+2y+3z=4 s
cos ' (\/5/14) then - (AIEEE-2011)
) 2 ) 3 ) 3 ) 5

. If lines x=y=z and x=y/2=2/3 and
third line passing through(L,11) form a
triangle of area ./g units, then point of
intersection of third line with second line will
be

1) (1,2,3)

(iﬁEj
3) 3’3’3

. Let P(3, 2,6) be a point in space and Q be a
point the
F=(f—j+2k)+u(-3i+j+5k) then the

2)(2,4,6)

4) (2,1,3)

on line

value of u# for which the vector PQ is

parallel to the plane x—4y+3z=1is
(I1T-2009)

-1 1 -1

1
I)Z 2)7 3)§ 4)§

10.

11.

12.

25

The equation of the plane which passes
through the z-axis and is perpendcular to the
x—a y+2 z-3

cos@ sinfd 0 18

I) x+ytand =0

3) xcos@—ysind=0

line
2) y+xtand =0
4) xsin€—ycos@=0
x-1 y-3 z-4
31 s !
the plane 2x —y + z + 3 = 0 is the line
(MAINS-2014)

The image of the line

x=3 y+5 z-2 x=3 y+5 z-2
31 5 P a3 a7
x+3 y-5 z-2 x+3 y-5 z+2
31 -5 -3 -1 5

x-1 y-2 z-3

1 2 3
of the following is incorrect ?

For the line , which one

1) it lies in the plane x =2y +2z =0

2)iti li 22
) it is same as line 1~ 2 3
3) it passes through (2,3,5)

4) it is parallel to the plane x -2y +z =6
x+1 _y_z-1,
1 2 3 ™
the plane x-2y+z=6 is the line of intersection

of this plane with the plane is
1) 2x+y+2=0 2) 3x+y-z=2
3) 2x-3y+8z=3 4) x+y-z=1

The projection of the line

If the straight lines x=1+s,y=-3- 25,

t
z=1+ 2sand xzz,y:1+t,z:2—t with

parameters ‘s’ and ‘t’ respectively are
coplanar then j =

1)-2 2)0 3) —% 4)-1

The equation of a plane which passes

through the point of intersection of lines
x-1 y-2 z-3 x-3 y-1 z-2
= = an d = =
3 1 2 1 2 3
and at greatest distance from point (0,0,0) is
1) 4x+3y+5z=25 2) 4x+3y+5z=50
3) 4x+3y+5z=49 4) x+7y-5z=2




. Let

KEY

01)1 02)1 03)4 04)3 05)2 06)1
07)1 08)3 09)3 10)1 11)1 12)2
SOLUTIONS

. Let P be the foot of the perpendicular from
A (3,1, 11) to the given line then
P=Q2r,3r+2,4r+3)
D.r’'s of A.Pare 2r—3, 3r+ 3, 4r—8)
4p 1s perpendicuilar to the given line
= 2Q2r-3)+3@r+3)+44r-8)=0 =r=1
P=(2,57)
Dr’sof 4p are(l,-6,4)
P(o+3,-2a+50+7)
O(7B-1,-6B—1,—1) be the points on the
given lines so that PQ is the line of shortest
distance between the given lines
D.r’'sof PO=(a-7p+4,-20+6p+6,00—B+8)
Since PQ is perpendicular to the given lines
l(o—-7B+4)-2(20+6B+6)+1(aa—B+8)=0
=60-20=0=3a-10=0 ---(1)
and,

= T(a—-TB+4)-6(—20+6B+6)+1(aa—B+8)=0
= Ta—-49B+28+120-36—-36+0a—-B+8=0
= 200-86B=0=100 =433 --(2)
From (1) and (2) a=0,=0
P=(357) O0=(-1,-1,-1)
D.r’s of PQ =(—4,-6,-8)=(2, 3,4)
x-3 y-5 z-7

2 3 4
. Let ([, m, n) be the d.c’s of reflected ray

We have (1, 0, 0) are the d.c’s of incident ray
(x-axis).

and

Equation of PQ is

1 1 1
D.c’s of normal are (\/3 NEN \/gj
Let (/,,m,,n)=(,m,n), (,,,m,,n,)=(1,0,0)
If g is the angle between the normal to the plane

1
inei cosf =—
and incident ray, then 5

ll+12 m1+m2 n1+n2
2¢050° 2cos0  2cosO

J:(l,m,n)

4.

AN N |
2c0s0 3 3
m0 -1, -2
2c0s0 3 3
ne0 L2
2cos \/5 3

1 /5 \/g
— == 0=——
Let €OS ( 14] coS \/ﬁ

:>sin6’=i

J14
D.r’s of givenline (a, b, ¢ )= (1,2, 1)
D.r’s of normal to the given plane
(a, b, c)=(1,2,3)

aqay + blbz +cCc

sind =
\/a12+b12+012 \/a§+b22+c§
3 1+4+34 P
= .o 1==Z
Ji4 V1+4+ 22 1+4+9° 3
y z
x=y=ze(), ¥=U =0 Q)

Clearly point of intersection of (1) and (2) is
(0,0,0)

D.r’sof (1) are (1, 1, 1)

D.r’s of (2) are (1, 2, 3)

Let @ be the angle between (1) and (2)

cost9—L sin@—ﬁ
NP RN

Let any point on second line be (ﬂ., 2/1,32)

Third line passing through (1, 1, 1)
(1,1, 1) lieson (1)
A=(,1,1)

Areaof AOAB = %(OA) OBsin @

1 J6
:Eﬁk\/ﬁxﬁzﬁ =>A=2

So Bis (2,4,6)



AQ1L,L1)

0 B(%,21,31.)

6. P=(3,2,6)

O=(1-3u,u-12+5n)
D.ur’sof PQ= (-3u-2,u—-3,5u-4)
Equation of the plane x —4y +3z=1
D.r’s of the normal to the plane (1,4, 3)
PQ is perpendicular to the normal to the plane
aja, +bby, +cjc, =0
= -3u-2-4p+12+15n-12=0

1
= 8u-2=0=>p= 2
. The d.r’s of the normal of the plane are
(cos®,siné, 0).
Now, the required plane passes through the z-
axis. hence the point (0,0,0) lies on the plane.
The required plane is
xcos@+ysind=0, =x+ytanfd=0
.3+ 1D+ (-5 (1H)=0
Given line and given plane are parallel
. Image line is also parallel to the given line
Image of A (1, 3, 4) w.r.to given plane lies on
the image line.
Equation of the normal to the plane is

2 -1 1
Any point on the line B= (2r + 1, —r+3, r+4)
If B is the image of A (1, 3, 4) then mid point
of AB lies on the plane.

2r+2 —r+6 r+8
2 7 2 2

Mid point lies in the given plane

2r+2 -7r+6 r+8
=2 — +
P HE S

:7":—2 7B:(_3a552)

x-1_ y-3 z-4

Mid point = (

+3=0

x+3 y-5 z-2
3 1 -5

Image line is

(1,2,3) satisties the plane x—2y+2z =0 and
also (7 +2/+3k) .(i-2j+k)=0

x-1 y-2 z-3
1 2 3

Since the lines and

x_y_z

1 2 3

are same. given line is obviously parallel to
the plane x -2y +z=6

both satisty (0,0,0) and (1,2,3) both

10. Equation of a plane through (-1,0,1) is

I1.

12.

27

a(x+1)+b(y—0)+c(z—l) =0
Which is paraallel to the given line and
perpendicular to the given plane.

—a+2b+3c=0 and a—2b+c=0
by solving the above, we get , c=0, a=2b

x—1 y+3 z-1

Given lines are

2

1 -1 A
x_y-1_z-2
11
2
Given lines are coplanar
I 4 -1
=1 -4 A4|=0
1 s :>/1:_2
— 1 -1
2

Let a point (3/1 +1,A+2,24+ 3) of the first

line also lies on the second line Then

34+1-3  A+2-1 24+43-2
= = f—
1 2
Hence, the point of intersection P of the two

lines is (4,3,5)

A=1




JEE MAINS QUESTIONS

1.A plane P meets the coordinate axes at A, Band C
respec tively. The centroid of triangle ABC is given
to be (1,1,2). Thenthe equation of the line through this
centroid and perpendicular to the plane P is:

[2020]

x-1_ y-1 z-2 x+1 y-1 z-2
D=7 =7 2% 77T ™
pyilorl 222, fth
) > > 1 ) none of these

2.If (a, b, ¢) is the image of the point (1, 2,-3) in the

. x4+l y-3 =z .
line,——="—7—=——,thena+b+cisequalsto:
2 -2 -1
[2020]
(D)2 2)-1
(3)3 41

3.The shortest distance between the lines

x-3 y-8 z-3 x+3 y+7 z-6

3 0 T T 4
)3 2)5 [2020]
3)34/30 4) none

4.If the foot of the perpendicular drawn from the point
(1,0, 3) on a line passing through (a, 7, 1) is, then a

isequal to [2020]
5. Two lines

=3 g4l z=6 . 2¥5 y-d z-3
8 g . &

intersect at the point R. The reflection of R in the xy-
planehas coordinates : [2020]

28

(D)2, —4.-7)
32,47

) (2,4,7)
® (=2,4,7)

6.Ifthelinesx=ay+b,z=cy+dandx=a'z+Db',
y=c'z + d' are perpendicular, then: [2019]

(1)ab'+bc'+1=0
(2)cc'+a+a' =0
3)bb'tcc'+1=0
(4)aa"tc+c'=0

7. The number of distinct real values of 1 for which the

x—1 y-2 z+3 x=3 y-2 z-2

lines I > PE and I PR I
arecoplanar is : [2019]
(1)2 (2)4
(3)3 41
8.If the length of the perpendicular from the point (b,
0, b) to the i 5—131—Z+1'J§ henbi

, )totemel 0 = is 2,t enbis
equal to: [2019]

(D1 (2)2

(3)-1 (4)—2

9.Ifapoint R(4, y, ) lies on the line segment —oining
thepoints P(2, -3, 4) and Q(8, 0, 10), then distance

of R fromthe origin is [2018]
D214 2)2421
3) 6 4)J53

10.The length of the projection of the line segment
joiningthe points (5,-1,4) and (4,—1, 3) on the

plane, x+y+z=T7is: [2018]
R \E ol
)3 I B O



KEY

13 )1 3)3 4y 4 51
6) 4 )3 8)3 9) 1 10)1
SOLUTIONS

1.C
TB{U%U)
G(1,1,2)
A0, 0,0)
> X
10, 0,7)

s 0=3,p=3 and y =6 as Gis centroid.
.. The equation of plane s

£+l+£:[
a p v

:>£+Z+£:l:>2x+2y+_-:
3 36

x=1 y-1 z-2
T2 2 1

The required line is

29

x+1 y-3 =

——=#

3 g =

Any pomton line = (24 -1, =2A +3, = &)
w25

L

LDrof PO=[2A-2, -2 +1, -4 +3]
D.r. of given Ime=[2, -2 -]

++ PQ1s perpendicular to line L

LU -2)-2(-2A+ D) -1 (-2 +3)=0
=4i-4+4h-2+K-3=0

=0L-9=0=i=1
-+ Qs mid pointof PR=0=(1,1,-1)
. Coordinate of image R=(1,0, 1)=(a. b, c)

La+bh+ec=2.

AB=6i+157+3k

p=i+4)+22%k

g=i+j+7k
| -

pxg=l 4 22/=6i+15j-3k
hE 7

Shortest distance between the lines is

=tAH..'{p.>-<q]|= |3ﬁ1-223+9|=3&
| pxgl 36422549




4.
Firstlineis:x=ay+ b, z=cy+d
Since, PO 1s perpendicular to L S
Xi=b y z-d
P(1.0,3) e
and another lineis: x=a’z+ b y=c'z+d

x-b y-d' =
= = —_——
! c’ 1

Lia, 7,1} a
- 57 ;'.-" -* Both lines are perpendicular to each other
Q[?E?J s oaa+c+e=0
7.
] 5 5 -7 4 7 Lines are coplanar
i i, e [t o e
[ 7. 3] 3 3
A = 31 3eE 4=t
+[3'?J(I'T]:G 1 2 2 | =0
Z
Ja 10 98 112 ! A 2
L L
3 g 9 9
a2 4 2 0 4
39 5
5 = [T 2 a2
1 aA 2

24-1H+40°-2=0
4-1*+202-4=0 = 22(32-2)=0

= A=0,.2, -2

x+5 y-
mer - IJ_

L =(A+3,3k-1,-A+6)
and coordinate of P wir.t.
line L,=(7n—-5,-6p+2,4u+3)
A-Tu=-83A+6u=3 h+4u=3

From above equation : A=-1, pu=1
Coordinate of point of intersection R=(2, -4, 7).

Image of R wr.t. xy plane=(2,-4,-7).

30



x y-1 =+l
Given, —=—=—

e = p(let) and pomt P(f3, 0, )
Anypointon line A= (p, E,—p—l}

Now, DR of APa" <p-p,1-0,-p-1-p=

Which s perpendicular to line.

10.
Lp-PI+01 =1 (-p-1-B)=0
I Let v, and v, be the vectors perpendicular to the
=p-ptpt1+p=0=2p= 3 plane OFQ and POR respectively.
3 i 5k
e A(?‘“EJ . _POx00=[1 2 1
’ 213
, . 3 3
GwenmatdjslanceAP=J::&AP3=— X A
2 2 =5i-j-3%k
o IV 1 . @ 0
:>[l+— = |3+ :Eurlﬁ-i-; == A
i & : _POxPR=|1 -1 2
) -2 -1 1
:‘r[ﬂ'f—J =~::-|3 0,-1(f=0)
=i-5]-3k
S Bt
B_ﬂ_ 5+5+9 19
ST IR I17: T 254149 35
_ . G
Here, P, Q, Rare collinear & DR
" PRZlPQ
skeoskoskokskosk

2i+(y+3)j+(z- 1. Mﬁr+3;+bk]
>6L=2y+3=31,2-4=6L

|
h==,y=-2,2=6
2h=3

.. PointR(4,-2,6)

Now, OR= /(412 + (<22 +(6)2 = 56 =214

31



ADVANCED LEVEL QUESTIONS

SINGLE ANSWER TYPE
QUESTIONS

. The point in which the YZ plane divides the
line joining the points (3, 5, -7) and
(-2, 1, 8) is (x, ¥, z). Then the value of
x+Sy+zis
(A)10 (B)15 (O)12 (D)20

. P(1,1,1) and Q(l, 1, 1) are two points in the
space such that PQ = /27 , the value of 1 can
be [JEE 2006]
(A4 (B2 (€)2 (D)0

. The direction ratios of the bisector of the
angle between the lines whose

l,, m;, n;; /,, my,, n, are [JEE - 2003]

(A)], £1,,m£m,,n,+n,

2 2 2 2 2
(B)ll +1,°,m,”+m,",n,

+n,’
(C)fim, —l,my, myn, —my,n;, 0/, —ny/,
(D)/m, +/,m,, mn, + myn,, n,/, +n,/,

. The plane which contains the line3x+y=1,
Zz=4 and paralleltox+y+z+1=0,
y +2z =1, cuts the x-axis at

(A)(-2,0,0) (B)(-3,0,0)
(C)(-4,0,0) (D)(-1,0,0)

. The line ? = % =§ and the plane
2x -4y +2 z=3 meet in [JEE 2099]
(A)at one point (B)no point
(O)infinitely many points
(D)at two points

. If (4k,, k7, 1)and (4k,, k3, 1) are two points

lying on the plane in which (2, 3, 2) and
(1,2, 1) are mirror image to each other, then
k,k, is equal to

3 5 7 9

A)-7 B~ ©O-75 O
. Theplane x —y—z =2 isrotated through an
angle 9(° about its line of intersection with

the plane x+2y+z=2. Then equation of
this plane in new position is

32

(A)Sx+4y+z-10=0
(B) 4x+5y—-3z=0

O)2x+y+2z=9
D)3x+4y—-52=9
KEY

01)B 02)B 03)A 04)D 05)B 06)D
07) A

SOLUTIONS

. Let the yz—plane divide the line joining the given

points in the ratio m, : m,. Then the coordinates of
the point of division are

m, +5m,

—2m, +3m, 8m, —7m,
m,+m, =~ m+m, m+m, )

Since this point lies on the yz—plane, its x-

coordinates is zero. Therefore

—2m +3m,=0,ie.m :m =3:2

The other coordinates of the point of division

are now

m +5m, 3425 13

3+5 - ?’and

3.8-2.7
‘" m, +m, T o3+2
= x+5y+z=15
(PQ)’* =(A=D*+(A=1)* + (A -1)°
=3-1)*=27=  (A-1)?=9
= A=-2o0r4

y m, +m,

8m, —7m,

. LetOP=0Q=r

M is the mid point of PQ, then coordinates of
M 1, +1, . m, +m, . n, +n, .
2 )’ 2 ’ 2
1, +1, " m, +m, . n, +n, .
2 2 2

DR’s of the bisector are

l,+1,,m,+m,,n, +n,
DR’s of other bisector are

l,-1,,m —m,,n, —n,



P(/;r,mr, nyr)

0O M

Q (ZZ I,mpf, an)

. Letthe plane be 3x +y—1+ A(z—-4)=0

x+2 y-1_
1 -2

=3x+y-z+3=0

It is parallel to line %

=>Ai=-1
Hence point is (-1, 0, 0)

. Anypoint on the given line s (t,2t,3t).

It lies in the given plane if 2(t) - 4(2t) + 2(3t) =3

= 0=3. Which is not true for any t ¢ R, Hence,
the given line and given plane does not meet in
any point.

. Required plane is 2x +2y +2z—- 11 =0

9

=2k>+8k-9=0 :>k1k2=—5

(x—y—z—2)+7»(x+2y+z—2):0
(k+1)x+(2k—1)y+(k—1)z—2k—2:O
(A +1).1+ (24 ~1)(=1)+ (A -1)(=1) =0

=> equation of plane is 5x +4y+z—-10=0

MULTIPLE ANSWER TYPE
QUESTIONS

. If the direction cosines 1, m, n of a line are

related by the equations l+m+n=0,
2mn+2ml- nl=0 then the ordered triplet
(I, m, n) is

(A)

_L_LLJ
(B) 6 6 6

2 1
o[- %%

33

o(%%%)

x=1 y-1 z+l

The lines 3 1 0 and
x-4 y+0 z+1
2 0 3

(A) do not intersect

(B) intersect

(C) intersect at (4, 0, —1)

(D)intersect at (1, 1, -1)

The plane x -2y +7z+21=0

x+1 y-3 z+2

-3 2 1
(B) contains the point (0, 7, —1)

(A) contains the line

. . . X _y z
(C) is perpendicular to the line 1 = ) = 7
(D) is parallel to the plane x — 2y + 7z =0
The equation of a line
4x —4y-z+11=0=x+2y—z—1 canbe put

as

IfP(2,3,1)isapointand L=x-y-z-2=0
is a plane then
(A) origin and P lie on the same side of the plane

4
(B)distance of P from the plane is ﬁ

‘ (10 5 1
(C) foot of perpendicularis | 5> 5>~ %

37373
10 5 1
(D) image of point P by the plane 3373

Consider the plane through (2, 3,-1 ) and at
right angles to the vector 3j-4j+ 7k from the

origin is



(A)The equation of the plane through the given point

1S 3x—-4y+7z+13=0

(B)perpendicular distance of plane from origin
1

74

(C)perpendicular distance of plane from origin

13

V74

(D)perpendicular distance of plane from origin
21

Nz

A line L passing through the point
P(1, 4, 3), is perpendicular to both the lines

x-1 y+3 z-2
2 1 4

x+2_
32

y—4

, and

z+1

-2
is (a;, a,, a,) such that (PQ)? = 357, then (a,
+a, +a,) can be

. If the position vector of point Q on L

(A) 16 B)15 ()2 D1
KEY
01)A,B,C,D 02)B.,C 03) A,B,C,D
04) A,B) 05)A,B,C  06)A,C
07)B,D
SOLUTIONS

. I+m+m =0 and 2 mn+2ml-nl=0

|=- (m+n) = 2mn-(2m-n) (m+n) =0

-1
— 2m*-n*mn=0= 2 lor—
n 2

-n —n
whenm=n, |=-2n ;when m=—,l=—
2 2
m n / m n
hence=—=—=—0or—=—=—
-2 1 1 -1 -1 2
Since 1*+m?*n’*=1

2.

(b)
©

(d)

34

Or[i il —_ljo,,(i 1 —_2j
\/ga\/ga\/g 6 s 6 s
For the given lines

~1-(-1)
0

o)

4-1 0-1
3 -1
2 0 3
So, the given lines intersect.
Any point on the first line is (31, +1,—1, +1,-1)
and any point on the second line is
(2r, +4,0,3r, - 1).

Since, the lines intersect, at the point of
intersection.

3p+1=2r,+4,—1,+1=0,-1=3r, -1
=0Lr,=0

Hence, the point of intersection is (4, 0, —1)
(a) We know that the plane ax + by + cz+d=0

x-—a _y-B_z-v

/I  m n
if ao+bB+cy+d=0 anda/+bm+cn=0.
Now, since (-1) -2 (3)+7(-2)+21=0
And (-3) (1)+2(-2)+1(7)=0
The line given in (a) lies on the given plane.
Since, 0-2(7)+7(-1)+21=0
The point (0, 7, —1) lies on the plane.
Direction ratio of the normal to the given plane are
(1, -2, 7) which are same as those of the given in
(¢). So, the plane is perpendicular to the lines.
direction ratios of normal to plane are equal hence
two planes are parallel.
The given equation are
4x-4y—-z+11=0
Xx+2y—-z—1=0 ....(i1)
The D.r’s of normals to the planes (i) and (ii)
are 4,4, -1 and 1, 2, —1 respectively.
Let Dr’s of line of intersection of plane be /, m,
n As the line of intersection of the planes
isperpendicular to the normals of the both
planes, we get
4/-4m-n=0
and [+2m—-n=0
By cross multiplication

contains the line

...



/I m n /I m n
—_—=—=— 0 —=—=—

6 3 12 2 1 4

If x =0, Egs. (i) and (ii) becomes
—4y-z+11=0

2y—-z—-1=0

Solving, we get y=2,z=3
Equation of line is = —2 = 2=3
quation of line is - I 4

Also x =4,y =4, z= 11 satisfies Egs. (i) and
(i1) Hence, (b) is also the correct option.

. At (0,0,0),x—y—z—-2=-2=(-ve)
at(2,3,1),x-y-z-2=2-3-1-2=-4
Since, both have same sign (0, 0, 0) and

(2, 3, 1) lie on the same side of the plane.

_ |2-3-1-2| 4
Distance = W _ﬁ

Equation of a line perpendicular to the plane

X —y —z — 2 = and passing through the point

(2,3, 1)is

x-2 y-3 z-1
1 -1 -1

A point on the line is (A+2,3—A,1-2) and it

lies and the plane x —y—z—-2=0

=\

=2
3

Foot of perpendicular on the plane is

(fens-d1-8)-(05 )
3 3 3 33 3

. The equation of the plane through (2, 3,—1) and

fA+2-3+A-1=1-2=0=

perpendicular to the vector 3i —4j+7k is
3(x=2)+(4)(y-3)+7(z—(-1))=0

or 3x—4y+7z+13=0

Distance of this plane from the origin
:|3><O—4><0+7><0+13| 13

a7

7. Equation of the line passing through P(1, 4, 3) is

x-1 y-4 z-3

. b - (1)
Since (1) is perpendicular to

x-1  y+3 z-2

2 1 ; and
Xx+2 y-4 z+l

3 2 0 =2
Hence 2a+b+4c=0
and 3a+2b-2¢c=0

a b C

28 12+4 4-3

a b ¢
=10 16 1
Hence the equation of the lines is
x-1 y-4 z-3
~10 16 1 ~(2)

Ans.Now any point Q on (2) can be taken as

(1-101,161+4, 1+3)
Distance of Q from P (1,4, 3)
= (101)%> + (161)? + 12 =357
= (100 +256 + NI?=357 =1=1 or —1
Qis(-9,20,4) or(11,-12,2)
Hence a +a,+a,=15 or 1

35



COMPREHENSION TYPE
QUESTIONS

Passage - 1

.. X=X, y-y, Z-1Z
Eq. of 1 L= =
q. of line is . b -

Equation of plane through the intersection
of two planes is

(ax+by+cz+d )+A(a,x+by+c,z+d,)=0
1. Thedistance of point (1, -2, 3) from the plane
X—y+z=>5 measured parallel to the line

2
(A)£ (B) £ (C)\/» N
2. Theequation of the plane through (0,2,4) and
containing the line x+3 = y-1 = 22 is
3 4 -2
(A)x—2y+4z—-12=0
(B) 5x+y+9z-38=0
(©)10x-12y-9z+60=0
(D) 7x+5y-3z+2=0
Passage - 2
a=6i+7j+7k, b=3i+2j-2k, P(1,2,3)

3. The position vector of L, the foot of the
perpendicular from P on the line r=a+\bis
(A) 61+7]+7k (B)3i+2j-2k
(C) 3i+5j+9k (D)9i +9j+ 5k

4. The image of the point P in the line

r=a+Abis
(A) (11,12, 11) (B)(5, 2,-7)
(C) (5, 8,15 (D)(17, 16, 7)

5. If Ais the point with position vector a then

area of the triangle P L A in sq. units is equal
to

717

7
B~ (D)5

(A)36
Passage - 3

Given points A (1, -4, 5) and B(0,6,1) and a
plane 3x —y+2z=7

6. The ratio in which the line segment AB is
divided by the plane, is
(A)2/3 (B)1/11  (O)10/11 (D)12/11

7. If P(}L2 +1,k,k—1) is a point on the same

side of the plane as the point A, then the set
of values of ;. is

T3 14T
(A) 6 ’ 6

( —l—ﬁJ (—1+\/§ ]
(B) —00, 6 \ 5 , 00

(D)(0,0)

O)17

(C)(~o0,)

Passage - 4
Read the following passage and answer the
questions Consider the lines

x+1 y+2 z+1

L,: = = ,
3 1 2

Lz:x—Z _ y+2 _ z-3
1 2 3

8. The unit vector perpendicular to both L, and

L, is
—1+7j+7k —i-7j+5k
J99 53
—1+7]+5k 7i-7j-k
53 J99

9. The shortest distance between L, and L, is
17
(A) 0 unit (B) E unit

4 17
©) 53 unit (D) 53 unit

36



10. The distance of the point (1,1,1) from the

plane passing through the point (—1, —2,—1)
and whose normal is perpendicular to both
thelines L, and L, is [IIT-JEE 2008]

unit ——unit

2
Oy ®

——unit ——unit

©) \/— (D) \/—

Passage - S

] ) x-1 y z+1
Consider the line L : =—-=——anda
2 1 -2
point A(1, 1, 1). Let P be the foot of the
perpendicular from A on L and Q be the
image of the point A in theline L,'O’' being
the origin.
11. The distance of the origin from the plane
passing through the point A and containing
the line L is

w3 ®F ©F M
12. The distance of the point A from the line L
is
4
(A)1 (B) 2 ©) V3 (D) 3
13. The distance of the origin from the point Q is

17 17 1
(A) 3 (B)\E ©y5 OF

01)B 02)C 03)C 04)C 05 B 06)C
07)B 08)B 09)D 10)C 11)A 12)B
13)C

SOLUTIONS
1. Consider line passing through P(l,—2,3)
x—1 _ y+2 _ z-3
2 3 —4
Q on line Q(2A+1,3A—2,—4%+3) is also

lying on plane.

=\
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(2x+1)—(3x—2)+(-4x+3)=5:>—5k=—1:>k=é

PQ=4/(21) +(31) + (4x)2=@
5
. Normal to plane.
i ik
~(-3) z-1 4-2[=-10i+12j+9%
3 4 =2

Equation of plane is
-10(x-0)+12(y—-2)+9(z—4)=0
-10x+12y-24+9z-36=0
10x-12y-9z+60=0

. Let the position vector of L be

a+ab = (6+30)i+(7+20)]+(7-20)k

So ﬁz:(6+37\,)’i\+(7+2}\,)3+(7—27L)12—(,i\+2j+31;)

= (5+3k)§+(5+2k)3+(4—2k)1§

Since PL is perpendicular to the given line which
is parallel to b = 31 + 2j— 2k

= 3(5+3%)+2(5+21)-2(4-21)=0

— A =—1 and thus the position vector of Lis

3f+5}+9f<

. Letthe position vector of Q, the image of P in the

given line be xlf + yj + z11A< , then L is the mid-
point of PQ.
§+23+312+x1f+y1}'+zlf<

:>3f+53+912: 5

:>X1+1_3 y1+2:5 z,+3

=3, , =90
2 2 2

=x,=35,y, =8,z =15
= image of P in the line is (5, 8, 15)

. Area of the

APLA:%\PTHAT\ =%‘2§+3j+612H—3f—2}+212‘



:%\/4+9+36 V9+4+4 = sq. uints.

6. The equation of plane is 3x—y+2z—-7=0.
Let the line segment AB cuts the plane in the

1 6u—4 M+5J

i : :>C 9 ’
ratio p:1 (u+1 url sl

on3x-y+2z=7

- 10.
o) QR I S Y P
p+1 n+1 n+1

7. As A and P are on same side of the plane , the
value of 3x — y +2z—7 has same sign at A and

P, =3(M+1)-A+2(A-1)-7>0

or 3> +A—-6>0

S N PR
N 6 6

717 9.

The shortest distance between L, and L, is

‘{(2—(—1)?)+(2—2)j+(3—(—1))12}.(—i—7j+512)‘
5V3 ‘

:‘ 5V3 ‘:sﬁ

The equation of the plane passing through the

point (-1,-2,—-1) and whose normal is
prependiuclr to the both the given lines L, and
L, may be written as
(x+1)+7(y+2)-5(z+1)=0

=>x+7y-52+10=0
The distance of the point (1,1,1) from the plane

|1+7-5+10|
TVi+49+25| \/—unlt

11,12, 13
Weh x—1 Y _ z+1
- _1-JT3 ¥ 1473 N ehave ——="="7 =t (say)
=iel T ¢ 6 Now AP =2ti+(t=1)j-2(t+1)k
8. The equations of given lines in vector forms -1
may be written as As APV =0 =t= 3
Ll:f:(—i—2}—12)+x(3i+j+212) 2 -1
Againa1+1=§ = 4= 5
and L2:r:(21—2J+3k)+u(1+2]+3k) = s
Since, the vector perpendicular to both L, and a,+1= 3 —hHT
L, -2 -5
L= =y
1 ] k
3 1 2|=-i-7j+5k o[22 22722
= J Hence Q is 3737 3
1 2 3
. required unit vector H 0Q= 1 2—+2— = 1/1—7
. ence OQ = ot 91 3
(—i—7j+5k) Ans. (i)

= L (-i-75+ 5K)

N
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Equation of the plane containing the point A

and L is given by [E{, RA V]1=0



=x-DE-2)+22(y-1)-(z-1)) =0
=-4x-1)+4(y—-1)-2(z-1)=0
=2x-1)-2(y-1)+(z-1)=0

=2x-2y+z=1 ... (1)
1
Distance of origin from (1) is ﬁ =3 Ans.(i)
. 4 16 16
Finally AP= 3 + ry + s J4 =2 Ans.(ii)

MATRIXMATCHING TYPE
QUESTIONS

This section contains 1 questions. Each
questions contain statements given in two
columns, which have to be matched. The
statements in Column I are labeled A, B, C
and D while the statements in Column II are
labelled p, g, 1, s and t. Any given statement in
Column I can have correct matching with ONE
OR MORE statement(s) in Column II. The
appropriate bubbles corresponding to the
answers to these questions have to be darkened
as illustrated in the following example. If the
correct matches are A-p, sand t, B-qand r, C-p
and g, and D-s and t, then the correct darkening
of bubbles will look like the following

@@~
1 JOIE
Ol JO/k
Q0] |k
QIGl i

OIOIOK I |

. Match the statements/expressions given in
Column I with the values given in ColumnII

Column I

(A)The area of the triangle whose vertices are
(0,0,0), (3,4,7) and (5,2,6) is

(B)Distance of plane ax + by + ¢z + d = 0 from

39

origin may be (a,b,c,d € I)is

(C) The value(s) of ;4 for which the triangle with
vertices A(6,10,10) B(1,0,-5) and C(6,-10, 4 ) will
be aright angled triangle (right angled at A) is /are
(D)d is the perpendicular distance from (1, 3, 4)

23

X__11 = yT—‘I = % then value of

Column II
P) 0
(Q) 70/3

2
(R) \E

(S) %J@

Match the statements/expressions given in
Column I with the values given in ColumnlI

Column I

Consider a cube

(A) Angle between any two solid diagonal
(B)Angle betwen a solid diagonal and a plane

(C) Angle between plane diagonals of adjacent
faces

T s
(D)If aline makes angle — and —
4 3

X and Y axis then the angle which it makes
with positive Z-axis

Column II

with positive

1

a2
(P) cos 7
af 1
(Q) cos (+§j
a1
(R) cos 3

OF

. Match the statements/expressions given in

Column I with the values given in ColumnlII



Column I
(A) If Acute and obtuse angle bisectors

2x—y+2z+3=0and 3x -2y + 6z + 8 =0 are
represented by A and O, then

(B) If acute and obtuse angle bisectors of the
planes x — 2y + 2z —3 =0 and

2x — 3y + 6z + 8 = 0 are represented by A and
O, then

(C) The acute and obtuse angle bisectors of
the planes 2x +y—2z +3 =0 and

6x + 2y — 3z — 8 = 0 are represented by A and
O, then

Column II
(P)A:32x+13y—-23z-3=0
(QO:x—-5y-4z-45=0
(R)A:23x—13y+32z+45=0
S)O0:4x-y+5z-45=0

(T) A: 13x—23y+32z+3=0

KEY

01).(A) —>(8);(B) > (P,Q.R,5);(C) - (Q):(D) - (R)

1.

02) (A) > (R);(B) = (P);(C) - (9):(D) > (Q)
03) (A)—(R);(B) > (Q, T);(C)—>(P,S)

SOLUTIONS
Let O(0,0,0), A(3,4,7) and B(5,2,6) be the given
point

Area of AOAB :%OA.OB sin(ZAOB)
Now, OA =+3*+42+7> =+[74

52422162 =+/65
Also D.c’s of the line OA and OB are
3 4 7 5 2 6

. Required area

1 3
—x~/74 x~/65 x
2 J74

:%J@

(B)
(©

(D)

(D)

40

[

Distance= 75— 5
va“+b +c

Let the given points be A, B and C respectively.
Then find AB, AC, BC and then apply

AB? + AC? = BC? then solve for the ), .

Any point on the line is (1-r,r+1,r)

The direction ratio of the line joining (1, 3, 4)
&(-r,r+1,r)is—1,1-2, -4
S(=EDED)+H1(r-2)+(r—4)=0
r+1r—2+1r-4=0,3r=6=>r=2

-. Foot of the perpendicular is (-1, 3, +2)

-, distance /2’ +0+4=2V2 ..d=22

d 2v2 2
23 23 B
The solid diagonals may be taken as the lines
joing (0, 0, 0), (a, a, a) and (a, a, 0) and
(0, 0, a). The direction ratios wil be
a,a,a;a,a,-—a.

a’+a’—-a’ 1

R — _ _ll
/37a2>< (_3a2 3:>9—cos 3

Let us take the solid diagonal as the one joining
(0,0, 0), (a, a, a) and plane diagonal as joining
(0,0,0) and (a, a, 0). We easily get the angle as

a2

N

The third part is easily found as cos™ (%j

= cos0=

(O}

cos’ a.+cos’ B+cos’y =1

b b 1
cos’ —+cos’ —+cos’y=1, cosy=+—
4 3 2

Y= cos”' (lj
2

(A) -+ (2)(3)+(-1)(-2)+(2)(6)=20>0

Bisectors are
(2X—y+2z+3) 4 (3x—2y+6z+8)

VP (1P +(2F 3 +(-2 +(6)
or 7 (2x—y+2z+3) = £ 3(3x—2y+6z+8)
Acute angle bisector is

7(2x—y+22+3)=—3(3X—2y+6z+8)




(B)

©)

=23x—-13y+32z+45=0

and obtuse angle bisector is
7(2x—y+22+3)=3(3X—2y+6z+8)

= 5x—-y—-4z-3=0
A:23x—13y+322+45=0

and O: 5x-y4z-3=0

The given planes can be written as
—x+2y—-2z+3=0 and 2x-3y+6z+8=0

= (=1)(2)+(2)(-3) +(-2)(6)
=-2-6-12=-20<0
Bisectors are,

(—x+2y—2z+3) N (2x—3y+6z-|—8)

VP @ (2 (@ (3 ()
:>7(—x+2y—2z+3)=i3(2x—3y+6z+8)
Acute angle bisector is
7(—x+2y—2z+3) =3(2X—3y+6z+8)
=13x—-23y+32z+3=0

and obtuse bisector is

7(—x+2y—2z+3) =—3(2x—3y+6z+8)
= x—-5y—-4z-45=0

= A:13x-23y+32z+3=0

and O:x—-5y—-4z-45=0

The given planes can be written as
2x+y—-2z+3=0 and —6x—2y+3z+8=0

< (2)(-6)+(1)(-2)+(=2)(3)=-20<0

Bisectors are

(2x+y—22+3) (—6x—2y+3z+8)

=+

ey 0y (=27}

= 7(2x+y—22+3)=i3(—6x—2y+3z+8)
Acute angle bisector is
7(2x+y—22+3)=3(—6x—2y+3z+8)

= 32x+13y-23z-3=0
and obtuse bisector is

7(2x+y—2z+3) :—3(—6x—2y+3z+8)
=>4x-y+52-45=0

A:32x+13y-23z-3 =0
and O:4x—y+5z—45=0

sy +(27 +67)
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. The

INTEGER TYPE QUESTIONS

. If the area of the triangle whose vertices are

A(,2,3), B2, -1, 1) and C(1, 2, —4) is ), sq

2A
unit then ﬁ must be

. The equation of a plane which bisects the

line joining (1,5,7) and (-3,1,-1)is x+y + 2z
= /4 then ,, must be

. The distance of the point (3,0,5) from the line

x—2y+2z-4=0=x+3z-111is
x+4 y+6 z-1
3 5 -2
and 3x-2y+z+5=0=2x+3y+4z—k are
coplanar for k is equal to

. If the distance of the point P(4, 3, 5) from

the axis of y is , unit, then the value of

5\

—— must be

. Let L be the distance between the lines

X=0,%+£=1 and »=0,"->=1, Then
C a C
Lz[aiz+biz+clzj is
KEY
01)7 02)8 03)3 04)4 055 006)4
SOLUTIONS

. The coordinates of the projections of A, B, C on

the yz-plane are (0, 2, 3), (0, -1, 1) and
(0, 2, -4) respectively

.. A =area of projection of A ABC on yz-plane

. 2 3 1
=§|_1 1 1|=£sq. unit
2 41

Similarly, the projection of A, B and C on zx
and xy-planes are (1, 0, 3), (2, 0, 1), (1, 0, -4)
and (1, 2, 0), (2, -1, 0), (1, 2, 0) respectively

Also, Let A and A, be teh areas of the projec-



tion of the A ABC on zx and xy-planes respec-
tively.

. 1 3 1 .
Then, A=—[2 1 1|:5
1 41
1 2 1
and A =—|2 -1 1{|=0
1 2 1

~. The required area = \|A} + A} +A;

- \/(%jz +GT +(0)° =%Jﬁ sq unit

7 2\
A ==+10 it > ——==7
5 sq unit 0

. Plane must pass through

(1_3,5”,7_1]0“—1,3,3)
2 2 2
=-1+3+2x3=A=A=8.

. The d.r’s of the line are given by

I=2m+2n=01+3n=0= 2= _"
6 1 -2

Taking y =0, we get
x+2z=4,x+3z=11=>x=-10,z=7

x+10 _Y_ z=17

The line is 6 1~ 3
b=6i+ -2k

icxH
Distance of C from the line is ‘5‘

|(13i-2k)x(6i+ j-2k)| [2i+14)+13k 369 3

Tt AT Jm

4. Any point on the first line in symmetrical form

is 3r — 4, 5r — 6, —2r + 1). If the lines are
coplanar, this point must lie on both the planes

which determine the second line.
= 3(3r—4)-2(5r—6)-2r+1+5=0 ...(1)

and 2(3r—4)+3(5r—6)+4(-2r+1)-k =0..(ii)

42

. . X
. The equations of y-axis are —= Yo

. X
. The lines are —=

From Eq. (i) we get , r=2
Now substituting r = 2 in Eq. (i), then k = 4

67
()

0 1
Any point N on y-axis is (0, r, 0)
The direction cosines of the line PN
are 0—4,r-3,0—-51e, 4,r-3,-5 ....(i1)
Let N be the foot of the perpendicular from P
to y-axis, then PN is * to the y-axis whose
direction cosines are 0, 1, 0 and so from Eq.
(i1), we have

—0.(—4)+1.(r-3)+0.(-5)=0 = r=3
From Eq. (i) the coordinates of N are (0, 3, 0)
Required distance = PN

= J(4-0)" +(3-3) +(5-0)> =4I unit

502
=A==

y-b z xX—-a y z
—c a 0 ¢

0 b
(bj —ck) X (ai + ck) = bci — caj — abk

bci —caj — abk

n=
\/b202 +ca’ +a*b?

The points on the lines are a = bj,c = ai

2abc

\/azb2 +b%c* +cta?

zc—a:ai—bj:Lzﬁ.(E—a):

I 1 1
R o [ L
(az b’ czj



LIMITS

J

SYNOPSIS

Limit of a function :
= Let / be a function defined over a deleted

neighbourhood of the real number ‘a’ and ‘]’ be

a real number. If to every positive number €
(however small) there exists a positive number * 5’

such that |f(x)-I|<e for all x such that
O<|x—a|<5,wesaythat f(x) tendsto </’ as

x tends to a and we write it as XL_fa f(x) =1,
Right handed limit :

» Let f (x) be a function defined in the interval

(a, a+ h) and ‘]’ be a real number. If to every
positive number ¢ (however small), there
corresponds a positive number § such that
‘f(x)—l‘ <€,y xe(a,a+05) thenwe say that

f(x) tendsto ]’ asx approaches a through values
higher than a and we denote

Lt f(x):l (or) hL_)tOf(a+h):l_

Left handed limit :
» Let f (x) be a function defined in the interval

(a —h, a) and ‘/’ be a real number. If to every

positive number ¢ (however small), there
corresponds a positive number § such that

‘f(x)—l‘<e forall x suchthat xe(a—5,a)

we say that f (x) tends to ‘/” as x approaches a

through values less than a and we denote it as

lim /(x) =1 (or) lim f (a—h)=1

> Let a,/eR and f be a function defined on a
deleted neighbourhood of ‘a’ then

limf(x):l<:> limf(x)zlz lim_f(x)
> If 1(122 f (x) exists, then

lim f(x)=lr1_r)13 f(a+x):£i£101f(a—x)

X—a

Infinite limits :

= Let f be a function defined over a deleted
neighbourhood of a. If for every positive number
k (however large) there corresponds a positive

number §, such that f(x) >k, Vx such that

O<|x—al|<d, we saythat f(x)—> +oo as

x — a. We write is as x]ifaf(x) = 400
Similarly we define (i) £? f(x) =~

(i) Lt f(x)=+o, Lt f(x)=-o0
Limit of a function f asx—+wor-w:
= Letfbe a function and / be a real number. If for

every positive number e there corresponds a
positive number k (however large) such that

| f(x)—1|< € Vx >k, then we say that f(x)
tends to / as x tends to oo. We write it as

Lt f(x)=L.

Similarly ~wedefine L f)=1,
Fundamental Theorem on Limits :

> Ifx];tuf(x):l and Lt g(x)=m then,

xX—>a

i) Lt {f(x)+g(x)}= [+m

xX—a

i) Lt {/ (x)=g(x)f = 1-m



i 24 1/ ()£} = L b T
xX—wo X xX—>0 X
1 ) xl;l:z {k.f(x }:k in}la f(X) S'1'171 tan71
» Lim ! x—landle Yo
f(x) l ) x—>0 X
v) Lt —2=—lif m#0
> Lmoz
vi) Lt (f(x))k =/*,if keQand I €R
> Ling[ J log, a, (a>0)
vii) Lt f(g<x>>=f(ga(g(x>))=f(m> -
Li a*— 1 a
vii) Lt (£ (x)*") =17, if 1" e R » Lim®—=log |+
ix)If f(x)<g(x) onadeletednbd of ‘a’ a*—1
> L1n01 1 =log,a
thenLtf( )3 g( )
i | x — a | )
x) Lt f(x)=1= Lt |f(x)|=]1]. F  lim ———— does notexist
However the converse need not be true 1
> ng(l+x)x =e, Lt0(1+ax)x =e°
1 l x> X—>
Ex. Lt — - =% whereas Lt — does not N <
> Lim[1+1j =e, Lt (1+3j =e"
exist. X—® X X0 X
Indeterminate forms : > f(x),g(x) aretwo polynomials such that
> 9 L w—w, 0x®,0% 0 and |~ are degree of f(x) is mand degree of g(x) is
U . . n then
called indeterminate forms 109
Standard Limits : i) lim === ) =0 for m<n
¥ TForall real values of n, Lim>——" = na"" I
x>a X—a - lim -
i) m for m > n and coef of
(Provided 5 " is defined) g(x)
a®™ m x" >0
G SR /)
iii) lim = ~®for m > n and coef of
P X—>0 g(x)
7 If0<|x|<7 andx is measured in radians. "
2 x" <0
Lim sin x =land Lim tan ¥ =1 f( ) coef of x"in Nr
o0 o0x , iv) 1 o g(x)  coef of x"in Dr orm=n
sinax tanax 1 1
W= ~aand Li——=a ¥ lime' —o, lime' =0
x—0" x—0"
_sinx’ o _ tanx” 7z 1 1
L = 150 M = 0 > lime*=0,lime * = oo

x—0" x—=0"



> limx" =0 if | x <1

n—>0

»  limx" =00

n—>0

if| x|> 1

.o (1 ) 1
» limsin (—) = lim cos (;j =Does not exist

x—0 X x—0

2 limxsin (l) =lim x cos (1] =0
x—0 X x—0 X
L’Hospital’s Rule :

o f(x
& [fLim is of the form 9or 2 then
g(x) 0" o

X—a

imf(X): imfl(x)
() ()

o f'Y(x 0
If Lim 1( ) is of the form —or2 then
X—a g (X) O 0

11
Lim—f(x) =Lim fll(x)
X—a g(X) X—a g (X)
. ' (x 0
If I;g?g“—(x) is of the form 60r = then

This can be continued till we finally arrive at
a determinate result.

Some useful results :
= Let S = {x,sinx, tan x,sinh x, tanh x,sin "' x,
tan~' x,sinh~' x, tanh ™' x}

f(mx) m
If f(x),g(x)e Sthen Lt gnx) n

If /;,(x). £, (x),g(x). &, (x) e Sthen

s fl(mx)ifz(nx) =min

=0 g (px)+ g, (gx)

B>
+
N

sin ax

a
& xg{,tanbx_b’ ! -

Some frequently used expansions :

> ) (1+x) =
1+ x+p(p—1)xz+p(p—l)(p—2)x3+ o
P 31 %
if [x| <1

- N X xz 3
e =l+—+—+—+
o2t 3!
2
ceey X X X 2
iii) a :1+ﬁ.logea+a(logea) +..00

2 3 4
iv) log,(1+x) :x—%+%——+...oo

2 3 4
v) log,(1-x)= —(x+x—+x—+x—+...ooj

2 3 4
1) sin x = _x_3+x_5_ o0
vi) SIn X = X TRTI
) » 24
Vil) COS X = —2—!+4—!— ..... 0
X 2x
vi)tanx = x +—+——.....0
3 15
C o e 1 1 ¥ 13%
X)sin x=x+—.—+—_.—.—+...0
23 245
3 5
x)tan x=x- 4+ —
3 5

Sandwich theorem or Squeezeprinciple :
» If f, g, h are functions such that

f(x)=g(x)<h(x)

then XL_faf(x)S Lt g(x)SXL_)tah(x) and

Lt f(x): Lt h(x)=l then Lt g(x)zl
EXAMPLES

. n . 1/n
1L 11m(4 +5 ) is equal to

n—»0

Sol: Given limit=

1/n
1im(4"+5")”" :lim5(1+(%) ] =5



Sol:

Sol:

5n+1 +3n _22n .
nl_rgw is equal to
5" 43" 0% 55" +3" —4"

m-—-—-———=Im-—--
noe §" 42" 437 aow 5" 40" 427.9"

5.3 4

~ lim 52" 22" 9" :00+00‘207=0
—+—+27 o
9" 9"

Let f'(x) be a twice differentiable
function and f"(0)=5, then
- 31 (x)—-4f(3x)+ f(9x)

li 5 is equal to
x—0 X

i 3 (1)=41 (3x) 7 (9 (9 ﬁ,rmj

x>0 X 0

lim 3f'(x)—12f'(3x)+9f'(9x)(9f0rmj
X0 2x 0

:lir%3f (x)—36f (23x)+81f (9x)

_3/°(0)-36/"(0)+811°(0)
2
=24/"(0)=24(5)=120

sin7x+sin5x  7+5
,ﬂ’o tanSx—tan2x 5-2
Iffi (x)aﬁ(x)agl(x)agz (x)ESand
m+n=p+qthen
f‘lm (ax)fzn (bx) _ ambn
Ly g/’ (ex) g, (dx) c’d’

sin’ 2xtan’3x  2°x3% 9
L1 sin 4x 4 32
If g,(x),g,(x) €S then

1—cosax a’

x]i,to g (cx)g2 (dx) B 2cd

10:

11:

l-cosx 1

xL_fo xsin3x 6

If g,(x),g,(x) €S then

1-cos" (ax)  na’

xl;{) g (cx) g, (dx) " 2cd
1—cos’ 2x _ 3x2? _6
H%sinSxtan7x 2x5x7 35
If g (x), 8, (%), ,&,,(x) €S then
l—cos(ax") 4
él; 2 (clx).g2 (czx) ........ Do (CZ”X) - 2¢/Cy i C,,
1- cos(2x3) 4 1

XLfo xsin® (2x)tan’ (3x) T 2x2°x3 54
If g, (x),g,(x) €S then

cosax—coshx b?—a’

XLfO f(cx)g(dx) "~ 2cd

cos3x—cosSx 25-9
xl;)tO x2 2

=8

If g, (x),g,(x) €S then

2 2
cos” ax —cos” bx ”(b —a )

XLfo g, (ex).g, (dx) - 2cd
cos*3x—cos’5x  3(25-9)
= =24
xljo x’ 2
If g, (x), 85 (%), ,&5,(x) €S then
cos(ax”)—cos(bx”) b —a?

L 2 (6x).8,(€,%) 82y (€1%)  2¢,Chennnnny,

cos(2x3)—cos(5x3)_ 2%5-4 T 7
L vsin’ (2x0)tan’ (3x) ~ 2x2°x3  18x4 72

If g (x) €S then

tan” (ax)—sin" (ax) na"*?
L et =
Hto [g(x)] ? 2




12:

13:

14:

.15:

.16:

17:

18:

tanx—sinx 1
Lt 3 _E

x—0 X

\/1+x" —\/l—x"
Lt P

x—0 X

=1

JI+x7 1=
Lt 2 =1

1
Ya+x" —4a-x" 2
Lt " —a
x—0 X n

vat+x—-~a—x a%—l 1
Lt - -

x—0 X \/Z

—~Na-— 1
Ifg(x)GS then LIM:ﬁ

x>0 g(x)

V3+x—+3—x 1
Lt =z

50 sin x NE)

Jatx-a 1

If th =
g(x)e Sthen L¢ 2(x) 2\/;

x—0
V2+x-2 1
)cli>t0 X 2\/5
xa” —x _2_0{10 .
x]ifol—cos(mx) m* g
x2¥ —x _2x3

2
= log2 =—log?2
XLfol—cos(I’sx) 3? 8 3 8

hmf(x)zl and llmg(x):oo then
2(x) lim g (x)[ f (x)-1]
] = exﬁu

lim £ (x)

. 2 2/x 3
If hir(}(l+ax+bx ) =e , then the

values of a and b are

2/x
Sol: Let lll?g (1 +ax +bx’ ) is of the form 1=

, 2
o fl_tr10(1+ax+bx2—1).; — ot

=e’ =&’ (given)
> £ig}f(x):0 and £i£12g(x)=0,then

lim g (x)log 1 (x)

lim (2a+2bx)

sa=3/2and beR

il /(1 =e (f(x)>0)
19:
1
= (1 —xz)loga—x) =
im log(1-x?) fim log(1-x)+log(1+x)
Sol : ex%l log(1-x) __ e x—1 log(l—x)

1
X x X x|y
a, +a, +a;, +..+a, |* -
. 1 2 3 n _
> !glg{ p =(a,.a,..a,)"
rr 1 L
. laf+ay+af+..+ar U
5 lim . =(a,.a,..a,)
20:

AN E D o
3

Evaluate 1;5}[

(22 e\ .
Sol: lim| —————1 =(243)

x—0 3
.21
n
lim[cos x +msin ax]x = ™"
x—0
0, 0<ax<l
. 1L a=1
lima* =
)-} xX—w OO’ a >1

does not exists, a <0



.22 24:

1 ex 2 3
(1+x)x—e+3 |f3—f—2£f(x)£3+% for all x 20,

Lim
Evaluate -0 sin® x

then the value of ngolf (x ) is

(1 1x ex Sol: According to the equation,
+x) —e+—
Sol: 7; ) 2 . 52 . ' e
=0 sin” x lim 3—5 S&lir(}f(x)ﬁyg(l) 3+?
(1+x)" et S o, 3_0) <l (340
= Lt 2 - ( xz J = (- )—xlilgf(x)_( +0)
x>0 X sin” x ) B
Hence, £1_r)13f(x) =3
(142)" —e+ Tea]e[2 5] tx]
= Lt 2 > L o =~ _(keN)
x=0 sin” x n—s n k+1
e{l—x+11x2 }—e+ex >
2 24 2 _lle- +[2x]+....
:ijo 2 ~ o4 Show that nétoza [x]+] xn]z L] :%.
23:

Sol: Forr=1,2,3...n,rx—1<[rx]<rx

Find (Sinx_ﬁgj. =3 (- 1) <3 []< S ()

x—0 X r=1 r=1 r=1
3 n
. X n(n+l)x
- O, S e
Sol : Lt = > <=l —< 5
x—0 x5 n n 2n
3 5 7 3 n
O S —-X+— Z[”x]
3151 71 6 I\x 1 — 1\x
'y ' ' : > Lt | I+—|-—— |S Lt =5—< Lt | 1+—|=
1550 xS n—o0 n)2 n n—»o p n—o0 n)?2
5 7
(x_er ..... j (Note that x is a constantand nis a
B FACG. variable)
x—0 X
, :fg It [1.x]+[2.3];L ..... +[n.x] <X
= Lt (——x—-i- terms containing positive 2 o n 2
x—0 5| 7| gp
. L .. By sandwich theorem,
integral powers of x)
1 1 It [1x]+[2x]+....[nx] X
- §_m * n—»0 I’l2 2 ’



EXERCISE -1
2

Lim7x2 Ilx 6:

=2 3x"—x-10
N | N | A L
) 11 ) 17 ) 14 ) 11

. Al+x-1

L 1r31+—x (K is a positive integer )

xX—> x
1 2 3 e 4 L
VK 2K R

(2x-3)(Vx-1)

Lim > = [ EAM -2019]
=l 2x 4+ x-3
N L
)10 ) 10 )5 ) 5

. Yl+sinx —3Y1—sinx

Lim =

x—0 X
o 2) 1 3 2 4 >

) ) IE

. NA+x—R/8+3x

Lim =

x—0 X
1 L 2 1 3)-3 4)0
)y D5 - )

&
. If Lim =500, then the positive integral

-5 x—5

value of k is

1) 3 2) 4 3)5 46

.a —=x"
. Ifa>0and Lim———=-1 thena=

xX—a x —a

1) 0 21 3)e 4) 2e

Lim x+1 _

x—>—1 x2+3_2

1) -2 D12 3)2 4)0

x(l—ﬁ)

9. Lim =
=0 \/g(sin_1 (x)3)
11 2 ] 3 L 4) -1
) )5 > -
. (cosdx+acos2x+b
10. If lim = is finite then the
value of a,b respectively
1)5 2) 54 3)-43 4)45
. X
11. hm(sec(—jlong is
x>l 2
N =2 n-Z 52 4=
) T ) 2 ) T ) 2
. sinx
12. l;cggl \/XT =
1)1 2)-1 3)0  4)doesn’texist
X [x ’
13, lim ~| 5| |is(where[]is g.i.f)
x—2 3 3
1) 0 2 s 3 8 4 10
) ) 27 ) 3 ) 3
lim sin[cos x] o
14. 'l T+ Tcosxl +[cosx] is (where [ ] is g.i.f)
1)1 2)0 3) does not exist 4) 2
Lim COS X —sin x _
15. 4 (Z—xj(cosx+sinx)
1)2 2)1 3)0 4)3
.. (7
smxsm(3+xjs1n(3—xj
16. 1im =
x—0 X
1 3 2 ! 3 h 4)0
R B T
in”(x—5)tan(x—5
' i S0 (zx )tan (x ):
Coes (X1 -25)(x-5)
1 2)1/10 3)0 4)-6



18.

19.

20.

21.

22.

23. L

24.

25.

26.

3
Liml (?os X _
=0 xsin2x
1)1/2 2)3/2

3)3/4 4)1/4

x—1

Lim(l—x)Tan(%)z

V4
1) ~ 2) 2z 3) E 4)

) 3sinx—\/§cosx
Lim =
x*)% 6x—72'

1 1
AN ) 3 4 NG

. cotx—cosx
Lim————— =

P 3
x%a E_x
2

D3

4) -2

. secdx—sec2x
Lim——— =
x>0 gec3x—secx

1)) 2) 3 33 4)

| W

1)(LT 2)4( a j Do 4y
200 200 200 100

log, (1+x)
Lim =51

x—>0

1)log 3 2)0 3)1 4)log.e

ax __px
Lim— ¢ e. =
=0 sinx —sin fx
10 2)1/2

N3 4) 1

log(1+x)|

Limlog

x—0

X

1)0 2) 1 3e 4)1/e

[EAM -2018]

27.

28.

29.

30.

31.

32.

34.

35.

. 25427 -6
The value of lmle is

X—>

1) 16 2) 8 3) 4 4) 2
Limex +sinx—1
0 log (1 +x) [EAM -2020]
1)1 2 1 3 2 4) 2
) T )
. 107 =27 =5"+1 |
lim is
x>0 X tan x
log 2
1) log2 2) log 5
3) (log2)(log5) 4) logl0

Lim (1+2+3+.....+ nterms)(1* +2° +.....nterms) _

> n(l® +2° +.....+ nterms)
3 2
D3 2) 3 31 4)0

1 1 1
Lim| —+—tt— | =
ni'?i(ls 35 (2n—1)(211+1)J

1)1 2 1 3 1 4 1
) 5 )3 )5
I 1 1
I+ +—+.+
2 4 2"
R e S SIS b
39 3"
1)4/3 2) 3/4 3)1/2 4)0
xzsin(lj—x
Lim| ——*2 |-
x> 1-| x| [ EAM -2017]
1)0 2) 1 3)—1 4)2
1
If o<h<gq then lim(q"+h")" =
) e 2) h 3)q 4)0

Lim (\/xz+ax+a2 - x? +a2)=

X—>0



36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

1)0 2 2 3 2 4
) ), D, Ha
Lim x—logx _
o x +logx
1)1 2)-1 3)0 4)2
' 2x+7sinx
QL’ZZ 4x+3cosx
11 2)-1 3)1/2 4)-1/2
8|x|+ 3x
Lim ———— =
X0 3|x|— 2x
1
1)11 2)8 3)0 4) s
Lim D" +(x+2)° 4.+ (x+100)" _
X—w x10+1010
1) 10 2) 100 3) 1000 4)1
n+l n+l
Lim 32" —45 _
n—o 52" 475"
1) —2% 2)20/7 3)10/7  4)-10/7
2x
If Lt (1+£+%} =¢’ then
X—>00 x x
) A=Lu=2 2) A=2,u=1
3) A =1, u= anyreal constant
x+b
(x+a
éi’l’(ﬁbj
11 2) g™ 3) e*® 4) ¢®
XLL”,’,’ (1-4tanx)™™* =
De 2)¢t 3)e! 4) e
C(x*+1Y
LW( > j = [ EAM -2016]
X—»00 X _1
e 2)1/e 3)e? 4) o2
x+1
Lim 3x-4)3 -
e\ 3x+2
1) 672/3 2) e3/2 3)62/3 4) e

46.

47.

48.

49.

50.

52.

53.

54

Lim (2- x)mn(%J =

x—1

1 2 2
) o= 2) ox 3) - pr 4)e
L (sim) =
e 2) e 3) -1 4)1
Lim(l+sin(gD =
n—>0 n
I)e 2)e 3)a° 4)a
. (2+h)cos(2+h)—2cos2
Li h -

2) cos2+2sin?2
4) sin2+2cos?2

1) cos2—2sin2
3) sin2—2cos?2

. x|b
le—{—} (a#0) [where [ ] denotes the GLF.)

=0 gl x
is equal to
Da 25 D2 412
a a
1 . f(x)_3
. If £(9)=9, f(9)=4, Lim N
1 1 1
1)4 2) — 3)5 4 5

L2/ (@) -g(a)/ (x)

xX—a x_a

1 l 2)5 3 —l 4) -5

)52 )5 -
1—cosxcos2xcos3x

Lt — =

x>0 sin” 2x

S R L

Limx3cos%:

x—0 X

Ho 2) 1 3o

4) does not exist



KEY 8. Onrationalizing given limit is

01)1 02)3 03)2 04)3 05)4 06)2 " (x+1)(\/x2+3+2)

07)2 08)1 09)2 10)3 1)1 12)4 i1 21 =-2

13)3 142 15)2 1)1 17)3 18)3 9. Onrationalising given limit
194 20)2 21)2 22)1 23)2 24)4 ,
25)4 26)1 27)2 28)4 29)3 30)2 ~ lim—2 ) 1
31)2 32)1 33)3 34)3 35)2 36)1 0 [sin ™ (x7)] 14/1—x2
37)3 38)1 39)2 40)1 41)3 42)3 cosdx+acos2x+b
43)4 44)3 45)1 46)2 47)4 48)2 10. £t0 2 is finite
49)1 50)3 S51)1 52)2 53)3 54)1 “ X
SOLUTIONS = 14+a+b=0iiinnn
. . . l4x-11 17 . .
1. Using L-Hospital rule = lim =— using L Hospital rule
=2 6x—1 11
—4sin4x—2asin2x
V1 . . =
2. Lt X _1 using L - hospital rule L 4 10(say)
x—> X
1 1 Again using L - Hospital
—(1+x)¢ 1
Lk~ - —16cos4x—4acos2x
x—0 X k = Lt 3 =K
. .. x=0 12x
3. Given limit
= -16-4a=0
o ) )
"*(\/}_1)(\/}44)(2“3) 2(5) 10 a = -L1 substiting in .......... (1)
N 1 b=-3
4, ¢(1+Smx)3 ~(1-sinx): this o/o form
x—0 X . X
) ] 11. lim sec(—jlogx
using L - hospital rule H[ 2
1 1 . 0
l(1+sinx)3 l(:osx+l(l—sinx)3 : — lim—8Y =(—j
- 3 3 x—l X 0
Lt cos(j
x—0 1 2
_1,12 L L,
T3 3 3 = lim X ==
5. Using L-Hospital rule —sin(ﬂzxj.;r Esinz 4
lim x’ —a’ P pq 1
. _P, sin x
6. Using s x'—a’ ¢ 12. x]ito—(x) this is of the form 0/0 using L -
7. Use L-Hospital rule
Hospital rule
i(a")zax loga, i(x“):a.x”_1 P
dx dx sin x sin x
Lt =-1, Lt =1
d =0 —x x—=0" X

a(x") =x"(1+logx)

10



(x<0, |x|:—x] . secdx—sec2x 4°-2° 3
22. lim = =—

x>0, |x|=x 0 sec3x—secx 3 -1 2

Lt f(x)# Lt f(x) does not exit.S s (;&)x) 3
m T
13. For 23. 0 = :4(20())
xe(2,3),[x]= 2,% € (%)1} = {g} =0 24. Use L-Hospital rule
ax __px
o TP . 25 L= this s of the form 0/0
o lim X——F} =—(2)’=(0y ==
x—2" 3 3 3 3

using L - Hospital rule.
14. ling[cos x]= %ing[cos(O th)]= Eing[cosh] =0

1’ ae” - B a-p 1
(- As h— 0,cosh —> 1) xaoacosax—ﬂcosﬂx_a—ﬂ_

sin(cosx) 0 |

”x—>01+[cosx]_1+0_ 26 £l£%(1+x>;:€
i 2" +277 -6
tan| ——x m_—
lim (4 j 1 27. E—IB N L
15. Givenlimitis Iz B
——X
4 . (27 -62"+2°
=lim
o (1/4)sin3x 3 N2 -2
16. Givenlimitis _,,————=— o
4 [Multiplying " and p~ by 2+ ]

17. Givenlimitis

lim sin’(x-5) , tan(x-5) =1Xij}21(2x—2)(\/§+2)=(22—2)(2+2)=8

(x-5)—0 (x_s)z x5 (x+5) -

e*+sinx—1_1. e“+c:osx_2
18. Givenlimitis 8. w0 log(1+x) Tam 1
hm(l—cosx)(1+cosx+cos2x) 3 1+x
x—0 .
xsin2x 4 5 —1)(2* -1
2. 1 D7)
im (1=%) _ 24 -l 2 o0 xtanx
ol T N T a7 oNT 30.
19. cot(mj 4 —cosecz(ﬁxj 4
2 2 (1+2+3+ ..... nterms)(lz+22+....nterms) 0
20. ByL-Hospital rule L n(l3 +3 4 nterms) )
sin@_sin P sin @
Jim €080 — Lim| €os@ 1-cos@ form
21. -0 o’ 00| @ H?
n(n+1) n(n+1)(2n+1)
u—2: 6 _ o 12
- X—>® n.n (n+1) = = 3n —3
4

11



31. Givenlimit

1 1 1 1 1 1 1 1
=—lim|-——+—-——+...+ - =—
2m=\1 3 3 5 2n-1) @n+1) 2

32. Given limit (ifr <1 then sum of terms in G.P is
1-7r"
a
-7

1 1
I+ —+—+..+o

_lim| —24 -4
S (B PR 3
39
x*sin 1V —x
33. Lt—/ divide by x

X—>0 1 |x|

xsin 1 sin I/ —1 _
L

S

34. Taking ¢" common

35. Lt (\/x2+ax+a2—\/x2+a2) this is oo-

X—>0

« form

(sz ratd 2 +a2)(\/xz ractd P +a2)
1t
e VP +ac+d P +d

=0

X +ax+a’ —x"—a’
Lt

e a a a’
X +—+—+x/1+—
X X X

a_____¢a
VI+0+041+0 2
36. Use L-Hospital rule

2x+7sinx o
37. t —————=—from
o dx+3cosx o

12

xl;l:o 0 10"
X (l+ 0 ]
(1+0)" +(1+0)" +....(1+0)" 100
= = =100
1+0
8lx|+3
3. Lim o435 _p,8x43x g
Torow 3|x| 2x ¥ow 3y — 2x
39. Divide with ,!°
40. Taking 57 common and simplify
41. Givenlimitis
lim 1+i+ﬁ271 2x im| A+ |2
:exaoo[ X x :| :eZ :exaoo( x] :eZ
e =e>=>A1=Luck
42. Givenlimit _ o355
43. 1_im(1—4tanx)°°‘x=11£1}cotx(1—4tanx—1)=e4
2 xt ﬁmi :r_+1_
m Lim[xg-l-lJ =eﬁw[ T ]=€2
w3 — ]
3p— a5 SES
45, Lz’m( J = Lime 3\ 1 =3
= b G4 D ¥—wo
fim (=)
46. 113}(2_x)“’“(*) _ (e el
and using L hospital rule.
47. I (sinx) ™ =m et = g0 =
48. ei’lﬂ”n(Hsin(ﬁj—lj:ea
n
2+h)cos(2+h)—2cos’ 0
49. Lt ( Joos( ) =— form
h0 h 0
I —(2+h)sin(2+h)+cos(2+h)-0
h—0 1



C0Ss2 - 2sin2

50.

51.

52.

53.

54.

b [b} b
——1< <—
X X X

1T

2292 9 X\/___X?’ 4
L \/f 9)
2Vx
f(a)=2,f"(a)=1g(a)=-1,g"(a)=2

lim g(x)f(a)—g(a)f(x)

x—>a
X—a

By L — H Rule
=g'(a)f(a)-g(a)/"(a)
=(2)(2)-(-1)(1)=5

el

. 7
lim > =—
x>0 4x 4

< 2< 3< 3 2< 3
—l_cos;_l:>—x <x cos;_x for x>0

2
3 3 3
and x” <Xx COS;S—X fOI‘x<O.

o5 2 .
where L%l x"cos—=0 (or) x finite number
x X

between -1 and +1 =0

13

[y

EXERCISE - 11

j 200

200
Dy
x—1 x—1

1)5050  2) 1000

\/a+2x \/3_x
x> «/3a+x Wx

Lim

3)2010  4)20100

2 I T
DA 25 Vs Y%

. Let o and S be the roots of ax’+bx+c=0, then

2
It 1—cos(ax” +bx +¢) _

x—a (x —a)?

DI gty
3 ﬁ K _#
If 122[’i;11—ax—b)=2, then

1) g=1and b=-3 2) g=1and b=2
3) g=0and b=-1 4) g=2and p=1

—-Tx
Tx+4°

If f(x) = ! f(x)=1 and

x—>0

[1 £ fx)=m the quadratic equation having
1 1

roots as - and — is

/ m
Dy2_1-0 2)x2+1=0
3)1/2 Hx*-1=0

Ifa=min{x2+4x+5,xeR} and

. 1—cos260
b= Lg Egl— then the value of
Z arbn—r —
r=0
1) 2n+l _1 2) 1
42" 2 -l



2n+l _ 1
3.2"

ljm%(l—oos— — 008

=0

3)

1 1 1
I)E 2) I 3)5 41
Arrange the following limits in the ascending
order.

tan® x —sin* x
6
X

tan® x —sin® x
5
X

1) Lim

x—0

2) Lim .
x—0 tan x

tan® x —sin® x tan® x —sin’ x
4
X

3)Lim

x—0

4)L1im

)N x*.sinh® x.tan” x
2)3,1,4,2
42,1,3,4

xsin
1)1,2,3,4
3)1,2,4,3

. If f:R— R defined by

x—=2
_ i R-11,2
x*=3x+2 if xe { }
f(x)z 2 if x=1
1 if x=2
—1(2
x—>2 x_2
Ho 2)-1 3)1 4)-1/2
‘/l(l—cosx)
0. ;32— -
X—0 *
1)1 2)-1 3)0
4) does not exist
Lt \/E—cosx—sinx
11. x_,% (4x—7r)2 [ EAM -2020]
1 L y Loy Lyt
2 Y e 8
Nv2+cosx —1
n ————=_

P (ﬂ_x)z

13.

14.

15.

16.

17.

18.

19.

20.

21.

14

1
3)5

1
10 2) 7

. log(x—a)
The value of IM———— js
x—a log(e” —e”)

1 2) -1 3)0

x 3
lim @ -1 =
x—0 . X 1 1+ x2
P O -
sin 2 g, 3

1) (log, 4)3

2) log, 4
3) 12(log, 4)’

Lt x[log(x+1)-logx]=
2)e

X

1)e? H1

Lim27x -9 -3"+1
X0 \/E—\/l

+CoSX

D0 2)8.2 (log3)* 3)8(log3)>

P+2°+3°+..4+n°
3n*+5n° +6
D15 316

um (ﬂ\lnz +n) in equal to

1o 2)1
4) does not exist
The value of

lim
n—»0

1)1/3

limcos

3)2

Lim1.2+2.3+3.4:—...+I’l.(ﬂ+1) ;

n—o0 n
1 2) -1
If [x|<1, then

Lt (1+x)(1+x2)(1+x4) ..... (1+x2”)=

n—>»0

3)1/3

1l
)x

2) 1+x

3 1
) I-x
2.3n+1 _3.51’1+1 _
23" +3.5°
2)1/5

Lt

n—>0

s 3)-5

4)2

4)2

4) 5(log, 4)3

[ EAM -2016]
4 1/e

M1

4H1/12

S

4y-1/3

4)0



22.

23.

24,

25.

27.

28.

29.

30.

102

Eg%{fﬂf+fﬁw+W+f+m+#ﬂ=

1) 1/6 2) /16 3) 1/12 40

==

lim =

x—0

" +2"+3 " +...+n"
n

D @Y 2 @Y 3) nt 4 Inn!
1
If lirré[1+xln(l+b2)J; =2bsin’ 0 ,b>0

and 0 € (—z, ) then the value of g is

T V2 V2 V2
+— +— += 4) £

1) 5 2) 3 3) 2 4) >

If p and q are the roots of the quadratic

equation ax’+bx+c=0 then

lim(1+a)c2 +bx+c)x—11’ =

X—=>p

1) a(p-q) 2) log[a(p-q)]
3) eulra 4)  pla-p)

It X +5x+3)

x—>00 x2+x+2 - [EAM -2015]

1)et 2)¢el 3)¢? 4) 24

. x Y1 '

Lim {(—j +sin —} is equal to

oo |\ x+1 X

1) ea71 2) elfa 3) e 4) 0

Afunction f: R — R issuchthat (1) =3 and

hm{M}
x>0 f(l)

4 ¢

£'1)=6. Then

11 2) ¢
If /'(0)=3, then

2
X

lim =

X—’Of(xz)—6f(4x2)+5f(7x2)

3) el/2

31.

32.

33.

Limits
N 1
) 36 36

. sin'x—sinx
lim————— [ EAM -2018]

x—0 X

1 1 1
2)5 3)2 4)§
{x} + {2x} +...+{nx}

2
n

1
1)5

lim

n—>0

1)% 2)0 3)-1 4)2

sin|x
Lt ] Where [.] dentoes the greatest

integer function.

Ho 21 3)-1
KEY
03)1 04)1
09)4 10)4
15)3 16)2
21)3 22)3
27)2 28)2

4) does not exist

01) 4
07) 3
13) 1
19)3
25)3
32)2

02) 3
08) 2
14) 3
20) 3
26) 1
33) 1

SOLUTIONS

05) 1
1)1
17) 4
23)2
29) 1

06) 2
12)2
18) 1
24) 4
31)2

. Use L-Hospital rule= Given Limit

=lim(1+2x+3x" +..+200.x"" )

Using L-Hospital rule given limit is
—(2)- =)

im 23Ja+2x 2\/1'5_)6 o)

X—a 1
) 33
2Ba+x  2x

ax’ +bx+c:a(x—a)(x—,6’)

given limitis
EEE)

(X—Ol

2_ _ 2_ _ _
lim(x l—ax” —ax—bx bjzz

lim
x—oa

x>0 x+1

LORWIN



Limits

X—>0

x+1

Ty

g 4ac-b* 45.1-16
4a 4

_ 2sin20
20

1

b 2

r=0
B 2n+1 _1

21
7. Givenlimitis

2 2
lim% 1—cosx— l—cosx— zgzLL
0 x 2 4 16 64

:>1im((l_a)x2 _(a+b)x_(l+b)]:2

1
[T e -1=0

_ L

32
. tan"ax-sin"ax n .,
8. Iim 3 = —a
X*)O xn+ 2
. {x} x—[x]
9. LHL=lim = lim ————
x—0 tan{x} x>0 tan(x_[x])
x+1 1
= l1m =
0 tan(x+1) tanl
) x—[x] . X
=lim—————=lim——=1
R.H.L. 0 an(r—[x]) o tanx
-~ LHL-RH.L.
10 lim I-cosx Lt VSinz.X/z 7, |SiHX/2|
« x0 2 x>0 X x>0 X
does not exist
Lt \/E—cosx—sinx_g _
11. e (4x—7r)2 o from using L -
Hospital rule
sinx—cosx 0
th 2(4x—7)4 ~ o formagainusingL - Hos-
4

pital rule
LORWIN

12.

13.

14.

15.

cosx+sinx_\/§ 1

Lt = e— T e—
=t 32 32 1642
. ~N2+4+cosx—1
lim 5
X (ﬂ._x)
. y2+cos(m—y)-1 . J2—cosy-1
=lim 5 111'n—2
y—0 y y—0 ¥
=1imZ—coiy—l>< 1
0 y J2-cosy+1
' 2sin? 2 1 .
lim XX
=20 (y 4 J2-cosy+1
2
=2><1><le=1
4 1+1 4
log(x—a) e’ —i—l
X—a log(ex e’ x—a (x_a)ex +ef e°
3
45 -1
Lt (4°-1) : _0 N
sinlX log[1+);] 0 form divide by x? on
3
(4)‘_1]
Lt — al
Nr and Dr. i

3
)
X
Lt -
x—0 1 ( xz sz = 12(|oge4)3

—log| 1+—
12 %8l T3

limlog, {1+ﬁ} —a
X

X—>0

103



24, () .
16. hm(93) —9 -3 +1 \/§+m e =2bsin” 0
20 2 1+ cos x \/§+\/l+c0sx - 1+b° —sin? 0 = l+b Casin’e
b

:hm(gx_1)£3x—1) - (V2+1+cosx) Dé’zig

x>0 X l1—cosx
25. Give = f}(0) = 3
.oa -1 . 1l-cosx 1
lim =loga, lim — == 3
x—0 X x—0 X 2 Lt X :9
=0 f()-6f(4x)+57(727) 0 form
n*(n+1)>°
17. Givenlimit _ }j, 4 _ 1 using L - Hospital rule

030t 150 16 12
2x

18. mzn\/i "Lj‘)fl(x2)2x—48f1(4x2)x+70xf1(7x2)
_,{H j ( ] ( %} |, (2+h)sin(2+h)-+cos (2+4)(1)=0

=cos2—2sin?2

h—0 1
lim l =1lim 1n =0 *y5ra3
fimcos| 7| n+ || =limsin (n7) (Pesxes) L m[EE,
26. lim|———| =1" =e =g
wsw |yt x4 2
il"(?’-ﬁ-l) 27. Givenlimit
19 ; r=1 —a
Lm0 . 1 1
=lim1+|1+—| +sin—-1
X—>00 x x
n(n+1)(2n+1) N n(n+1)
= Lim 6 3 2 = lim{1+(1+y)‘” +siny—1}l/y
n—»o0 n y*>0
— lew =l h :l limM
n—o 3n 3 whnere y X 5 — ey»o y — el—a
. 2 2n __ 1 1
20. )}5?01+x+x +otx =1 - [ f0+x) x nml{wfl} L
. f(l) e(*?OX £ :e)HOf(l) :eZ
21 lim&2 =15 29, Given f(0) = 3
xom 2 3" 4+3.5"
Lt X _9
Zn(n+1§2n+l) Hof(xz)—6f(4x2)+5f(7x2) 0 from
22.
fim e using L - Hospital rule
23. (1.23..n)""

15



2x

=y (x*)2x—48f" (47 )+ Texf" (747

It 2x
= 0 2x(f1 (x2)2X—48f1 (4)cz)+7cxfl (7x2))

1 1 1
£1(0)-247"(0)+357'(0) T3-72+105 36

*x* 123%%° X
30 lim(x+ + ....J—(x——-l——j
a0 3! 5! RIS
28y
T I T
x—0 x3 3
31, 0<{x}<l, 0<{2xj<I
%S{x}+{2x}—;— ..... +{nx} <£2
n n n
11m—<lim{x}+{2x}+ ..... +{nx}<liml
n%wnz_n%oo n2 _n—)wn

16

32.

lim

n—0 n

If0<|x|< % then [sin x| < |x| <|tan x|

{sinbﬂ
<1 =0
L

EXERCISE - III

sin |x|

[

lim

x—0

[100 tan x.sin x

2 } where [.] represents

greatest integer function is

1) 99 2) 100 3) 0 4) 98
If [.] denotes the greatest integer function
X2
et 5]
=01 tan x.s1mn x

1o 2) 1
4) does not exist
The value of

. 100x 99sin x
hng ; + , where [.]
0 || sin x X

represents the greatest integer function, is

3) -1

1) 199 2) 198 3) 0 4) 1
. asin x b tan x
4.hm0 + = a,beN,
X—> x x
[where [ ] denotes G.I.F.]
a+b
Da+b 2 a+b-1 30 4 —
N E IR R R P E s sl B /e |
s fim I et 0] .
0 1+ [x"]+[x]+2x
is equal to
) n+1 2) n 3)1 40
6. If [.] denotes the greatest integer function,

then

o tan([—2ﬂ2]x2 ) —2x2 tan([—27z2]> _
x>0 sin” x




10.

2) 20+tan 20
4) tan 20

1) —20+tan20
3) 20

If {x} denotes fractional part of x then

limxsm{x}
x—1 x_l
1)0 2)-1 31
4) does not exist
ex3 —l—x3
m—¢ =
x—0 sin”(2x)
1 2 1 1
D 1% 217 3) % D 15
cosx x 1
_ . 2 1
o, 1f/(0=[2sinx X’ 2x| o lirIgf () _
tanx x 1 X
1)1 2)—1 3)2 4)-2
log ) cosx
SeC| —
lim (2j _
=0 1Ogsecxcos(%)
1) 14 2) 15 3) 16 4)17

11.

12.

13.

14.

n

lim %ZF(F+2)(F+4)=
n—oo N p=]

1 1

. 7 29 133 5’1 +2n
lim| —+—+—+....... + — | =
el 10 107 10 10
D34 22 354 412

1 9
Suppose f(n+1) —E{f(n)+f(n)},neN. If
F(m)>0.vnc N, then 1M (/D)=

n—»oo
Dal 2) 51 3)3 4)-3

.2
. 1/sin® x 1/sin® x 1/sin’ x s
lim| 1 +2 +...tn =

x—0

15.

16.

17.

18.

19.

20.

21.

22,

n+l
1) 2) 0 3) - 4) n
. 1-243-4+5-6+.....—2n
Iim =
>n p? 4 A —1
)3 )= 3 )_5 )5

If ling(x_3 sin3x +ax™ +b) exists and is
equal to zero,then the value of 4 + 2=

1)3 2)4 3)0 4)6

The graph of the function y= f(x) has a

unique tangent at the point (¢,0) through
which the graph passes then

. log {1+7 f(x)}—sin f(x)
lim is
x—ef 3f(x)

1 2)2 3)0 4) -1
The graphof y= f (x) has unique tangent at
the point (a,O) through which the graph

) 10g[1+6f(x)]
lim -
passes. Then !l 3f(x)

1)0 2)1 3)2 4) o
lim r + 3 + s + ’ T =
el 1—x 1+x2 1-x0 1+x*

) 6 ) 3 ) 6 ) 3
Evaluate

) 1 x 1 X 1 X
lim —tan—+—tan—+..+ —tan—
n—w | 2 2 2 2 2" 2"
1 xtan > 2 lCOtE

) 2 ) X 2

x—cotx 4 l—cotx

2 ) X

. x}sin(x—a)

lim { =
L where (]
denotes fractional partof x and 4 ¢ NV
1o 2)1 3)a 4)5
lim 271

x>-7 8in x



23, lim []-[sinx] (where[x] denotes
greatest integral part of x)
1)0 2)1 3)2 4)
sin(sgn(x
pa tim| S0 ()) | _
o] (sen(x)
(where [x] denotes integral part of x)
1)0 2)1 3)1
4) does not exist
20
25, lim Z cos?” (x - 10) =
n— o Py
1)0 2)1 3)19 4) 20
1/x
) fx
26. E%(1+x[l+‘£%l =¢’ and
/(4)=064 then K has value
11 2)2 3)4 4)5
1/x
. 1+x —-e
27. hm—( )x =
x—0
1)1 2)e/2 3)—e/2  4)2/e
28. The integer n for which
. (cosx—l)(cosx—e")
hrrg - is a finite non-zero
x— X
number is
1)1 2)2 3)3 4) 4
(1+x)1/x —e(l—xj
29. lim 2
x>0 (I-cosx)
e ok oyl wl
)2 )4 )12 )12
Lim(n+n+n++n
30. 2% n*+1 n*+2 n*+3 0 nt+n

D1 2.1 3z
4) does not exist

1-sin[cosx] ~

. Wehave 0<

1)0 2)1 3) oo

4) does not exist

KEY

01)1 02)1 03)2 04)2 05)4 06)1
07)4 0%)1 09)4 10)3 11)4 12)3
13)3 14)4 152 16)4 17)2 18)3
19)2 2004 21)2 22)4 23)4 24)1
25)2 26)2 27)3 28)3 29)3 30)2

SOLUTIONS

tan x.sin x )
T <linthe npd

t=0=0< 100tan x.sin x <100

xZ

sin x < x < tan x inthenbd of 0

2
X

S0<—«1
tan xsin x

sin x

Vx> 0; <1

- >1 and Vx<O0;
Sin x X

sin x

>1 and <1

sin x X

100x 99sin x

= >100 and <99

sin x

sin x asin x

<l=

X X

asin x
a = :a—l
X

tan x btan x
>1=

X X

<a but close

>b  but close

b= [btanx}:
X

o {[aﬂnx} {anx}}

colim + =
x>0 X X

a-1+b=a+b-1

[xz””] =—-1and [xz”] =0 for

n=0,1,2,3,.... Given limit

— lim D+0+(=D+0+..+0+(=D+n+1
x>0 1+0-1+2x

0

[-27*]=-20



__xsin{x} . xsinx 7 a
1 =1 = — ——————cos[ f(e
S x—l el x-1 e V@] 7
__xsin{x}  xsin(x-1) . 3 3
= lim =1 1 18. Use L hospitals rule
-t x—1 xolt x—1
3\2 3\3 X
ex3 :1+x3+(x) +(x) . Z(4k_3)2 b1
2! 3! T =
3 19. xoe|  1-x S1+x°
:>e"3—1—x3=x6B+—+ +oo}
16 4 -16 -10
f(x)=—x"cosx+xtan x :_3+E:T+2:_
. Use Lhospital rule
. 1 3 2 _1 i ltan£+itani+ +it i
m?[z“n +6>n +82n]_Z 20. JE..?{Z Sty tan
lim [(ijJr(ijJ =lim{—cotx+ cotx+ltan£
n>| 10 10 im 5 tan
g, S ()= i ()= e
_ +?tan?+...+§tan2—n
k:l k+2}:>k2:9,k=3
21k | |
. Given limit — lim{ —cot x+ — cot = +— tan—=
_ ’ 0 2 2 2 2
1 1 1
o [ {2
AN " n Fu. +Ltanl}
= 27‘[ 2?1
=n(0+0+..4+40+1)=n
nz—(n+n2) ('.‘cotx+%tan§:%cot%J
. Given lg{lo \/ > \/ = and
no+l+yan® -1 proceeding like this we get
divide with ‘n’
1 X
' — lim<{—cotx+—cot—
' limsm3x+%+b nl_r)g{ cotx Y co 2”}
x—0 X X
i . sin(x— x—[x|)sin(x—a
:limsm3x+c32x+bx " f(x):{x} (xza)z( [x]) (2 )
0 X ’ (x—a) (x—a)
Use L’Hospitals rule
. “) = a+h—|a+h|)sin(a+h—a
f.(e ). 0 limf(x):lim( [ ]) (2 )
Given limit P 0 (a+h—a)
1
—T.f'(x)—cos[ f(x)].f'(x .
' l+7f(.X) f( ) [f( )]f( ) 1im(a+h_a)51nh:1
=lim ' um e
x—e’ 3f (x)

19



22.

23.

24.

. |x+7r| |—7z+h+7r|
11m =lim—
wo>-rt sinx  m0s8in (-7 +h)

: || ok
:lhlg}—SIIl(ﬂ—h) _lflilg—sinh =1
) |X+7z| ) |—7z—h+7z|
lim =1lim

x>-z~ sinx  n0§in (—7r - h)

— lim — A =lim ,h =1
>0 —sin(z+h) 0sinh
< LHL 2 RHL

— limit does not exist

I-sin[cosx] = 1- sin[cos h)]

m =1m

w0 [x]=[sinx] 0[] [sm h)]

I-sin0 1
0 —1—(=1) 0
1- sin[cosx]_. 1-sin[cosh]

O e [sina] ~ » ] [sinn]

1- sin[cos x]
Slim————= =
=0 [x]-[sinx]

use cosh <1=[cosh|=0

h>0,h—0,[h]=0

[-h]=-1, [sinh]=0, [-sinh]=-

:2><13><L=0

x1

lim M _ hm{Siﬂ} -0
=0 | sgn(x) =0 ]

e CH

lim[sin 1] =0

{sin(sgn(x)):l o

i
= sgn (x)

x—0

use sgn(x)=1,x>0
=-1,x<0
=0,x=0
25. limcos™ x =1 where x = mr,mel

n—0

=(Qwhere x #mrz,mel
Here for x =10, }li_{gcoszn (x—lO) =1 andinall

other cases it is zero

hmZCos xX— 10 =1

n—>0

1/x f(x)
I+—==
26. £i_1)13[1+x(1+ fkif)jj =e K

2. (14x) o T
2 4
(_;+Z' ..... j(—x—x2+...)
28. lin(} ! )

x 11 X
lime| 1-=+—x"+.. |—e| 1-=
29. xli%e( 24" ] e( 2}

Ee)c2 X
= lim 24 Hey o |_11
x> sin { 12 Slnf 12
2 2

30. Use Sandwich Theorem

20



JEE MAINS QUESTIONS

xtan2x—2xtan x

Lt
Lo w5 (1—cos 2x)2 [2018]

1 1 1

1) 1 )1 3) 5 4) S
1

It (27+x)3

. 2 equal. to 2018

o (274x) [2018]

1 1 1 1
1) g 2) - g 3) -g 4) g

3. Foreacht ¢ R, Let [t] be the greatest

integer less or equal to t. then

sl

1) does not exist (inR)

[2018]

2)isequalto 0

3) is equal to 15 4) is equal to 120

PR s ”1+4y4 2

Lt 5 [2019]

is equal to

1
1) exists and equals WA

) 1
2) exists and equals N
1
3) exists and equals 2\5(\5“)

4) does not exist

5. For each x <R, let [x] be the greatest in

teger less then or equal to x. Then

(-l +[e)sin]]

ol |X| = is equal to [2019]

1)1 2)0 3)-sinl1 4) does not exist

6. Foreacht <R, let [x] be the greatest in
teger less than or equal tot. Then

 (1-bdrsinfi=s)si [Z[l—x]}

= [2019
ol 11-x{[1-x] [2019]

1) equal -1 2) equals 1
3) equal 0 4) does not exist
xcotdx
7. Lt sin” xoot” (2) 1S €qual to [2019]
10 2)4 31 4) 2
—/25sin?
Lt Ja s equal to [2019]
x—1 \/l_x
2 1 V3
02 a7 i e
343712
9. xl;l‘zw is equal to .... [2020]

21



10. Lt

x—0

3x%+2
x> +2

il
]X [2020]
1)e? 2)e? 3)e’’ 4)e¥

[¢sin (lot) dt
11. Ii 9 isequalto  [2020]

x—0 X

1)1 2)10 3)5 4)0

1

12. Lt (tan(%+4Dx is equal to  [2020]

x—0

e 2)1 3e 4) 2
Lt L 1—cos£+ cosﬁcosﬁ =2*
13. If 50| X8 4 ) 4
then the value of k is [2020]

. 6 reot(e?)dt
t
M50 ) o )sin(a-1)

[2020]

1) does not exist  2) is equal to -1/2

3) is equal to 4 4) is equal to 1/2

X+ +xX +...x

15. If Lt —" = 820 (n(-n))

x—1 X — 1

then the value of n is equal to [2020]

22

KEY
)3 2)3  3)4 42
53 6)3 7)3 8)1
993 10)1 11)4 12)1
13)5 14)1 15)40
SOLUTIONS
1.
2xtan x
xtan2x—2xtanx _ . ]_tan’x

>0 (I-cos 2x)2

—2xtanx

0 (1 —1+2sin’ x)z

2xtan x
=Lt >
0] —tan” x

l1—-1+tan’ x
4sin* x

tan? x

= Lt xtan 2x

4

x>0 4sin” x

= Lt

tan2x tan’x  x*

x—0 X x2

4sin’ x



=14+2+3+.....+415-0
12(15+1)
= —==15x8=120
y
J1+41+ " =42
4. 17 +4y V2 rationalising
y—0 y
\/1+ 1+y —\/_ \/1+ 1+y +\/—
\/1+«/1+y +2
VLR A
ey~ N again rationalising
\/1+y 1+y* -1
WO 2fy \/1+y2+1
I 1+* -1 o1
= 50 2fy 1+1 42
x(|x|+|x|)sin|x
5. Lt (L] )sin ] putx=0-h,h -0
= [
L (0- h)( ]+]0- h|)smO h)
h—0 |0 h|

=-(-1+0)sin(-1) =-sin 1

23

(1—|x|+sin|l—x|)sin(;z[l—x])

= =]

x—1

putx=1+h,x -0

|

xcotdx

Lt 1—%} 1=1-1=0

h—0

xtan’ 2x
Lt

0in? x cot? 2x

|

= 0 tan4x

X

7.

x>0 tan 4x.sin* x

2
jx4
J— 4 J—

2x _

(=

Nz —\2sin” (1-h)

1—(1-4)

\/——,/2 '(1-1)
_Lt_ Sll’l

h—0

tan 2x

sin x

X

h—0

rationalising
I \/>—\/251n (l h) +1/2s1n (l—h)
0 Jh "z +2sin (1-h)
I m—2sin"' (1-h)
h=0 \/Z(\/;h/Zsin*l(l—h))

——sm"l(l—h)

=2Lt =

h—0 \/ZQ’\/;
1 Ltcos'l(l—h L h al rul
= \/;'heo \/Z using oS p 1 tal rule




] 2Wh 1 2 [2

= Lt = —_ =, 11_—k 8 _ ~—k
Jr vk +2h r 2 =z =gy =2 =2 =2
K=8
9. Put 35 —¢ (x—l)z
2
, 27 I tcos(t )dt ' _
T +—5-12 4 2 14. 1, o using L - Hospital rule
¢ " +27-12¢ -1 Dsi 1
e T (= 1)sin(x-1)
2 ) .
It (x—l) cos(x—l) 2(x—1)
2 -3)(t+3)(¢-3 =51 (x—1)cos(x—1)+sin(x—1)(1
ey (v=1)cos(x=1)+sin(x-1)(1)
x—3 t_3 5 .
2(x—1) cos(x—1)
2 2 | 2XTe cos(x—-1)+———~
10- L 3x +2 x2 . exl—‘f()xz['])cz-}—z 1] ( ) x—l 1+1 2
0| Tx? 42
_ X+xX2+X +.+x"—n 0
1[ —4x* J=e24=e‘2 15. xL_fl - =820 aform
L= Sox?(7x%42
using L - Hospital rule
. ) xsin10x 2 n-1
11. Using L - Hospital rule Lt ———=0 Lz11+2x+3x1 T en
{4+t 1 =14+2+3+... n = 820
+tan x |
12. Lt
X*O(l—tanx] I’l(l’l2+1) =820
- Ltl[”tﬂ—l)
ex%()x 1-tanx _
n(n+1) = 1640
— It l[ftanx J:j:ez
e n(n+1) = 40 x 41
1 x° X X x*
13. %; l—cos?—cos?+7.cos? n = 40.
5 5 s s ke s s ke s sk ke
(1 —Cos XZJ (1 —CosS );j
= 2
X2 2
2sin* =~ 2sin? =
L2 8 o
x+0 X X
—xl6 —x66
16 64

24



CONTINUITY

J

SYNOPSIS >
Continuity at a point :
= Afunction f issaid to becontinuousat'a'if f
is defined in a neighbourhood of '¢' and

Lt f(x)=f(a) .

If / and g are continuous functions of x at
x = a, then the following functions are continuous

at x=qa.

) f+g 1) f-g d)f.g iv)cf

ifceR v)gifg(a);to.

i) 1if Lt f(x)=f(a) then f(x) isleft Note: Evenif /' and g arenotcontinuousat x=a,

continuousat x =q.
i) 1f Lt f(x)=/ () then f(x)isright >

continuous at x = ¢.

» A function f is said to be continuous in an open ">

interval (a,b) if itis continuous ateach and every
point in the interval ( a, b) )

= Afunction £ issaid to be continuous on [a, b] if
(i) fis continuous at each point of (a,b)
(i1) fisright continuous at x = g

(i11) fis left continuous at x = p
Discontinuity :

f
ftg 18 g > gof may be continuousat x =a.

If f iscontinuousat x =q and g is continuous
at f (a),then (gof) is continuousat x=a.
If £ is contiunous in [a,b] then it is bounded in
[a,b] .1.e there exist  and m such that
k< f(x)<m, Vx €[a,b] where  and m are
minimum and maximum values of f(x)
respectively in the interval [a, b] .
Inthis case f takes every real value between f
and m atleast once. Thus range of f is[k,m]
If £ is continuous on [a,b] such that f (a) and
f (b) are of opposite signs then there exist at least
one solution for the equation f (x) =0 in the
interval (a,b)

> If f(x) is not continuous at x = a, we say that Types of discontinuity :

).>.
f (x) isdiscontinuous at x =a .

£ (x) will be discontinuous at x = @ inany of the
following cases :

i) lim f(x)and lim f(x) existbutare not
equal.

(i) im f(x)and lim f(x) existand are
equal but not equal to f ()

(ifi) f (@) isnot defined

(iv) At least one of the limit doesn't exist.
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Discontinuity of first kind (or)
Removable discontinuity :

If )lcl_fgf () exists but is not equal to f (a)

(or) f (a) not difined then the f issaidto havea

removable discontinuity at x = ¢ . It is also called
discontinuity of the 1% kind. In this case we can

redefine the function by making }(1_{13 f (x ) =f ( a )

and make it continuous at x =q..
Removable discontinuities are of two types
1) Missing point discontinuity

2) Isolated point discontinuity



Missing point discontinuity :
)lclir; S (x) exists finitely and f (a) is not defined.
(2 — x) (x2 - 8)

(2-x)

point discontinuityat x = 2.

Example: f (x ) = has a missing

Isolated point discontinuity :

)lcig;f (x) exists finitely and f (a) is defined
but lim £ (x)# /().

Example: f(x)=[x]+[—x] hasisolated point
discontinuities at all integers.

Discontinuity of second kind (or)
irremovable discontinuity :

A function f (x) is said to have a discontinuity of

the secondkind at x =¢ if £1_T)falf (x ) does not

exist.

Irremovable discontinuities are of three types
1) Finite discontinuity (or) jump discontinuity
2) Infinite discontinuity

3) Oscillatory discontinuity

Finite Discontinuity:
}E? f(x), }gﬂn (%) are both finite and are not

equal.

Example: f(x)=

142~
Infinite Discontinuity :

If at least one of the limits x££+f(x) and

Lt f(x) be 400, then f(x) has infinite

X—a

discontinuityat x = qa .

COS X

Example: /(x)= at x=0.

Oscillatory Discontinuity :
The Limit oscillates between two finite quantities

.1
Example: f(x)ZSIH; at x=0 .
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In case of discontinuity of the second kind, the
absolute difference between the value of the RHL
at x =q and LHL at x = ¢ is called the Jump of
Discontinuity. A function having a finite number of
jumps in a given interval L is called a Piece wise
continuous or Sectionally continuous function in this
interval.

All polynomials, Trigonometrical functions,
exponential and Logarithmic functions are
continuous in their respective domains.

Intermediate value theorem :

>

Suppose f (x) is continuous on a interval I, and
a, b are any two points of I. If y, is a number

between f (a) and f (b) , then there exists a

number ¢ between a and b such that f (c) =Y,-

Single Point Continuity:

>

Sol:

Functions which are continuous only at one point
are said to exhibit single point continuity behaviour.

if xeQ

. .18 continuous
if xeQ

x 2
Examplel: / (x)= —x
onlyat x=0.
x LifxeQ
Example 2: / (x) -y i x20 is continuous
onlyat x=1/2
EXAMPLES

2
3 -1
The function / (x)= ( ) ,x#0 js

sinx. In(1+x)

continuous at y = (). Then the value of

£(0) is

2
(1)
. 0)=1
G1venf( ) " sin x./n (1+X)

3 -1
= f(O)lxiiI%[sin%Ezn()Hx)] =(in3)

X X



Sol

Sol:

Sol:

Let f be a continuous function on [1,3].
If f takes only rational values for all x and
f(2)=10 then f(1.5) is equal to

:f(x) is continuous function on [1,3] and takes only

rational values then f(x) is constant function.

~f(2)=1(1.5)=10

: Let f (x) be defined in the interval [O, 4] such

I-x, 0<x<l1
that f(x)= x+2, l<x<2 then number
4—x, 2<x<4

of points where f ( f (x)) is discontinuous is
f(x) is discontinuous atx =1 and x =2
= f ( f (x)) is discontinuous when
f(x)=1&2

Now 1-x=1= x=0, where f(x) is
continuous

x+2=1=>x=-1¢(1,2)
4—x=1:>x=3€[2,4]

Now, | -x=2=x=-1¢[0,1]

x+2=2 = x=0 ¢ (1,2]

4—x=2=>x=2¢ [2,4]

Hence, f ( f (x)) is discontinuous at two points,
x=2,3.

The jump of discontinuity of the function
px-3

=——is
2x-3

)ik

. Jump of discontinuity =2

/(%)
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Sol:

1
where t:_l’ then the

If y=547—""—
Y 2 +t-2

number of points of discontinuous of
y:f(x),xeR is

t =; is discontinuous at x = 1. Also
_;' di ti tt=-2andt=1
Yy t2+t—215 1scountinuous att=-2 andt=
When ¢ = -2 L——2:)6—l
en " x—1 2’
1
Whent:l, _=1:>x=29
x—1

So, y = f(x) is discontinuous at three points,

x=1 2

1
2 27



EXERCISE - I

xtan2x
. The function /(x)= for x=0,is

sin3x.sin5x’

continuous at x =0, then £ (0)

)13 )17 )11 ) 15
2 n
X+x 4. +x"—n
. Let f(X)= , x#1, the

x—1
value of /(1) so that f is continuous at x=1

is

n+1
) n 2) BB
n(n+1 n(n-1
(1) o 20D
2 2
. The function
cos3x—zcos4x for x#0
=1, "
— , forx=0
5 fe
at x=0 is (EAM - 2017)
1) continuous 2) discontinuous
3) left continuous 4) right continuous
. The function defined by
X sinl for x#0
f(x)= x atx=0 is
0 forx=0
1) continuous 2) right continuous
3) left continuous 4) can not be determined
“ _cosx

. If the function f(x) = ————for x( is
X

continuous at y = () then f(O) =

1)1/2 2)3/2 3)2 4)1/3
. The value of f(0) so that the function

28

10.

11.

log(1+xj—log(l—zj
a , (x#0) 1S

X)=

7 -
continuous at y —=() is

1a+b 5 a—b3 ab 4 ab
) ab ) ab )a+b )a—b

1
If f (x)=x*" for x «1 and fis continuous at

x =1then f(1)=

I)e 2)e'! 3)e? 4)¢?
l—ﬁsinx . T
_— ;fx¢_
—4x 4
If f(x)= . r
, If x=—
7 4
s
is continuous at x = Z then ¢ =
1)4 2)2 31 4)1/4

1
The discontinuous points of A (x) =@ are

1) 0,£2 2) 1,2 3) 0,%1 4) 0,43
Let f:R—>R be defined by
LI I R

X
f(x)= 2 Jf x=0
(%) Sinx— x where [x]
/34{ 3 } ,if  x<0

denotes the integral part of x. If f
continuous at x = (), then f—a = [EAM -20]
1) -1 2)1 3)0 4)2

If [x] denotes a greatest integer not
exceeding x and if the function f* defined by

a+2Cosx
2 9

if x<0

(%)

btan

[xi4]’ if x20

is continuous at x=0, then the ordered pair
(a,b) is [EAM -2019]
1) (-2.1) 2) (-2,-1)



12.

13.

14.

15.

16.

17.

3) (-1.43) 4 (-2.-3)

If /:R — R isdefined by

x+2 )
Fasxr2 JoxeR-iL2
f(x)=1-1 if x=-2
0 if x=-1
then fis continuous on the set [EAM-18 |
)R 2)R—{—2}
3) R—{—l} 4)R—{—1,—2}
If f:[-22]>R is defined by
\/1+cx—\/1—cx, for —2<x<0
f(x)= +3 '
xr , for 0<x<2
x+1

is continuous on [-2,2] thenc = (EAM-16)

1 )3 3,2
)3 S v Sy
x+2
B ﬁ, for x#2
If the function f(x)— 4" -16
A , forx=2
is continuous at y =2 ,then 4 —
1)2 2)1/2 3)1/4 4)0
ke .
(e 1)2'Slnkx,f0rx;t0
ir /(%)= x
4 , for x=0
is continuous at y = () thenk =
D+1 2)+2 3)0 4)+3
The set of points of discontinuity of the
1
function f(x) =————
X +x+1
1) ¢ 2)R 3) {0} HR™

If /:R — R defined by
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18.

19.

20.

21.

1+3x> —cos 2x

, for x#0
f(x) = x* %

k , for x=0
is continuous at y = (), then = [EAM-2017]
1)1 2)5 3)6 4)0
If f:R — R defined by

2sin x —sin 2x Jf x#0

f(x)= 2xcos x then the

a Jf x=0
value of ¢ so that f is continuous at x=0 is

[EAM - 2019]
1)2 2)1 3) -1 4)0
1f /(¥)= x
2x* +3x-2 ,for 0<x<1

is continuous at y = () then } =
)4 2)-3 3)-2 4) -1
If f(x) is a continuous function, then

| x|

lim f(x)

x—0

~ exist if
1) f(x) isapolynomial 2) f(x)=ax’ +bx+c
3) f(x)=ax’ +bx 4) f(x)=ax+b

£ (x)= sin x, if x is rational
If cosx, if x is irrational

then the function is

V4
1) discontinuous at X = n7z + 7

) V4
2) continuous at X = A7 + Z

3) discontinuous at all x

4) continuous at all x

KEY
01)4 02)3 03)1 04)1 052 06)1
07)1 08)4 093 10)2 11)2 12)3
13)1 14)2 152 16)1 17)2 18)4
193 20)3 21)2



SOLUTIONS

1 f(0)=k=lim xtan2x 2

x>0 gin 3xsin 5x E

2 n_
5 f(l)zlimx+x +ontx n(%fromj

x—1 x—1

14+2x+....+nx""

=linll " =14+2+...+n
3 n(n+1)
2
_ 2_ 2 .
3. limcosax 2cosbx:b a and lim smx:1
x—0 X 2 x—0 X

4. f(x) =rsin1/x,x 20

L/ (x)=
Given f(0) =0
Lt f(x)=f(0)

f(x) iscontinuous at x =(

!
itoxs1n;=0 (finite value) =0

5. Applying L-Hospital rule

e 2x+sinx 3
0)=lim——==
f(0)=lim o 5

6. Lt f(x)=/(0)

x—0

log(l+xj—log(l—xj _
It a b — 7(0) using

x—0 X

L - Hospital rule

L
a

x—0 X
I+=
a

a+b .
f(x) = b .Use L-Hospital rule

7. f()=e lalxl(x b

8. Use L-Hospital rule

9. f(x) isdiscontinuousat x =0,-1,1
10. a+0=2=p4-1

- f(x) is continuous at x = 0

a=p-1= p-a=1

11. f(x) is continuoud sy c = 0

L f(x)= Lt £ (x)=£(0)

Lt w: Lt btan =6
x>0 X 0" [x+4]
It a+2§osx:b
x—=0" X
P L S
x—0 2x
a+2=0;a=-2
+2
= ,xeR-{-1,-2
12. 1(x) X +3x+2 Y e { }
x-=2 1
L= L ey
Given f(-1) = 0

Lt f(x)xf(-1)

x—>-1

f(x) is not continuous on x = -1

NI+cx —+/1—

13. f(x) = < for -2 <x<0

x+3
x+1

Lt f(x)= Lt f(x)

x—0 x—0"

O<x<?2

It 2cx _ I x+3

=0 xl+ex +l—cx 0 x+1

2¢

:—:%3023

£

14. A=lim f(x)
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x "2 2 Ax
i 222 _16 _ Lim 2°.2"log?2
=2 4% 16 =2 4 log4

_ 4%log2
4’ log4

= 4=k

X

e —1) sinkx
T X

15. f(0)=£i§g[
16. f(x) isdefined forany x e R

17. Given f(x) is continuous at x = 0

Lt f(x)=f(0)

x—0

1+3x* —cos2x

)£>t0 xz K
= Lt (3+—1_00282x]=1<
x—0 X
22
3+—=k ;K=5
2

18. Given f(x) is continuous at x = 0

Lt f(x)=1(0)

x—0

2sin x —sin 2x . .
Lt ———  =a using L - Hospital rule
=0 2XCOSX

2cosx—2cos2x
Lt - =a
0 2 (—xsinx +cos x)

%:a:a:O

19. f(x) iscontinuous at ()

20, fim o1 gng tim 1=
-0t x x>0 X

Also f(x) is continuous
.. Given limit can exist only if

lim £(x) =0

. f(x) = ax® + bx is the only choice
21. Sinx=Cosx:>x=n7r+%
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. The function

f(x)=1sin" (x/a)(lOg(l"'(X/a)))

EXERCISE - 11

ax+b

a’cos’ x+b’sin’x,x <0
If £(x )=
e, x>0

f(x) is continuous at x =0 then
1) 210g|a|=b 2) 210g|b|=e
3)loga :210g|b| 4)a=b

(%)sinhz, if x<0
x

£(x)= w

3 ifoO,)c;tL
—-3x

V3

1

ifxzﬁ

then in order that f* be continuous at x =0,
the value of c is

)2 2)4 3)6 4)8

0 ;

. Let f be acontinuous function on R such that

2

f s —sin(e”)e*”2+n— Then the val
an 2l en the value

of £(0) is [ EAM -2018]
1 212 3)0 4)2
f(x)=a[x+1]+b[x—1],
(a#0,b+0) where [x] is the greatest

integer function is continuous at x =1 if

) a=2b 2)a=bh
3) a+b=0 4) g+2b=0
. Let

()"

—, for x#0

16" , for x=0

and f isa continuous atx=0, then the value
of ais

1) 16 2)2 3)8 4)4



10.

Let f(x)=[2x’-6] when [x] is greatest
integer less than or equal to x then the

number of points in (1,2) where [ is

discontinuous is
1)5 2)7 3)13 4)12
sin[ x]
, for [x|#0
If f(x)=1 [x] g is
0 , for[x] =0
1) continuous at x = ()
2) discontinuous at y = ()
3)L.H.L=0 4)R.H.L=1

a

(I+| sinx )™ , if —%<x<0
If f(x)=1b , if

Vg
, O<x<—
7 6

x=0 is

tan2x

etan3x

continuous at x =0 then

Da=e*?b=2/3 2)a=2/3,b=¢""

3)a=1/3,p=¢" 4) g=€"b=¢"

l—ox(;s4x , ifx<0
If the function f(x)=1a . ifx=0 js
L’ if x>0
J16+yx —4
continuous atx=0 then a =
1
1)8 2) g 3)-8 40
72° —-9" -8 +1
—— if x#0
If f(x): \/5—\/1+COSX is a
Klog2log3, if x=0

11.

12.

13.

14.

15.

16.
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continuous function, then K is equal to

D2 224 3183 4242
The value of f(0) so that the function

1—cos(l—cosx)

f(x)= 7 is continuous
everywhere is
)5 )3 )2 )3

If x+2|y=3y,where y= f(x),then f(x)
is

1) continuous everywhere

2) differentiable everywhere

3) discontinuous at x = ()

4) Not differentiable at anywhere

The function f(x)=[cosx] is

T
1) continuous at X = —

2
Vs
2) discontinuous at X = 5
pa
3)LHL=-lat x=7

T
HRHL=lat x==

1
The function f(x)= 2 —3|x|+2 is
discontinuous at the points
1) x=12 2) x=%1,£2
3) R 4) R—{1,2}

f(x) =rnin{x,x2}, VxeR then f(x)is

1) discontinuous at 0
3) continuous on R

2) discontinuous at 1
4) continuous at 0,1

1
If f(x)= 7 then the points of discontinuity

of (f0£0f)(x) is

1) {0, 2) {0,+1} 3) {1} 4y {£1}
KEY

01)1 02)3 03)1 04)3 05)4 06)3

07)2 08)2 09)1 10)4 1)1 12)1

13)2 14)2 153 16)1



SOLUTIONS
xﬁg’ f(x) - x£g+ f(x)

Lt a*cos’ x+b*sin* x= Lt ™"

x—0" x—>0"
= a‘+0=¢eb

— 2 —
b =log,a’= b=2log a

sin2x?

lim f(x)= lim %sin2x2 =6lim =06

x—0~ x=0" X x—0 2x2

X +2x+c ¢
—_— =
1-3x2 1

Hence for f to be continuous ¢ =6.

lim f'(x)=lim

x—0" x—0"

2

/ (41—”} = sin (e") e™ + —

n +1

7
S (ﬁj = sin(e”)eﬂ%@

1
n >o=——0
n

f(0) = Lt f(ijsz:l

e’ \ 4n 140

f(1)=2a, }ijf!f(X)W—b S0
a+b =0 for f tobe continuous at

x=1.

lim f(x) =

x—0

(x/a)n y (x/a)n .

=l ) S

— a2n

since.f(O) = E)lgf(x) SO

aZn =16" = 42n thus

a=4.

l<x<2 =1<x*<8
=2<2x° <16 =>-4<2x*-6<10

. [2x® — 6] is discontinuous at
_37_25-1a0a1a2a3a4a5a6a7a8a9

__sin(-1) |
7. LH.L=Ilim——~*=sinl

x—0" -1
('.‘x—)O_ :>[x]:—l)
RH.L=0 (x>0 =[x]=0)

n—>x0

8. Lt f(x)= Lt f(x)=1(0)

tan2x a

Lt e = Lt (1+|sinx|)snd = b
n—0" x>0~
: _ 2
=3 T e = a= 3
2
=, =b
. l-cos4dx
9. a=lm——->FF—=8
x—=0" X

10. Klog2log3= f(0)

—lim f (x) = lim 22 8 *1

¥=0 =0 /2 —1+cos x

&)
0 x* \/E(l—cosx/2)

9* -1 8°—1 16(x/4)°
x +J2-2sin’x/4

=lim
x—0 X

:ilog9log8

22

:i6log3log2:24\/§10g3log2

V2
Thus g =24/2 -
, 1—cos(l—cosx)(l—cosx)2
11, im p 7
: (1-cosx) x

33



12.

13.

14.

15.

16.

— 1m

x>0 (l—cosx)2 2

X

1—c05(1—005x)((1_°°sx)]2

1 1 im 1 —_cosx 1
=—x—| x>0 =— |( formula
2 4( x? 2j(f )

x+2|yl=3y
= x+2y=3y,y>0 and
x=2y=3y,y<0
x, x20
j— =
4 i, x<0
5

Therefore, y is continuous everywhere but
is not differentiable at x = ().

LH.L=lim [cos x] =0

xo>—
2

RH.L= lim [cosx]=-1

4
X—>—
2

f(x) is discontinuous when

x2—3|x|+2:0 = |x|2—3|x|+2:O

= |x|=1,2
x=x* = x=0,x=1
x for x<0
f(x)=4x"for0<x<1
x forx >1
1
)=
R |
—x x—
(fof Jox) =———=— =
1_7 —X X
1-x
1
(fofof Jox) =—— =x
X1
X

(fofof )(x) isdiscontinuousat x =0,x =1.
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L 1f/®= tan”' (x+2)

. Let f(¥)=

. Iff(x):li_r)n

EXERCISE - 111
|x+2] if x%-2

then, i
) o xe2 en, f(x) is

1) continuous at x = —2

2) not continuous at x = — 2
3)differentiable at y = —2

4) continuous but not diferentiable at y = —2

(256 +ax)"* -2
(32+bx)"" -2 "

continuous at x = ¢ ,then the value of ;/p is

If £ is

8 32 64 16
1) 570 2)=7(0) 3)=-/(0) 4)7f(0)

. Thevalues of a and b if fis continuous at x = (),

where

( ax+bx’
1+
X

1/x
5 ] , if x>0

3 ,if x=0

1) a=0,b=1log3 2) a=1,b=1log?2
3) a=2,b=1log3 4) a=0,b=log?2

S(x)=

sin( cos.x) —cosx " o7
ri= (2 i

Vs
k , If x=—
4 2

s
is continuous at x = 5’ then k=

1 1
1)0 Dc V% Y

log(2+ x)—x*" sin x
1+ x>

then f(x)

is discontinuous at

1) x=1 only
3) x=—11only

2) x=—1only
4) no point

. Let f:R— Rbe given by

5x, ifxeQ
(2=,
x +6,if xeR-Q

1) f iscontinuousat x =2 and x =3

then



10.

2) f isdiscontinuousat x =2 and x =3
3) f iscontininuous at y =2 butnotat x =3
4) f iscontinuous at y =3 butnotat x =2

A+3;:osx, if x<0
Iff(x)=
Buan| -7 |, if x>0 Where |[]
[x+3]

represents the greatest integer function, is
continuous at y = () Then

3

3) A=—3,B:—£ 4) A:—£,32—3
2 2
a|x* —15x+56
x—38 9gf‘x>9
If f(x)= b Jif x=9,
x—[x] ,if x<9
x—8

where [.] denotes greatest integer function and
the function is continuous then

1
1) GZE,bzl 2) a=0,b=1

-1
=—,b=1 =—,b=-1
3) a= 4 a=7

If [] denotes the greatest integer function
then the number of points where

f(x):[x]+{x+ﬂ+{x+§} is

discontinuous for x €(0,3) are
1)2 2)9 3)8
If the function

410

f(x)= {%} sin(x—5)+acos(x—2)

where [.] denotes the greatest integer
function, is continuous and differentiable in
(7,9), then

1) Ae[8,64] 2) Ae(0,8]

11.

12.

13.

14.

15.

16.

17.
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3) A€[64,0) 4) A€[8,16]
1t f={e J 7570 then f(x is
0 , if x=0

1) continuous for all x, but is not differentiable
2) neither differentiable nor continuous

3) discontinuous everywhere

4) continuous as well as differentiable for all x
The function f(x)=[x]* —[x’] (Where [y] is
the largest integer < y ) is discontinuous at
1) all integers

2) all integers except 0 and 1

3) all integers except 0

4) all integers except 1

2

If f(x)zm then f(;) is
discontinuous at x is equal to

7 25 8 24
D237 2230
3) llﬁ 4) 2,6,11

311
f(x) =Sgn(x3 —x) is discontinuous at x =
1o 2)1 3)-1 4)0,-1,1

If (x) :Sgn(2sinx+a) is continuous for all
x then the possible values of ¢ ¢’ are

)R 2)a<—-2ora>2

3) (-2.2) 4 (0, «)

If f:R—> R is a function defined by

1(5) = [xfoos( 25

the greatest integer function, then f is

[AIEEE - 2012]
1) Continuous for everyreal x
2) discontinuous only at x =()
3) discontinuous only at non-zero integral values
of x.
4) continuous onlyat x =().
The values of p and g for which the function

jﬂ > where [x] denotes



sin( p+1)x+sinx i x<0
x
f(x)= q , if x=0
[ 2
x+x—3_\/; , #x>0
%2

is continuous for all x in g ,is [AIEEE -2011]

N L B |
)p_zaq_z )p_ 27q_2
- 4 petg=_3
)p_zaq_z )p_zaq_ 2
KEY
01)2 02)3 03)1 04)4 05)3 06)1
07)3 08)1 09)3 10)3 1)1 12)4
13)3 144 152 16)1 17)2
SOLUTIONS
lim |x+2]

lirir;f f(x)=

-2 tan”' (x +2)

- lim —*D__
-2 tan” (x+2)

-1
{ lim 21X _ 1}
x—=0" X

lim f(x)= lim —~ 21
x—>-2" —>-2"tan” (x+2)

x+2
m 71—:
—-2" tan~ (x +2)

}Ln_qz J(X) does not exist.

. (256+ax)"* =2
lim 3
=0 (32+bx)"” -2
Use L-Hospital rule

= f(0)

36

;7

1(256+a)c)8 a

=l = 10)
5(32+bx)5 b

64
On simplify, % ==/

lim 7(x) = 1(0)

3 1/x
:>lim£1+ax+bx] =3

x—0" 2

X

1/x
:>1im(l+£+bxj =3

x—0 X

L.H.S.isexistwhen 4 =(
= lim(1+ bx)"* =3
= e =3=b=log’

sin (cos x)—cos x

k =1lim 5
(7 —2x)

Va
x>
2

e
. sin’| = —x
sin(cosx)—cosx (2 j
N (cos x)3 g 7 ’

NI VS . [ ljm 20X — X :_l}

x—0 X3 6

f(x) isdiscontinuousat x =1 or x=—1
f iscontinuous when 5y = x* + 6

=x’-5x+6=0

=x=2,3
o (44333 .
}l_I»{lf(X)—]);lgol(?—E —I—Ixz—ax +..... j

For this limit to exist, we musthave 4 +3 =( and
in that case, we have

lim /() =2 Now,

x—0~ 2



x—0"

10.

I1.

12.

I1.

lim f (x) = }i_)rg}Btan[[x—Z?’]j:Btanng\/g

lim £ (x) = lim £ (x) = £ (0)

x—0" x—0"

lim 7(x) = lim f(x)= ()

2_ —
:>lima|x 15x+56|:1imx [x]:b
x—9" x—8 x—9” x—8
= fim 2 ZDEY) X8
x—9* x—8 -9 x—8

=2a=1=b

f(x)=[3x] is discontinuous when3y = an

integer
12345678
x=_J_J_J_J_J_’_’_E( s )
33333333
[x] isnot continuous & differentiable at

integral values (points) so f'(x) continuous

(x=5)’
and differentiable in (7,9)if |~ |~ 0

= A4>(9-5)

=A>64 .. Aec[64,0)

| x | is not differentiable at x = 0

| x| is continuous at x = ()

Clearly, f(x) =0 foreach integral value of x.

Also,if 0< x <1, then 0 < x* <1,
—[x]=0 and [x*]=0

S f(x)=0for 0<x<1
Again,if | < y < /2 then | < x? <2
= [x]=1[x]=1

| x | is not differentiable at x = 0

| x| is continuous at x = ()

12.

13.

15.

17.

37

Clearly, f(x)=0 foreach integral value of x.
Also,if 0 < x <1, then 0 < x? <1,

=[x]=0 and [x*]=0

S f(x)=0for 0<x<1

Again, if | < x < /2 then 1< »* <2
=[x]=1[x"]=1

However, at points x other than integers and not
lying between ( and /2, f(x)#0

u=

> is discontinuous at x =2
x —

1 I
)= 66~ win)uo)

discontnuous at ¢ = 6,11

2 :6,11:>xzz,§
" x-2 311

£ (x) isdiscontinuous when x* _ x =
=x=0,-1,1

Function continuous for all x

. ) —-a
=2sinx+az0=smnmx#*—

a

:>‘ >l=a<-2(or)a>2

=[x]sinzx is continuous for everyreal x.

Use L-Hospital's rule.



JEE MAINS QUESTIONS

1. The value of K for which the function

4 \tan4x T
— Ocx < —
5 )tanSx 2

f(x) = 2 7 Is continuous at
k+— X=—
5 2
x= 2 is [2017]
2
17 2 3 2
1) 20 2) 3 3) 5 4) - 3

2.Leta, b ¢ R(a «£0) if the function f de-

fined as
2—xz 0<x<«l
f(x) = a I<x<oo is continuous
2b* —4b I <<
in (0, «) then (a, b) is [2016]
1) (V2,0-43)  2) (—V2,1-43)
3) (V2,-1-43)  4) (—V2,1-43)

1
(x—l); x>1 x#2
x=2

3. Letf(x) = { the

value of k for which f is continuous at

X=2Iis [2018]

1)1 2)e 3etl 4)e?

4. If the function f defined as f(x) =
1 k-1

X e

the ordered pair (k, f(0)) =

ks 0 is continuous at x = 0, then

[2019]

(3,2 DG, HR Y 9(G,2)

11
5. If the function f defined on (_E’Ej by

1 (1+3Xj
—log X
fx) = 1% \172X is continuous,
x=0
then k is equal to [2020]

6. Let [t] denofe the greatest integer < t and

x—0

4
Lt x[ﬂ =4 then the function

f(x) = [x%] sin (zX) is discontinuous when x is

equal [2020]
D) Ja 2) Ja+1 3) J4a+5 4) Ja+21

38



7. Let f(x) = x. [ﬂ for - 10<x<10 where [t]

denotes the greatest integer function.
Then the number of points of discontinuity of

f is equal to [2020]

KEY

1)3 2)1  3)3  4)2

5)5 6)2 7)8

SOLUTIONS

tan4x

1) Lt f(x)= Lg(%jmsx =Gj =1 given f(x)

x>
2

2)  Given f(x) is continuous at x = 1, /2

Key: 1
xéfff(x):xif**—f(x)
2
Ltzi:a :>£:a:>a2=2,a:\/§
x=>10 q a
L =
Ler(= L 7(x)
2
a= It 2b ;4b
x~>\/5+ X

39

f£(0)= Lt

2_
\/§:2b 4b

22
— 4 =2(b?- 2b)
=b’-2b-2=0
bzzi\/m:uzﬁ
2 2
b=1+43.

Given f(x) is continuous at x = 2

Lt f(x)=/(2)= Lt (x—1) =k

x—2 x—2

(x—l—l)

= k=Lt
=2 —x

1
k=t

k= & ) g

ex—)Z 2—x

Given f(x) is continuous at x = 0

1 k-1
Lt f(x) = f(0) = jgo(;—ezx _J

x(2-k+1)+2x" +...

2

is defined if

x—0 2x

f(0)=0+1+0.....

f(0) = 1



1 1+3
5. Lt f(x)= Lt—log( Xj 7. fQ1) = r[i} may be discontinous where

x—0 x—0 x 1_2x 2

= Lt log(1+3x) — Lt log(1-2x) % is on integer. So possible points of discon
x—0 X x—0 X

'y 3] (-2) tinuity arex = +2, +4, +6, +8and 0
=0]143x  —0]-2x
3 2 butatx =10

= T + T =5

14,7 (x)=0=7(0)= L1 7 (x)

given f(x) is continuous at x = 0
so f(x) will be distentinuous at x = +2, +4,

Lt f(x)=1(0), 5 = k.

x—0 i 6, i 8
4 4 [4
6. Ltox[—}zA: Lt‘)(—_[_D: 4 number of points = 8
xX—> X X—> X X
H
= Lt4—x o ZA skskskskskskk
x—0 X
=4-0=A
check when

1)x = /4= X =2 = continuous
2) X = J4+1= x=+/5 = discontinuous
3)X = .J4+5= x=3= continuous

NN X=J4+21 = x=5= continuous

40



DIFFERENTIABILITY,

SYNOPSIS

Differentiability at a point :

-

(1) A function f(x) is differentiable at a point

Lt f(x)—f(a)

exists finitely and
x—>a x-—a

x=a,if

it is denoted by /" (a)
L S f(a)

ie f'(a)=
J ( ) X—a
(i1)The right hand derivative of f(x) at x =ais

denoted by f'(a+) and is defined as

Lt f(a+h)—f(a)
h—>0 h

X—da

ie f'(a+)=
(iii) The left hand derivative of f(x) at x=a

is denoted byf'(a—) and is defined as

' ‘N Lt f(a—h)—f(a)
e Sla)= o
(iv)If 1 is differentiable at x =a then fisalso

continous at x = g . However the converse need
not be true.

(v) If f is not continous at x = a then f is not
differentiable at x = a

Differentiability of a function over an

.

interval :

i) A function f (x) defined on an (a,b) is said
to be differentiable in (a,b) if it is differentiable
at each point of (a,b)

ii)A function f (x) defined on [a,b] is said to
be differentiable or derivable if

a) fis differentiable from the right at a.

b) fis differentiable at every point on (a,b)

c) fis differentiable from the left at b.

ii1)A function f is said to be a differentiable
function, if it is differentiable at every point on
its domain.

iv)Exponential, logarithemic, trigonometric,
inverse  trigonometric functions are
differentiable in their domain.
v)Polynomial, constant functions are

differentiable at each point ‘x’, where x e R

Standard Results :

f(x) | g(x) [/®)2e@) | £(x)e@)
Differentiable | Differentiable | Differentiable | Differentiable
Differentiable [Non Non

Differentiable | Differentiable May bo or not
Non Non May bo ornot | May bo or not
Differentiable | Differentiable

1) |x - a| is not diffrentiable at x =a

ii) (x—a)"|x—a| is diffrentiable when >1
and is not differentiable when n < 1

iii) Sgn(x—a)is not differentiable at x = a

1 1
iv) x"sin—,x" cos—are differentiable when
X X
n>1 and are not differentiable when 5 <1

V) {x} , [x] are not differentiable at all intergral

points of x
WSl Odi= 1 (8(3)) B (x)-
f(a(x) ()

Differentiability of Functional Equations
> (i) if f(x +y) = f(x).f(y) then

f(x)=1(0)f (x)



Sol:

Lim f(x+h)—f(x)
h—0 h

_ Lim f(x)(f(#)-1)
h—0 h

=/ (x).£(0)

(ii) Funtional equation relations.
a) f(x+y)=f(x).f(y)Vx,y
= f(x)=a"(a>0)
b) f(x+y)=f(x)+f(y) Vx,yeR
= f (x)= kx
o) f(w)=f(x).f(y)vx,yeR
= f(x)=x"
d) f(xw)=f(x)+f(y)Vx.yeR"
= f(x)=k logx(x>0)

0 f(x)f(ijzf(xﬁf(%jv)ceR—{O}

= f(x)=1£x"

Proof: f' (x) =

N f[mx—i-ny]: mf(x)+nf(y)

m+n N0

m-+n

:>f(x)=ax+b

EXAMPLES
Examine the continuity and differentiability of

f(x):|x| atx=10

Y
=]
0 X

Hence y = |x| is continuous everywhere but

not differentiable at x =0
(- sharp cornerat  x=0)

Examine the continuity and differentiability of

y:‘sin|x| ‘ at x=nr,nel

Sol: It is clear from the graph that y z‘sin|xH is
continuous everywhere but not differentiable at
x=..=2x, -7, 0, ,27,.......... .
ie., x=nr,nel

We observe that at all integral values of =,

has a sharp corner
Y

W

Slope m, Slope m,

y =|Sinlx|

—-2n -t 0 T 21 —X

Slope m, # Slope m,

The differentiablity of

el/x e 1/x
x 1/x -1/x X 7 0
f(x) = e’ +e atx=0

T e O
>0l e 1] 0+1

- . f(0+R)—£(0)
"(07) =lim—————==
Similarly f (0) lir . 1
-. LHD = RHD
-, fisnot differentiable atx =0

If f(x+y) = f(x).f(y) vx,ye R, {(5) =2,
/'(0)=3 then f'(5)= [AIEEE 2002]
Sol: f'(x):f'(O).f(x)
£ (5)=r(0).£(5)=3)2) =6

Let f:R — R is differentiable function & f(1)=

0 2
dthen g(x)= Lt | ——dr =

s X

42



e 2udt

Sol: g (x)=lim [ —2- dr =lim -2
x—l1 w X— 1 e e |
Apply L-Hospital rule

= 2 lim

x—1

f(x)f'(x)—4.0
1

=1im2.f (x) /(x)=21(1) £ (1) =81 (1

x—1

43

EXERCISE - I

. Let f(x)=[x-1]+x+1|

1) f(x) is differentiable at x = +1

2) f(x) is not differentiable at y = +]

3) f(x) is neither continuous nor differentiable
at x =+1

4) f(x) is not continuous at x=0

X
— x=0

Let f(X)=11+2" then
0 x=0

1) LHD f(x) at x=0 is 1

2) RHD of f(x) at x=0 is not equal to zero
3) f(x) is differentiable at x=0

4 L f(x)=1

If f(x) =|X|CX, then at x=10

1) fis continuous

2) f'is continuous but not differentiable

3) fis differentiable
4) the derivative is 1

The set of all points where f(x)=2x|x]| is
differentiable

1) (—o0,00) 2) (—o0,0) - {0}
3) (0,) 4) [0, 0)

Let f(x)= 72 _ \/y3 + y2 then

1) LHD at x=0 exist but RHD at x=0 does not
exist

2) f{x) is not differentiable at x=0

3) RHD at x=0 exist but LHD at x=0 does not
exist

4) f(x) is differentiable and continuous at x=0
() =x £

it f(x)=x T |5x-0>0), £(0)=0

then

1) fis differentiable at x=0

2) fis not differentiable at x=0
3) fis not continuous at x=0

4) limf (%) does not exists



X, if x<x, 4) f'(0)=1
. Letf(x)= actbif x>x, " If fis differentiable KEY
at x, then 01)2 02)1 03)2 04)1 051 06)2
_ _ 07)2 08)1 092 1001 11)1 12)3
1) a=x,b=- 2) a=2x,,b=-x,
) a xO x02 ) a x09b 2)C0 13) 3 14) 3
3 = 2 ,b = 4 = ’b =
Ja=2mb=x, 4 a=x.b=x SOLUTIONS
. The left-hand derivative of f(x)=[x]sinr x at , ,
—2x, if x <1 -2, if x<—1
X=k,kisanintegeris 1. f(x){ 2,if1£x<1:>f'(x)[ 0,if —1<x<1
2x ,if x> 1 2,if x>1
D D¥k-D 7 2) (D¥'(k-)m , , .
Fr)- 20 (1) =0, 1 (1) =0, (1) =2
1)k _1\k1
3) (Dkm 4 Dkn - f(x) is not differentiable at x=+ 1
o (-(0) o 1ozt
- 2. £ (0-)= lim ) =MO) i 142
. Let f(x)— 2-x szzthen f(x) is o= 0 A% ’ X
243x-x x>2 1 1 1
=7%, =—F=
1) differentiable at x=1 tr2h ez
2) differentiable at x=2 . t0x)—£ (0 %,0
3) differentiable at x=1 and x=2 f(04)= iy "0y 122
4) not differentiable at x=0 ; ;
. Let f(x)=asin|x|+bel is differentiable when Ti1iok 1127
l)a=-b 2)a=b 3)a=0 4)b=0 ,
x_4| forle 3, LHD: hm —xe __1
f(x)=1, ) , then x0- X
S —xP+3x+ )4 forx<l .
. xe
1) f(x) is continuous at x=1 and x=4 RH.D= lim =1
x—>0" X

2) f(x) is differentiable at x=4
3) f(x) is continuous and differentiable at x=1 4 f( x) _ { ¢ x20

4) ) s only continuous at x=1 Lo x<0S differentiable everywhere.
. The set of all points where the function 5 fy)= » /577
f( x) —\l—e* is differentiable is - L.H.D at x= 0 does not exist as D=[0, )
Sy 7 x(a" -a"") _ox(1-a?)
1) (0,00) 2) (—O0,00) 6. ;{Zﬁf(x) gi’o’i ac +a* _Xli’?;ﬂ 1+a2~ =0

3) (—o0,0) {0} 4) (—o0,0)—{0,1,2}
. If f(x)=|x - a [+|x+b|, xc R,b>a>0. Then

1) f'(a+)=1 2) f'(a+)=0

. ) aZ/x _ 1
also, %f(x)ﬂlg;{m 0

so f1s continuous at x=0

i h@-a) o T-a?t
3) f'(~b+)=0 4) f'(~b+)=1 SO Iy =
. If [ . ] denote the greatest integer function similarly 7 '(0-) =-1 hence ,fis not differentiable
and f(x)= [tam2 x] , then at x=0
1 Lim f( x) does not exist 7. Since fis differentiable so it is continuous also,
x—0

a+b-h+h-a-b

2) f'is not continuous at x =0 =Lim 0

3) f(x) is differentiable at x = 0
44



10.

I1.

12.

13.

therefore x =f(x,) = im f(x) = ax, +b

a(x, +h)+b-x%

f(x, +h)—f(x,)
h

also, lim = lim
h—0+ h—0+
2 2
. Xo+ah-x5 _ )
= hILr‘g1+7 —a( wXg=ax, +b )

(%o+ hh)2 -x2 _ o,

thus a=f(x,-) = lim
hence x? =2x2 +b then b=-x2

Clearly f(k)=0, so the left hand derivative is equal

m (k =1)sin(kn + hn)

h—0- h h—0- h

(k —1)(~1) sinh
h

= lim (sinceh<0) =(k-1)(-1)=
1, if x<I

fl(x)=4-1, if1<x<2
3-2x, ifx>2

f(1=)=1f(14)=—1 f(2-)=—1, F(2+) =1
f(2-)=f(2-)

—asinx+be™if x<0
f(X)_{asinx+bex if x>0 2

thenf (0-)=-a-b and f(0+)=a+b

, {acosxbex if x<0
f'(x)=

acosx+be” if x>0

If a=-b, then f (0-)=f(0+)

Since g(x)=[x| is a continuous function and

lim f(x) =3 = lim f(x) , so f'is continous function. In
particular fis continuous at x=1 and x=4) fis
clearly not differentiable at x=4) Since g(x)=[x|is
not differentiable at x=0. Now

f(1+) = lim Fen) (1) _ o 34023

h—0+ h h—0+ h

-1

£ (1) = fim (5)(1+h)’ —(1+h)’ +3(1+h) + (1) -3

h—0- h

— im (#)(h* +3h* +3h)—(h* +2h) +3n 5
h—0- h 2

-2, x<-b
f'(x)=40, if-b<x<a
2,

; fla+)=2 f(-b+)=0
x> (a+) (-b+)
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TRAS S

14. 0<x<x/4, [tan’x|=0. Also tan? x isan

even function
iy 10RO )10

.. T is continuous at x = 0 and differentiable
x=0.Also f'(0)=0

EXERCISE - 11

. If f(x)=p|sin x| + qe+r|x|* and f(x) is

differentiable at x=0, then

1) g+r=0; p is any real number

2) p+q=0; r is any real number
3) g=0, r=0; p is any real number
4) r=0,p=0; q is any real number

sin 4n[x]

. Let f(x)= 1 +[x]2 ;where [x]is the greatest

integer less than or equal to x, then

1) f(x) is not differentiable at some points
2) f(x) exists but is different from zero
3)LHD (atx=0)=0,RHD (atx=1)=0
4) ' (x)=0but fis not a constant function

=3x+2, x<1
R TRAC %x2+7, > 1> then which of the
following is not true
1) f'(1+):1 2) f‘(l—)=—3

3) f'(l—) :f'(1+):1
4) fis not differentiable atx =1

1,
——x°, for x<l1
5 S

5 , then
Ex +1, for x>1

1) fis differentiable everywhere on R
2) f'(1-)=-1 and f'(1+)=0
3) f'(1-)=-1 and f'(1+)=3
4) f'(1-)=1 and f'(1+)=-1



7.

10.

11.

The function given by y= Hx| - l‘ is
differentiable for all real numbers except the

points

1) {0,1,-1} 2) +1 3) 1 4) _q

If f(x)=|x|+|sinx| for X € (—E Ej, then its

272
left hand derivativeatx=01is  (Eam-2011)
Ho 2)-1 3)-2 4) -3
sin‘x2—5x+6‘ )3
—9 x ¢ b
Let F(x)=1 ¥ =5x+6
1 , x=2o0r3

the set of all points where f is differentiable is
1) (—o) 2) (=0,) = {2}
3) () - {3} 4) (=)~ (23]

f(x) :|cosx| is not differentiable for the
points given by x =
2) (2n+1)7z, Vnel

s
1)3

3) (2n+1)%‘v’ne] 4)0

Let h(x)=min{x,x*} for x c r . Then which of the
following is correct

1) his continuous for allx

2) his differentiable for all x

3)h'(x)=1 forall x>1

4) his not a differentiable at 2 values of x

3 Vx<1
f(x)=
Let f(x) {7—xv1<x<7

1) continuous v 1 < x < 7 but not differentiable ~ at
x=1

2) continuous -1 < x<7 & differentiable at x=1
3) neither continuous in [-1,7)nor differentiable
at x=1

4) continuous & differentiable at x=1

If f(x+y)=2f(x)f(y)all x,ye R where

then f(x) is
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12.

13.

14.

15.

16.

17.

/'(0)=3and f(4)=2,then f'(4)is equal to

1)6 2) 12 3)4 4)3

Let f(x+y)=f(x)f(y) and f(x)=1+(sin2x)g(x)

where g(x) is continuous. Then ' (x) equals

Df(x)g(0) 2)2f(x)g(0)3)2g(0)  4)2f(0)
Let a function y = f(x) be difined as
x=2t—|t

is

, y=t" +1|t| ,Where ¢ ¢ R then f(x)

1) Continuous and differentiable in [—1,1]
2) Continuous but not differentiable in [—l, 1]

3) Continuous [—1,1] and differentiable in
(-1,1) only
4) Discontinuous on [—1,1]

[cosmx], x <1

Iff(X)={x—2, 1<x<2°

1) discontinuous and non-differentiable at

then f(x) is

x =-1 and x=1

2) continuous and differentiable at x=0

3) not differentiable at x=1/2

4) continuous but not differentiable at x=0

-1, —-2<x<
x?-1,0<x<2

Let f(x)={ ® and g(0)=[f(x)[+flx|

then the number of points which g(x) is non
differentiable, is

1) at most one point  2) 2

3) exactly one point  4) infinite

Let f(x+y)=f(x)f(y) and f(x)=1+xg(x)G(x),

where limg(x)=a and mG(x)=b. Then f'(x)

is equal to

1)1+ab 2)ab 3) f(x) 4) abf(x)

Let fbe a differentiable function satisfying the
x)_ (%)

condition f(;j:m, for all

x,y(#0)eRand f(y)#0.If f'(1)=2,

then f'(x)is equal to

/) 2/(x)

) 2f(x) 2) 3) 2xf(x) 4)



18. If f:R — R be adifferentiable function, such = —hgigp[%+ ]h which is does not exist

that f ( X+2 y) =7 ( x) + f( o) y) +4xy for all 8. fisnotdifferentiable at all points where cosx=0

x, x21
X,y € R then
9 h(x)=<{x*,0<x<l
DS (W)=r1(0)+1 2) f(1)=s'(0)-1 ¥, x<0
3) [ (0) f( )+2 4) 1 (()) f (1)_2 From the graph itis clear thath is continuous.
Also his differentiable except possible — atx=0
KEY and 1
01)2 02)3 03)3 04)3 051 06)3
07)4 08)3 094 10)3 11)2 12)2 ' Loox>1
13)1 14)3 153 16)4 17)4 18)4 h(x)=42x,0<x<1
SOLUTIONS 1 x<0
1. For -5 <x<0,f(X)=-psinx+qe™ -nc, SO forx=1. b (1) — i RO =BD et
s =0+ t—0+ t
P but b0 =limM=0=hO _ A-0"-1
For 0<x<y, f(x)=p sin x+qe*+rx’, . ot et
- so h is not differentiable at 1
f(x)-£f(0 sin x e — 2
00 = lip O _“m{p x “{ X }‘”‘ }:PJFCI similarly h'(0+) =0 but h'(0-) =1
For fto be diffentiable at x=0,we must have ¥ <t
ptq=-p-q=p+q =0. 10. f(><)={7_x1<x<7
Sil’l47l'[x] f(1)= ' =_
5 Wehavel—zzo’ Vx (1) '310g3',f(1+) 0-1=-1f(1-)=f (1+)
+[x] - f(x) is not differentiable at x=1
[ [ ]1s an integral multiple of ' ] Hence fis not differentiable at x=1
) 4+h)-f(4
f(x)=0 forallx 11. f’(4):£1£101f( h) /(4)
if x<1
’ , . f4+h)-f(4+0
3. { T :>f(4)=£1_r)13 ( )h ( )
—xif x <1 21 (4) f(h)=2/(4) (0
s { (@)=t 2 A (-2 (4)7(0)
h—0 h
S (h)-1(0)
= f'(4)=1lim?2
) )=t o] L
: .S (h)-1(0)
6. X—)Of,f(x)=—x—sinx f(4)=4£1§gT
7. The function is clearly differentiable except o riay 3
possible atx=2,3 =4/ (0) =4x3=12
£ (24) = hhrgf(uh) f(2) hE?Sinh(;;(Riigl_h) 12. f.(x):mf(xmgff(x) :me(x)f(r;])—f(x)
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13. When ¢>0,

we have x=2¢—¢ and

y=+1=2=y=2x"x>0

When t<0, we have
x=2t+t=3tandy=1t>-t* =0 =y =0 for all
x <0
[cos;rx] x<1
14. Wehave,f(x):{ |x—2| l<x<?
2—x, 1<x<2
-1, 1/2<x<1
0, 0<x<1/2
IS x=0
0, -1/2<x<0
-1, -1/2<x<-1/2

It is evident from the definition that f(x) is
discontinuous at x=1/2

1, -2<x<0
15 [f(x)|=41-x*0<x<1
| x2-11<x<2

and f|(x)|=x*-1-2<x<2

2(x2 —1),1< X<2

(by adding the function in proper domains)
-.g(x) is differentiable everywhere except at x=1

16. f(x) :mf(”hg*f(x) :mf(“hg*f(X)
[ f(x+y) = ()T (y)]
=f(x)1imf(h7r)1_1 =f(x)LimMg(r?]¢
=f(x)limg(h)G(h) =f(x)IimG(h)limg(h) =abf(x)
17. f(ﬁJ:M replacing x and y both by 1
y) f(y) repacmexandybotiby L,
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18.

f(x—i—h)_l
= (x)= £ (<) tim) L)
x+h
f -1
= f'(x)=/ (x)lim (hj
h
:f,(x)_fix)mf(1+x2—f(l)
= ()= 2 () =20

for all

f(x+2y):f(x)+f(2y)+4xy
x,y € R puttingx =y =0, we get £(0)=0

Now, f(x+2y):f(x)+f(2y)+4xy

S 2) S ) 1)
2y 2y
i L))
y=0 2y
=lim{2x+—f(2y)_f(0)}
>0 2_)/’

= f'(x)=2x+ f'(0) forall x
= f'(1)=2+ 1(0)



EXERCISE - III

x"sin—, x =0 . .
. Letf(x)= x , then f(x) is continuous
0 ,x=0

but not differentiable at x=0 if

1) ne(0,1] 2 nell,»)
3) ne(-»,0) 4)n=0

. The values of a and b such that the function

(x) {axz—b, x| <1
. X) = .

of defined as A x| > 1 is
differentiable are
1) a=1,b=-1 2)a=y b=y
3)a=y,b=y 4) a=y b=

sin2x if 0<x <7

. Let f(x) be defined by f(x)={ax+b iy <x<1

The values of a and b such thatfand /' are
continuous, are

1)a=1,b=/&+% 2)a=/ﬁ,b=/ﬁ
3)a=1,b="/-% 4)ya =34 b
=3/ + 54
bsinl(x+cj, 1
2 ——<x<0
: 2
il tx=0
OSSN
5 _
¢ ! 0<x<l
X 2

1
If f(x) is differentiable at x =0 and |c| < > then

l)a=1and 64b* + c*=4
2)a=0and 64b> +¢c>=2
3)a=2and 64b*> +c2=1
4)a=3 and 64b*> +c*=3

x+2|

5 , X #
. Iff(X)= tan™'(x +2)
2 ;

-2
, then f(x) is

=-2

1) continuous at x = -2

2) not coninuous at X = -2

3) differentiable at x = -2

4) continuous but not derivable at x = -2

49

.

10.

11.

12.

.1
x—1)sin—, if x#1
Let /(%)= (=) il
0 if x=1
Then which one of the following is ture?
[AIEEE 2008]
1) f is neither differentiable at y=(0 nor at
x=1
2) f is differentiable at x =0 and at x =1
3) f is differentiable at x =( butnotat y =1
4) f is differentiable at x =1 notat x=0
If x+4|y|=6y, then y as a function of x is
1) continuous at x=0 2) derivable at x=0

d

3) =1 forallx  4) =0 forallx
. (x=5)" | .
If the function f(x)=| —2 | sin(x-5)

+acos(x-2), where [.] denotes the greatest
integer function and ac R ,is continuous and
differentiable in (7,9) then

1) Ac[8,64] 2)A<(0,8]
3)Ac[64,x) 4)A<(0,0)

Let f(x)=[x]*+,/{x} ,where [ ] & {} respectively
denotes the greatest integer and fractional
part of functions, then

1) f(x) is continuous at all integral points

2) f(x) is not differentiable vy I

3) f(x) is discontinuous as xeI-{1}

4) f(x) is continuous & differentiable at x=0

Suppose f'(x) is differentiable at x =1

and }g}%f(l"‘h):i then f'(1) equals
13 2)4 3)5 4)6

The set of poits where f(X):%M is
differentiable is

1)(—0,0)U(0,0) 2) (—o0,—1)U(-1,0)
3) (~e00) 4 (0,0)

Let f:R— R be a funtction defined by
f(x)=min{x+1|x|+1}, Then which of the
following is true? [AIEEE - 2007]

1) f(x) isdifferentiable everywhere
2) f (x) is not diffferentiable at x = ()

3) f(x)Zl for all xeRrR




13.

14.

15.

16.

17.

18.

4) f (x) is not differentaible at y =1
If funcion f (x) is differentiable at

X' f(a)-a’f(x)

X—a

X =a, then lim is:

xX—>a

[AIEEE- 2011]
1) —a*f (a) 2) a f(a)-a'f (a)

3) 2a f(a)-a’f (a) 4) 2a f(a)+d’f (a)
If /:(~1,1) > R be a differentiable function
with  f(0)=-1

and f'(0)=1. Let

g(x)= [f(Zf(x)+2)]2 ,then g'(0) is equal

to (AIEEE-2010)

1)4 2) -4 3)0 4) -2
A+sin”(x+B), vx=1_ .

Let f(x)={ vy - 118 differentiable

then

1) A=-1,B=-1 2) A=1,B=-1

3)A=B=1 4)A=0,B=1

Let f(x) be differentiable function such that

X+y

(2L )10+, xand y. If 1'% then

f (1) equals

and f"(0)=—1,7(0)=1, then f(2)=

1

1) % 2) ) 3)1 4) -1

Suppose thatfis a differentiable function with
the property that f(x+y) =f(x)+f(y)+xy and
im=1(n) =3, then

1) fisalinear function 2) f(x)=3x+x?

3) f(x)=3x+x/4 4) f(x)=3x- 4

19.

20.

21.

22,

23.

24,
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If f(x+y+z) = f(x).f(y).f(z) for all x,y,z and
f(2)=5, f(0)=3,then /'(2) equals

1) 15 2)9 3) 16 4)6

Given that f(x) is a differentiable function of
x and that f(x).f(y)=f(x)+f(y)+f(xy)-2 and that
f(2)=5. Then f'(3) is equal to

1)6 2)24 3)15 419
. .

If f(x) = |cosx—smx| , then 1)

D2 2) .2 30

4) does not exists

Let f(x) be a polynomial of degree two which
is positive for all xc R.

g(x)= 7 (x)+ /" (x)+ /" () + /" (%) + 5" (%)
then for any real x
Dgx)<0 2)g(x)>0 3)gx)=0 4)g(x)>0

Which of the following function is
differentiable at x=0

Deos(fe)+  2) cos(l) |

3) sin|x]) +|x] 4) sin[xf) =
The function f(x)=|x3| is

1) differentiable everywhere

2) continuous but not differentiable at x=0
3) not a continuous function

4) a function with range (0, « )

KEY

03)3 04)1
09)3 10)3
15)2 16)2
21)4 22)2

01) 1
07) 1
13)3
19) 1

02) 3
08) 3
14)2
20) 1

05)2
11)3
17) 4
23)4

06) 3
12) 1
18)3
24) 1



SOLUTIONS

. since f(X) is continuous at x=0, therefore
lim(x) =f(0)=0= limx"sin( %) =0=n>0
f(x) is differentiable at x=0 if

lim % exists finitely

%ny)—o exists finitely

= lim
x—0
= limx""'sin() exists finitely =n-1>0=n>1

If n<1, then limx""sin()) does not exist and hence
f(x) is not differentiable at x=0

hence f(x) is continuous but not differentiable
at x=0 for o<n<1,1.€ ne(01]

Since every differentiable function is
continuous, so we must have

XIiﬁr'r117f(x)=f(1) =a-b=-1

for f to be differentiable, f(1-)=f(1+)
_la(1+h)* ~=b+1 i —1[1+h|+1
SRR/ MEIRE)

h—0-

a(2h+h2) i h
h | nhon(isn) (as a-b=-1)
—2a=1, Hence a=y% and b=%

(x) = sin2x if 0<x<%
" lax+b if 4<x<1°?

. 2cos2x if 0<x<%
f(x)=
thenf (x) { a  ifyg<x<i

¢ and ¢ are continuous
lim f(x)= lim f(x lim sin2x = lim ax + b
X %— ( ) X+ ( ) = X% x> %

V3 _an V3 @

—=—+b=>b=—-—
2 6 2 6

xIlrl/zif'(x) = xll%f(x) then xILnkZ CcOs2X = x"fwka

1.e. a=1
. Find f'(x)and f'(0+):f'(0’)

. . o [F2-h+2
Jﬁ?ff(x)‘l'inof(z‘h)‘l'i"om

) h . -
=1 =1
0 tan™(-h) "l tan”(h)

_ o o |-2+h+2|
and x'@f(x)—m},f(—2+h)—'hmm
h —

= o () - Jim £(x) = lim (x)

~

10.

51

so, f is neither continuous nor differentiable at

x=-2
(l_h_l)Sin(l—;—lj_o

—h

Lf'(1) = lim

h—0

S . .1
= —{11_173 sm; similiraly Rf'(1) = {j_}”g Slnz
‘f” is not differentiable at x=1, Clearly ‘f” is
differentiable at x =0.
As Lf'(O) = Rf'(O) = Cosl —Sinl
We have, x+4|y|=6y

N x—4y =6y,if y<0
X +4y=6y,if y>0

Hox,if x <0

NFAS if x>0
Hox,if x<0

:f(x):{yzx,ifxzo

clearly, y =f(x) is continuous at x=0 but it is not
differentiable at x=0

[x] is not conitnuous and differentiable at
integral values (points)

So f(x) is continuous and differentiable in (7,9)

. (x—5)3
if | A |70 =A2(9-5" = A>64 - Ac[640)

If kel
Lt f(x)=k*-0 = Lt f(x)=(k=1)"+1

Again Lt f(x)= Lt f(x)=1(k)

k*=(k-1)*+1 = 2k=2 then k=1

1.e., f(x)1is continuous at k=1 and no other integral
point.

So f(x) is discontinuous for all integral points
except x=1

o SR = f(1)
f(l)—hmT

h—0

=5 and hence

f(1+h)
h

given that lim
h—0

/(1)=0



I1.

12.

13.

14.

15.

16.

17.
18.

19.

(1_ )2 ;x<0
ORI
=3x20
(1+x)

f(x)=x+1,‘v’xeR

xzf(a)—azf(x)

lim
xX—a x-a

—_— 2 '
lim 2xf(a) la f (x)

= 2af(a)—a2f'(a)

() =2 (27 (x)+2) | ((2£ (%)) +2) <2 (x)
g'(0)=[ £(2/(0)+2) ] x£'((2£(0))+2)x2£'(0)
=21(0)xf£'(0)x2£"(0) =2(~1)xI1x2x1=—4

0Q

As y>1 sin” (x+B) is defined when B = -1

from the options.f is differentiable — f is
continuous.

X+
f[1_le]=f(x)+f(y) = f(x)=Atan"'x
Now, It @=A It tan"x A= 'f(x):ltan‘1x
7 x50 X x>0 X s A=) 3

Take f(x) = ax+b

f(x+h)-f(x) _ Iimf(x)+f(h)+xh—f(x)
h

h—0 h

f'(x)=Lin;
= :Iimlf(h)+x:3+x
h—-0h

Hence f(x)=3x+ < +c. Putting x=y=0 in the
given equation, we have
£(0)=£(0)+£(0)+0= £f(0)=0. Thus c¢=0 and
f(x)=3x+x/

We have, f(x+y+z)=f(x)f(y)f(z) forall x,y,z

= f(0)=f(0)f(0)f(0) (putting x=y=z=0)
=1(0){1-(f(0))} =0 =1(0)=1

(~f(0)=0=f(x)=0 for all x)

Putting z=0 and y=2, we get

f(x+2)=f(x)f(2)f(0) = f(x+2)=5f(x) for all x
=f(2)=5f(0) =5x3=15

hence fis differentiable everywhere

20.

21.

22.

23.

24.
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We have, f(x).f(y)=f(x)+f(y)+f(xy)-2
= f(x)F(Y) = F(x)+F( 1) +F(1)-2
= f(x).f(%) =f(x) +f(%()

(since f(1)=2 putting x=y=1)
=f(x)=x"+1=f(2)=x* +1(since f(2)=5)
=>n=2

~f(x)=x*+1=1(3)=10

{cosx—sinx for x €(0,7/4)
f(x)=

sinx —cosx for xe(n/4,n/2)

Let f(x)=ax*tbxtc. As f(x)>0 forall x c R, we
must have, a>0 and b>-4ac<0
g(x)=ax?*+bx+c+(2ax+tb)+2a+0+(x?).0
=ax*+(b+2a)xtb+ct+2a

Discriminant of g(x)=(b+2a)’-4a(b+c+2a)

= -4a’+(b*-4ac)<0

Thus g(x)>0 forx <R

cos |x| = cosx is differentialbe at x=0, but |x| is

not differentiable at x=0, Hence 1 & 2 options are
not correct.

—sinx+x x<0
x>0

7 (s)=sinf =

sinx—x
1s differentiable at x=0

-x*if x<0

f(x)=[x*| then f(x) ={ 0 ifx=0

x® ifx>0
f(0-)=0,f(0+)=0 =f(0-)=f(0+)

then f'is differentiable at x=0
1.e fis continuous at x=0



JEE MAINS QUESTIONS

1. LetS={te R:f(x) = |x-x|. (X - 1) sin

|x| is not differentable at t}. Then the set

S is equal to [2018]
{0, 2)¢ 3){0} 4){n}
. -1, —-2=x<0
2. Let f(X) = Jﬂlx} = EK: s 0 .:_:j.:; 2 and

g(x) = If(x)| + f(lx]). then in the interval
(-2,2),gis [2019]

1) non continuous

2) differentiable at all points

3) not differentiable at two points

4) non differentiable at one point
3. Let k be the set of all realvalues of x
where the function f(x) = sin |x| - [X|+ 2(X -
nt) cos |X| is n of differentiable. Then the set

k is equal to [2019]

D0, 2)¢ 3){x 4{0}

4. Let S be the set of all points in (- =, n) at
which the function, f(x) = min{sinx, cosx}
is not difterentiable . Then s is a sub set of

which of the following [2019]

— — T —3n —x T 3Ix
1) {TJTJEJE} iz =333}
-7 0 {—BR —1m 3 Tr}
3){ 4 ¥ .14.} 4) 4 ¥ 4 ¥ 4. .14'

5. Let s be the set of points where the func-
tion f(x) = |2-|x-3|| x € R is not differentable

then Z FFGD is equal to [2020]

6. Suppose a differentiable function f(x)
satisfies the identity

f(x+y) = f(x) +f(y) +xy2 + x2y for all real x and

y. If L 0 -2

1l=x E—

- 0 if f(x) =1

then x is equal to [2020]

7. Let f:(0, ») —(0, «) be a differensiable

function such that f(1) = e and

I 1 (x)—xZF(t)

t—x

=0 .Iff(x) =1thenxis
[2020]

t—x

equal to

1 1
1)2e 2)e 3) %o 4) "
KEY

1)2 2)4 3)2 4)4 5)3

6)10 7)4
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SOLUTIONS

1) f(x) = |x—7z|(e‘x‘—l)sin|x| atx=0, r

|h=r|(€" ~1)sin|A|
f(o+) = Lt P

—_ h_ 1
L [|h 7r|(e l)sth o

h

(o)=L {|—h—ﬂ(€h—l)sin|—h|}=0

~h

f(x)= {lh(e“”l)sin|7r+h|}

h—0* h

)= 1 [|—h|(eh” _1)sinh}=0

-. f(x) is differentiable for all x ¢ R

1 —2<x<0
2 ‘f(X)‘: 1—x2 0<x<1 |f |X| =X2_1
x* -1 <x<
X e['z, 2]
X xe[—Z,O]
_ 0 x €[0,1)
g(x) = )

2x Xx€ [—2,0]
0 xe[0,1)
4x xe [1,2]

gi(x) = ~
not differentiable at x = 1
3. f(x)-sin |x| -|x] + 2(x-r) cosx

-.sin |x| -|x| is differentiable function at x = 0

k=0

-3
non - differentiable at x = %, Tﬂ

5. .. f(x) is non differentiable atx =1, 3, 5

YA =F(FW+ 7 (£3))+7(£(9)

=14+1+1=3

54



6. f(x +vy)=f(x)+f(y) + xy? +x%
Differentiate w.r.t. x
fi(x+y) = fi(x) + y>+2xy
puty = -x

f1(0) = FI()+ - 2 = F1(0) = F (X)X .....n[1]

Lthlzfl(o)zl 2]

x—0 X

from (1) and (2) f'(x) = 1 + x?

fi(3) = 149 = 10

7. Lt tzfz(x)_xzfz(t) = 0QusinglL-M
1ox r—x
opointal rule
I 2t+f2(x)—?x2f(t)fl(t):0
— 2x fA(x) - 2x2 f(x) fi((x) = 0
S(x) 1
f(x) = xfi(x) = (x) T

Integrating on both sides we get
log [f(x)\ = log x + logc

f(x) = xc

- f(1)=c =>c=esof(x) =ex

when f(x) = 1 = ex

1
X= —.
e



LIMITS, CONTINUTITY &
DIFFERENTIABILITY

ADVANCED LEVEL QUESTIONS

SINGLE ANSWER TYPE
QUESTIONS

1. Theintegral value of n for which

3
2 X X X
COS" X—CcosSx—e cosx+e —| —

2 J is finite

lim -
x—0 X
and non zero is
A) 2 B)4 () D)6
. The integer n for which
1 _ X
lim (COSX )(COSX © ) is a finite nonzero
x—0 X"
number is [IIT - 2002]
A)l B)2 C)3 D)4
X—a.
A=——"2="1=12,3,....,n
. If i |X—ai and

a, <a, <, <....<a,,

then lim (AA,...A ), 1<m<n

A) isequalto (-1)"  B)isequalto (-1)™"

C)is equal to (—1)nH D) Does not exist
lim al
. The value of =~ X+ x is
Ux
X+ .00
x+3/x
Al B)0 C)2 D) =

5.

If lirrol(x’3sin3x+ax’2+b) exists and is

equal to 0, then

9

A)a=-3and b = £}
9
B)a=3 and b=—
2

9

C)a=-3and b=—5

9
D)a=3 and bZ—E

Let a(a) and ,B(a) be the roots of the
equation

(¥a—1) +(JTra—1) (4 1) =0

where 4> —1. The aling a(a) and ali’%? B(a)

are [TIT-2012]

5 1
A) Eandl B) Eand—l

C—Z dD—g d3
) , an ) 5 an

Which of the following is differentiable at

x=07? [IIT - 2000]
A) cost|)+|x| B) cost|)—|x|
0) sin(]x|)+|x| D) sian|)—|x|

T
Let f[o, E} — R be a function defined by f(x)

, 3
= max {sm X, COS X, Z} , then number of points

where f(x) is non differentiable is

Al B)2 )3 D)0
Let f(x)=[3+2cosx],x e (—%,%) , where

[.] denotes the greatest integer function. Then
number of points of discontinuity of f(x) is
(A)3 (B)2 €5 (D)6



10.

11.

12.

13.

14.

15.

16.

A function f : R ® R satisfies the equation
f(x) f(y) - f(xy) =x +y v x,y i Rand f(1) > 0,
then

A) f(x) f'(x)=x* -4 B)f(x) f'(x)=x*-6

C) f(x) f'(x)=x* -1 D)f(x) f'(x)=x*+6

The function f(x) = [x]? - [x?] (Where [x] is the
greatest integer less than or equal to x), is
discontinuous at : [IIT - 1999]

A) all integers

B) all integers except 0 and 1

C) all integers except 0

D) all integers except 1

(i) The left hand derivative of,

f(x) = [x]sin(nx) at x = Kk, k an integer ([ .]

denotes G.I.F) is [IIT -2000]

A) ) k=t B (1) (k-1)n

C) (-1)kn D) (-1)'kn

The domain of the derivative of the function
tan”'x if [x|<1

f(x)=11 [IIT - 2002]

) is
5(]x|—1) if |X|>1
A)R - {0} B)R - {1}
C)R-{-1}D)R-{-1, 1}
Letf(x)=||x|-1], then points where f(x) is
differentiable is (are) [IIT -2005]
A)0,£1 B) +1 C)o0 D)1

f ¢¢(x) = — f(x) where f(x) is a continuous
double differentiable function & g(x) =f ¢(x).If

o = ()]

F(5) =5, then F(10) is [TIIT - 2006]
A)0 B)5 C)10  D)25

Number of points, where the function f (x)=

Max {sgn(x),— (9—X2),X3} is continuous
but not differentiable is:

A)6 B)5 C) 4 D)3
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17.

18.

19.

20.

(x2 +2x+3+sin7rx)n -1

f(x) = Lim

n—»0

Let (x2+2x+3+sin7rx)n+l ’

then

A) f (x) is continuous and differentiable for all
XeR

B) f (x) is continuous but not differentiable for
all xye R

O f (x) is discontinuous at infinite number of

points.

D) f (x) is discontinuous at finite number of

points.

x>+ xtanx—xtan2x
0 xz0

JIf
x=0

ax +tan x —tan 3x
0 ;

Let g(x)=

g'(O) exists and is equal to non zero value

b
b, then B is equal to

A l B l C l D i
) 13 ) 26 ) 52 ) 52
Let
e™ —e" +1n(secx+tanx) —x
f(x)=
tanx —x

be a continuous function at x =0. The value

of £(0) equals

A l B z C i D)2
)2 )3 )3 )
The value of
1 1 1
Lim[ZCOSZX + 308X 4 4cos’ x
x—Z
2
1 1 2 cos® x
+5008’x 4 geos® x J is
1
M1 B6 036 D)



21.

22.

sin zx

f(x):max{f, ,neN}has

n
maximum points of non-differentiabilityu for
x€(0,4), then

A) maximum value of n in more than 4.5
B) least value of n is more that 3.5

C) maximum value of n is less than 4.5
D) least value of n is less than 3.5

1 H+XH
Let x, be defined as (H;j =e, then

Limx, equals
n—»0

1 1
Al B); O D)o
KEY
01)B 02)C 03)D 04)A 05A 06)B
07)D 08)B 09)A 10)C 11)D I12)A
13)D 14)A 15)B 16)B 17)A 18)C
19)C 20)C 21)B 22)B
SOLUTIONS
3
OS2 X —COS X —e" Cosx+e' —
. Given 2

x—0 xn

(cosx—l)(cosx—e")—x;

=lim
x—0 xn
x2 x4 )C6
e e |
21 4! 6!
=lim -
x—0 X

x=0 .Xﬂ
©oxt X X X
—t—t = +.0.. |-
) 2 2 12 24 2
=lim
x—0 x"

=non zero if n=4
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. giventhat,

im (cosx —1)(cosx —e*)

n

= finite non zero

x—0 X
number

cos x —1)(1+ cos x)(e* —cosx)
x"(1+ cos x)

. (sin’x ) [ e*—-cosx 1
=lim| ——|. —
x-0{  x X 1+ cosx

[‘HX +f +i +...oo}{1—x2 +£4 +i +...oo}
1. 1T 2 3 2 4 o
=t

:Iim(

x—0

for this limit to be finiten—3=0bn=3

X —a,

A =

= ,1=1,2,3,....,n
x—a,

a, <a,<a,;<..a,.
Ifx is in the left neghbourhood of

a <a,<..a, <x<a,<a, <..<a

m+1 n

X—a,
(a;—x) ’

L AA,LA, = (-1

A= i=m,m-1,...,n

Ifx is in the right neighbourhood of a |

a, <a,<..a,  <a, <x<a,, <

m+1

.<a,

A=2"%o1i=1,2,..n

L AALA =(-1)

lim (AA,....A,)=(-1)""

toX—ay

. LHL = RHL



= X
=
. Let ‘/;
X+ ...00
x+3/x
B X X
= : . =
X+ X ; x+—);/3
X x+\/;...oo X
x5/3
- p= — 1 +()y=x" =0,
y iy y ( )y
y X5/3i /x10/3+4x5/3
P
2
_x5/3 + [x10/3 +4x5/3
= (cy>0)
2
4x5/3 — 2
= 4
1073 5/3 53 1+—— |+1
2\/(x +4x )+x ( x5/3j

Hence lim:#:gzl
Tow JI+0+1 2

. For existence of limit, (3+a)=0, a=-3
sin3x —3x + bx’ 9

given limit = lim 2 , 5

. Letl+a=y
:>(y1/3—1))€2+(y1/2—1)x+y1/6—1:0

3 V2 /6
S e 2 2y
y-1 y-1 y-1

Now taking lylgll on both the sides

1
:>§x2+§x+g:0 =2x*+3x+1=0
x:_la_l
2
. Atx=1

LH.L. = limf(1-h)=lim(1-h)[1-h]=0

R.H.L. imf(1+h)=lim(1+h)[1+h]=1
and f(1)=1

- f(x) is discontinuous function at x = 1

obviously it is not differentiable at x = 1
Atx=2,

R.H.D. =lim

8.

10.

11.
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LHL. =limf(2-h)=lm(2-h)[2-h]=2

h—0

RH.L. =lim(1+h)[2+h]=2
limf(x)=2, . f(x) is continuous at x = 2

- f(2-h)-f(2) _ (2-h)-2

=lim =1

h-0  _h

f(2+h)-f(2) _ _(2+h-1)2-2
h—0 h h—0 h

. f(x) is not differentiable at x =2

By graph of y = sinx, y = cosx, y = 3/4, we get

graph of f(x) and then we get two points of non

differentiability.

LH.D.=Ilim
h—0

2

T
3<3+2cosx <5 for XE(_E’EJ

f(x)=[3+2cosx] is discontinuous at those

ponts whre 3+2cosx is an integer.

2

NN
NN

Now, 3+2cosx=3,ifcosx=0. So, X =—

(Not possible)
1
3+cosx =4, if COSX = 5

T

V4
So, x have two values ? and —g

3+2cosx =5, if cosx=1. so,x =0
The number of values of x =2+1 =13
Hence, (A) is correct.

Takingx =y =1, we get f(1)f(1)-f(1)=2
b f2(1)-f(1)-2=0 P (f(1)-2) (f(1)+1)=0
b f(1)=2 (as f(1)>0)

Taking y =1, we get
f(x). f(1) - f(x)=x+1

= fx)=x+1DP f'(x)=x-1
\ f(x).f'(x)=x* -1

£ =f (]
Letx=m, me]

lim f()c):(m—l)2 —(m2 —1):2—2m

x—>m-

lim f(x):(mz—mz):O

x—>m*

.. fis continuous only at m=1.



12. (i) aIt_Ek = lim M

h— 0

1 ,
—(=x-1) if X < -1
2( )

k=int tan”'x if -1<x<1
(k=1n ege.r) |  fx)= 1
i [k]sinkn — [k —h]sin(k —h)n —(x=1) if X >1
= h 2
(k—Dsin(k ) Clearly L.H.L. at (x =-1) = Imf(-=1-h)
= lim [ sinkn =0] .
h0 h RH.L. at (x=-1) = Imf(=1+h)
im —{k =1 sin(kz - hr) =lim tan"'(-1+h)=—-3n/4
s no < LHL. » RHL. atx=-1
[sin (kn -q)=(-1)""sinq] . f(x) is discontinuous at x = —1
_ —(k=1)(-1)sinh~ Also we can prove in the same way, that f(x) is
= lim hr xm discontinuous atx = 1
_ . f(x) can not be found for x == 1 or domain of
=pk—1) (1!
Pl DD 00 ~R— -1, 1]

- cosx-x , x<0 14. Given function is y = | | x | =1 | or

Atx=0 [x|-1 if |x]|=1

Fi(x) = -sinx-1 , x<0 - Ix+1if -1<x<1
—sinx+1 , x>0 Sl Ix|-1 if x<—1orx=>1

LHD=-1,RHD=1 -x-1if  x<-1

. Notdifferentiable x+1 if -1<x<0

cosx+Xx , x<0 -x+1 if 0<x<1
f(x) =cos x| - [x| = CoSX—X . x>0 x—1 if x> 1
Here Ly¢ (—1) =—1 and Ry¢ (-1) =1

Not differentiable at x =0 Ly¢ (0) = 1 and Ry¢ (0) =—1 and Ly¢ (1) =1

' -sinx-%, , x<0 and Ry¢ (1) =1
f(x) =sin x|+ X[ = | ginx 1 x . x>0 = y is not differentiable at x =—1, 0, 1 \
Not differentiable atx =0 15. f"(x)=—f(x) = if’(x) =—f(x)
' dx

—sinx+Xx x<0 ' '
. v =—f & f =

ro={1(2)] «(o2))

p(x)={ 00Sx+T . x<0 F(x)=0 = F(x)=C= F(10)=5
“l+cosx—-1 , x>0 (x)=0= F(x)=C= F(10)=

L 1
LHD =0, RHD=0 0+ Gl 1
. fis differentiable atx =0
13. The given functionis 16. Let g(x)=-— (9—x2) is defined for
tan”'x if |x|<1 xe[-3,3]
f(x)=1 1 | |
§(| x[=1) if |[x[>1 so, f(x) is defined on [-3,3]
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17.

18.

19.

20.

21.

It is clear from the graph that f (x) is continuous

but not differentiable at A,B and C.
It is note that at point P, right hand derivative
—oo and Q, left hand derivative is +oo.

So, f (x) is not differentible at P and Q.
X +2x+3+sinzx :()c+l)2 +2+sinzx>1
‘. f(x)zl VXxeR

, . X4xtanx—xtan2x . x-+Hanx—tan2x
&(0)=b=lim lim
¥ x( ax+ta1x—tan$x) 0 ge+Htanx—tan3x

7
On simplifyinga=2, b= 2%

For continuity of fat x =0, we have
fanx —
PRI R i L e
) 0 tgx—x 9 (m_x}?
x

In(secx—tanx)—x

BN Cole) B :

0 tanx—x x=0 X

. secx—1 )
=1+3lim 3 (Using LH Rule)

x—0 X

2 COSZX 5 COSZX 1
+ 5 + g + =36
X .

Slnﬂ')C|}
n

f(x)zrnax{—,

22.

61

d 1 2 3354 %

Thus, for the maximum points of non

X
differentiability, graphs of y=7 and

y= |sin ﬂx| must intersect at maximum number

of points which occurs when 5 >3 5.
Hence, the least value of n is 4.

. 1 n+xn
Given (1 + —j =e
n

taking log

1

In (1 + 1)
n

(n+xn)ln(l+lJ:1:>n+xn =
n

n+l 1
let —=u — nu=n+l = n=
n

u-—1

« = Lim (L_szhmw

wl \Inu u-1 u—1 (u—l)lnu

1 1

Iy 1_; Limu ]
—u— ST 172
u

——+Inu —+
u u

MULTIPLE ANSWER TYPE
QUESTIONS

The function f(x) = | [2x — 3| - 10| is non

differentiable at

-7 13 -7 13 3
Mxel ] Bxelza:

3 3
onefl ol



|x|—3, x<l1
Caff(x)= |x—2|+a >1and

( )_ 2—|x, x<2
V= sgn(x)—b,x22and

h(x)=f(x)+g(x) is discontinuous at
exactly one point, then which of the following
values of a and b are possible:
A)a=-3,b=0 B)a=2,b=1
Ca=2,b=0 D) a=-3,b=1

. Let [x] denote the greatest integer less than

or equal to x. If f(x) = [x sin tx ], then f(x) is
A) continuous atx =0

B) continuous in (-1, 0)

C) differentiable at x = 1

D) differentiable in (-1, 1)

. If f(x) = min {1, x2, x3}, then

A) f(x) is continuous everywhere

B) f(x) is continuous and differentiable every-
where

C) f(x) 1s not differentiable at two points

D) f(x) is not differentiable at one point

For a function

ln({sin x}{cosx} +1)

{sinx}{cos x}

(%)=

notes fractional part function, then

A)f(O')=f{%+J B)f(o+)=f[§j

, where {} de-

OL/)=t b L, ()=
1
. Let /(%) :m’ (where [.] denotes the

A) domain of f(x) is
(2n7r + 71, 2nm + 27r) U {2n7r +7/ 2} , Where
nel

B) f (x) is continuous, when

xe(2n7r+7r,2n7r+27r), where e

C) f(x) is differentiableat x = /2
D) none of these

10.

11.
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sin”' (1—{x}).cosf1 (1-{x})

Va2l (1)
where {x} denotes the fractional part of x.
Then

A lim f(x) =0

C) lim f(x)z—%

x—>0+
The function, f(x) =
max{(1-x), (1+x), 2}, x € (-, ©) is
[IIT - 1995]

S (%)=

Let

B)

x—0-

lim f(x)z%

D) lim f(x)=0

x—>0-

A) continuous at all points

B) differentiable at all points

C) differentiable at all points except at x = 1
and x = -1

D) continuous at all points except at x =1 and

x = -1, where it 1s discontinuous
2

Let L=lim X—44 a> 0. If L is finite,
then [IIT - 2009]
A)a=2 B)a=1

C)L = 1/64 D)L = 1/34.

Let f:R—> R be a functin such that
f(x+y)=f(x)+f(»),Vx,y eR. IfR. If
f(x) is differentialbe at x =0, then

[TIT-2011]

A) f (x) is differentiable only in a finite interval
containing zero

B) f(x) iscontinuous ¥V xe R
C) f'(x) is continuous V xe R

D) f (x) is differentiable except atg finitely many

points
-xX—-—, xS—Z
2 2
f(x): —COS X, —£<xSO
If 2 , then
x—1, 0<x<l1
Inx, x>1

[IIT-2011]



12.

13.

14.

15.

V4
A) f (X ) 1s continuous at X = )

B) f (x) is not differentialbe at x =0
O f (x) is differentialbe at x=1

D) f(x) is differentialbe atx =-3/2

For every integer n, let a, and b, be real

numbers. Let function f:/R be given by

f(x>={

all integers n. If fis continuous, then which of

a,+sinzx, for xe[Zn,2n+l]

b, +coszx, for xe(2n—1,2n) , for

the following hold(s) for all n [IIT-2012]
A)a, —-b =0 B)a,-b, =1
C)a,-b,, =1 D)a, —-b =-1

Which of the following function(s) not
defined at =0 has/have removable
discontinuity at x=(0?

A) f@ﬁﬁ
B) f(x)=cos[@]

. 1
C) f(x)zxsm(;) D) f(x)=r|x|

f(x) =min {1, cos x, 1-sinx},- r<x <7,
then

A) f(x) is not differentiable at 0

B)f(x) isdifferentiableat /2

C) f(x) has local maxima at 0

D) f(x) local maximum atx= 7/2

The function f(x) = He" - 1‘ - 1‘ is

A) continuous for all x

B) differentiable for all x

C) not continuous atx =0, In 2
D) not differentiable at x — 1n 2
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KEY

01)A,B,C 02)A,B,C 03)A,B,D
04)A,D 05)A,B 06)A,B
07)A,B08) A,C 09) A,C 10) B,C
11)AB,C,D 12)B,D 13) B,D
14)A,C 15)A,D
SOLUTIONS
. Bygraph of f(x)

/(x) is continuous for all x if'it is continuous
at y = for which |1|—3 :|1—2|+a =>a=-3
and g (x) is continuous for all x if it is continuous
at x = 2 for which
2-[2|=sgn(2)-b=0=1-b=b=1

Thus, 2(x)= f(x)+g(x) is continuous for all x
ifa=-3,b=1

Hence, /(x)= f'(x)+ g (x)is discontinuous at

exactly one point for options (a),(b) and (c).

. Wehave,for-1 <x<1=0<xsin 7 X <

172 - f(x) =[xsin 7x]=0

Also x sin px becomes negative and numerically
less than 1 when x is slightly greater than 1 and
so by definition of [x].

f(x) =[x sin £x]=-1 when 1 <x<1 + h thus
f(x) is constant and equal to O in the closed
interval [—1, 1] and so f(x) is continuous and
differentiable in the open interval (-1, 1).

At x =1, f(x) is clearly discontinuous, since
f(1 —0) =0 and f(1 + 0) = —1 and f(x)is non-
differentiable at x = 1.

. from graph f(x) is continuous every where but

not differentiate at x = 1.




1

[sinx]

. Wehave f(x):

f(x) is defined, when —]<sinx<0 and
sinx =1

xe((2n+1)7r,(2n+2)7z)u{2n7z+%},
where e |

- f (x) is continuous function.
Hence, f (x) 1S continuous in
((2n+1)7z,(2n+2)7r), where 7.

f(;r/2—h)—f(71/2)
—h

/ 1
and Lf (71'/2)—1,123

1 1
i [sin(ﬁ/Z—h)} sinz/2

h—0 —h

1

_lim [cosh]
h—0 _h

-1

= —00

Hence, f(x)is differentiable at x = 7 /2.

lim / (x) =lim f (0+A)

x—0+

__sin”(1-h) . cos™(1-h)
=lim m =0
0 (1=h) = \J2n

lim / (x) =lim f (0~ )

x—0-

sin” (1+h—1).cos™ (1+h-1)

0 (k) (14 h-1)

y=1+x
Y2

12N

From graph it is clear that f(x) is continuous
everywhere and also differentiable everywhere
expectatx=1and—1.

10. -

I1.
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L= jim 4 a>0
x—0 X4
a_(az_xz)wz_L
lim 4
x—0 X
[ « 2 1/2 X2
a-a 1—() -
. a 4
1x2 11 x*) x2
a-a|ll-——,—5-——-.—-.— |—
lim 2'a> 2'22a*) 4
x—0 2
X
1 1xt 2(1_1j+1><“
—lim2a 8a* 4 2a 4) 8a°
x—0 X4 X4
1 _
If ———-0 23—2,
2a
11 1
ifa=2 L—g-g—a.
h)—
‘f(0)=0and f,(x):{li_li’;l)f(x-i- 2 f(x)
i) _
= lim J'(0)=k(say)
= f(x)=ke+c= f(x)=ke( £(0)=0)
lim f(x)=0= (—fj
> 2
2
11m+f(x):cos(——j20
xﬁ—%
-1, x<-Z
2
. -
, sinx, —<x<0
f(x) 2

1 0<x<l1

l, x>1
X



12.

13.

Clearly, f (x) is not differentiable at x = 0 as

f'(07)=0 and f’(O*):l_

f(x) isdifferentiable at x =1 as
()= r0)=1.

At x=2n

LHL = %i_r)%(b,, +c0s7z(2n—h)) =b +1

RHL = %igg(an +sinz(2n —h)) =a

n

f(2n)=a,

For continuity b,,, =a
At x=2n+1

LHL = lim(a, +sinz(2n+1-h))=a, +1

n

RHL = %@+1 +oos 7 2n-+1—h)) =B, -1
%iilg(an + sinf(2n + 1)) =a,
for continuity

a =b

n~ “n+l

(b,c,d)

(a) /' (07) =1im f (0~ h) =1lim

=0 ] 4 pcotlo=h)

-b, =-1.

n

-1,a,,

. 1 1 1
=lim “eoth = =

h=01+2 1+2 1+0
w f(07)# £(0)
(b)
107t (0-1) - o 0
=1imcos(@)

h—0 _

= cos(—limcoswj = cos(—1)=cosl
h—0 _h

and

f(0+):£i§gf|0+h|:lhiggcos[ -

[sin (0 )

|

|

65

h—0 h—0

7(0)= tim £ (0-1) =iy (-)sin]

— lim hhsin (fj
h—0 h
=(0xsinoo

= (0 x(lies between - 1+to 1)
and

A\ L (7
£(0 )—£1£r(}f(0+h)—£1£r3hsm(hj
=0xsinoo = 0 x(liesbetween-1to 1)=(

= f(07)=7(07)=1(0)

(d): f(o)z%,il%f(()—h):yg%m

) 1
=lim—
h—0 In h

£(07)=lim £ (0+h) =1im !

=lim
>0 In|0+h| ~0Inh

L f(07)=7(07) = 7 (0)
We have, f(x)=min{l,cosx,]-sinx}

. f(x) can be rewritten as

T
COSX, —ESXSO

f(x)z

) s
l—smx,0<x£5

T
COS X, 5<x£n



15.

. T
—sinx, —ESXSO

=f'(x)= —cosx,0<x£g

. T
—smx,§<x£n

o f '(0) =0
hence, f(x) has local maxima at 0 and f(x) is not
differentiable at x =0.
e’ x<0
f(x): 2—¢" 0<x<In2

e -2 x>In2

fis continuous Vx e R , butis not differentiable at
x=0,In2

COMPREHENSION TYPE
QUESTIONS

Passage - 1

x+2,0<x<?2

6—-x, x=22 °

Let f(X)={

V4
1+tanx,0£x<z

g(x)=

T
3—cotx, Z£x<7r

f(g(x)) is

r

(A) discontinuous at X = "
T
(B) differentiable at X = "

Vs
(C)continuous but non differentialbe at X = 1

V4
(D) differentiable at X = R but derivative is not

continuous.

The number of points of non differentiability
of h(x)=|f (g(x)) is

A)l B)2 03 D)4
3. The range of h(x)zf(g(x)) is
A) (=0, 0) B) (4.0)
C) (_0054] D) [4500)
Passage - 2
sin” (1—{x}).cos™ (1—{x}
YL U ) )’
P (1-4)
where {} denotes the fractional part function.
4. If R=}LY£} £(x), then the value of cos(100R)
is:
A)-1 B)0 012 DI
5. If L = lim/(x), then the value of
sin (99+/2L ) s :
A)-1 B)O0 )12 D)1
6. Thevalueof [ 2R’ +4L’ | is [where .| denotes
the greatest integer function] :
A)3 B)6 0)9 D) 12
Passage - 3
Suppose f, g and h be three real valued
function defined on R.
1
Let f(x)=2x+|x, g(x)=§(2x—|x|) and
h(x)=/(g(x)
7. The range of the function
1
k(x)=1+— (h t™' (A i
(x) +ﬂ(cos (h(x))+cot™( (x))) is
equal to
17 511 15 7 11
A) {Z’Z} B) [z’ﬂ Olaa) D{ey
8. The domain of definition of the function
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I(x)=sin"(f(x)—g(x)) is equal to



3 .
A) [g’ooJ B) (_Ooal] h’(% }= limi(seczx)z 2

3
©) [_1’1] D) (_w’g} So f(g(x)) is differentiable every where in
9. The function
T(x)=f(g(f(x))+e(f(2(x))) is

A) continuous and diferentiable in (—o0, )

T
(0, 7] other thanat X = Z

B) continuous but not derivable vy ¢ R ‘f (g (X) ‘ - T
C) neither continuous nor derivable Wy e R 4 sx<7z
D) an odd function
Vs
KEY which is non differentiable at X = Z and where
01)C 02)B 03)C 04)D 05A 06)C L
07)B 08)D 09)B 3+cotx=0 or x=cot (-3)
SOLUTIONS RKXG[Q£}3+mnXEBA)
Passage - 1 4
1to3

P For X€|:£,7ZJ,3+CO'[X€(—OO,4]
For Oﬁxﬁz,g(x)=1+tanx 4

Hence the range is (—w,4]

xe| 0,2 = l+tanx €[1,2) Passage - 2
4 4t0 6

We have

e sin”' (1—{x}) cos’l(l—{x})
O R )

SO f(g(x)):f(1+tanx):l+tanx+2

/4
and for XG[Za”), g(x):3—cotx

XE{E ﬂ):>3—cotxe[200) L. (D)R—hm (X)—lglgf(o h)
4’ P
. sin” (1={0+4}).cos” (1-{0+1})
so f(g(x))=f(3—cotx)=6—(3—cotx) =lim 205} (1-{0+4))
3+tanx,0£x<% :limsm (l h) cos’l(l—h)
Let h(X)Zf(g(X)): h—0 \/_h(l ]’l)

3+cotx , ESx<7z
4 sin” (1-h) . cos™ (1—h)

=lim im
clearly, f (g(x)) is continuous in [0, 7) [ ) RN T
in second limit put 1 -/ = cos@
' 7Z-+ : 2
Now (Z j= 1ir71rl+(—00530 x):—2 i sin” (1-h) . cos™ (cosd)
4

m
h—0 (l_h) 6—0 ,2(1—0089)
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sin"l(l—h) ) 2]
=lim lim

0 (1—h)  0>02sin(6/2)
=sin'1.1=7/2 = 100R =507
. cos(100R) = cos 507 = (—1)50 =1
2. (a): L=lim f(x)=lim f(0-4)

s (1 0 11 _fn_
msm (1 {0 h}).cos (1 {0 h})
= 20— R (1-{0-R})

sin~ (1+h 1).co s1(1+h 1)

m
h=0 (—h+1)( —h— )
. sin"'h . cos™' h
=lim Jim
>0 | h»o\/z l—h
/2 &
9921 =22~
BN
sin(99ﬁL)= sin(9

21(C).-: R—Eand 2\/—
2R +4L =17
= [2R*+4L |=[ 7" |=[9.87]=9.
Passage - 3
7t09

3x,x>0

and
x, x<0

Wehave /(%) :{

Clearly f and g are inverse of each other

3(£j=x,x20
3

X, x<0

Now, "1(x)=/(g(x))=

(1) Ash(x) =xVxeR

1
k :1 - -1 -1
— k(x)=1+ ~ (cos x + cot x)

Domain of k(x)=[-1,1] and & (x) is

decreasing function on [—1,1]

. j=<—1> : =<—1)‘”=—1
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As k(x) is continuous function on [—1,1]

l(cos*1 1+cot™ 1)

k. (x=1)=1
NOW: mm(x ) +7Z'

=1+— (0+ j I+
V2 4

Ko (x=—1) = 1+%(cos‘l (=1)+cot™ (—1))

1 3z 7 11
=l+—|7+—|=l+—=—
V4 4 4

4
(=21
:Rangeof 14

3
4

S

(i1) We have

£(x) =g (x) = (2x-+}x]) -3 (26-]x)

8
4x 4 —x; x>0
-4 dl-
303 {0 ; x<0

.. For domain of function,

&x 3
0<—<1 0<x<=
3 = 8

3

— Domain of l(x) = (—Oo,g}

r
Note : Range of function /(*) = [0, 5}

(1i1) As fand g are ianverse of each other,
50 T(x) -
T0x=f(2(/(x)))+2(f(2()))

= £ (3)+2(x) = (24[xf) 5 (26~ )

10x
—,x20
= T(x) { 3 Clearly, T'(x) is

2x, x<0

continuous but non-derivable atx =0



1.

MATRIXMATCHING TYPE
QUESTIONS

The statements in Column I are labelled A,
B, C and D, while the statements in Column
II are labelled p, q, r, s and t. Any given
statement in Column I can have correct matching
with ONE OR MORE statements(s) in
Column II. The appropriate bubbles
corresponding to the answers to these
equations have to be darkened as illustrated
in the following exampel. If the correct
matches are A-p,sandt; B-qandr; C-p
and q; and D - s and t; then the correct
darkening of bubbles will look like the

following. gt s

0000
0000
®00O00
OO0

O o W >

Column I (functions)
(A) f(x) = |1
(B) f(x)=x"|x,;neN

xIn|sinx|,x #0
O fx)~ 0 x=0

xe” x #0
(D) f(x) :{0 X=0

Column IT (properties)
(P) continuous at x =0

(Q) Discontinuous at x =0
(R) differentiable at x =0
(S) non-differentiable atx =0
Column-1

X%, x > 1

(A) Letf(x)= { <1 Then f(x) is

differentiable at x =
(B) Number of points of non-differentiability of
f(x)=min{2, x% x*} is

) f(x)=x’ sin(lj,x #0.£(0)=0 then
X
£'(0 7)1
(D) f(x) =[x — 1]+ x| + [x + 1], then £ (0 °) is

X3, X

69

. (A)f(x)=x|x|={xzj’ 50

Column -1

P)0

Q1

R)2

(S)3

(DS

Column I (functions)

(A) x|x

(B) x|

(C) x+[x], []—GIF.

[TIT-2007]

D) |x =1 +|x+1
Column II (properties)
(P) continuous in (-1, 1)
(Q) differentiablein (-1, 1)
(R) strictly increasingin (-1, 1)
(S) not differentiable at least at one point in
-1, 1)
KEY

01) (A - pas)a (B - par)a (C - pas)a (D - qas)
02) A-pa B'ra C-pa D- q

03) (A_ paqar)a (B - pas)a (C - I',S), (D - paq)
SOLUTIONS

. Conceptual
2. Conceptual

2

—X x<0

1s continuous and

differentiable everywhere. also increasing.

\/—_, <0
(B>f(x):M={ .

\/;, x>0
— I x<0
2\/—X’
fe(x)= 1 <> 0

2Jx

Continuous everywhere differentiable everywhere
except at x =0. Not increasing.

(O f(x)=x+[x] Atintegral pointx=1,
LHL=1+(1-1)=2I-1, RHL=1+1=2I=f(I)
, So not continuous hence not differentiable at
integral points but increasing.



-2x , x<-1
D) f(x) =[x — 1|+ |x+1|=] 2 - ~t=x<l
2x 1<x

Continuous everywhere, differentiable everywhere
but notincreasingin ( 1,1).

(INTEGER TYPE QUESTIONS )

This section contains 9 questions. The answer
to each of the questions is a single-digit
integer, ranging from 0 to 9. The appropriate
bubbles below the respective question
numbers in the ORS have to be darkened. For
example, if the correct answers to question
numbers X, Y, Z and W (say) are 6,0, 9 and 2,
respectively, then the correct darkening of
bubbles will look like the following.

ol@erlCErE]=

@ eeehceog:
clelctiekceds =

@@
@)

f(x+2y) _f(x)+2f(y)
3 3

If f'(O) =1,1(0) =2, then f(2) is

. The number of points of discontinuity of

f(x)=[2cosx],x € (0,27 ),]]represents

the greatest integer function) are ...... (where [.]
represents greatestinteger function)

. Let p(x) be a polynomial of degree 4 having

Vx,yeR.

extremum at x =1, 2 and }(%(H%j =,

Then the value of p(2) is [IIT - 2009]
. If the function f(x) = x3 + ¢¥? and
g(x) = f' (x), then g (1) is.... [IIT -2009]

. Thelargest value of the non-negative integer
a for which

1-x

{—ax+sin(x—l)+a}lﬁ 1

x+sin(x—1)-1 s

lim
x—1

4
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x—0 X

o ﬂ(l—cos’”x)
. If limsin p exists, where

m,n € N, then the sum of all possible values

of nis
1

. If lim (e” fe'+ x); — ¢“, then the value of g

X—>0

is

. If gand p are the numbers of points of non

differentiability of f(x)=[sin" x| and

f(x) = L » x>0, (where [.] represents
1+x

greatest integer function) respectively, then
the value of 4+ is

. The least integral value of ¢ for which the

function

f(x)= [(x—Q)3 /a}sin(x—2)+acos(x—2) ,
where [.] denotes the greatest integer func-
tion, is continuous in [0,2] is

KEY
01)4 02) 6 03)0 04)2
05)2 06) 3 07)2 08) 5
09)9
SOLUTIONS

f(x +2y) f(x)+2f(y)

3 3
1., (x+2y) f(x)
3f 5 3
2_,(x+2y) 2f'(x) .
gf[ 3 )= 3 - (i)

for (i & (i) f(x) = f(y) = f(x)=C=1,
fx)=x +d, As f(0) = 2
fx)=x+2 ,f(2)=2+2=4

2. f(x)=[2cosx]

43




clearly, from the graph, it can be seen that

.. . 7w 2w 4r 3 Sr
f(x) isdiscontinuous at x=",>., 7=

. P(x) = ax* + bx® + ¢cx> + dx + ¢ Given

Iim[l + P(’j)j =2
x—0

X

Limit existonly if,d=e=0
lirr(}[1+ax2+bx+c]=2 7 c+1=2

= c=1

P(x) = ax*+ bx® + x?

P'(x) =4ax?+ 3bx? + 2x =x(4ax?>+3bx +2)
Note: 4ax>+3bx +2 = A (x- 1) (x - 2)

=2 (x*-3x+2)

= A =
P(x)=ix4—x3 +x°

P(2)=%24—23+22 =4-8+4=0

. f(x)=x*+e2, g(x)=f1(x)
flgx)=x f(0)=1=f'(1)=0= g1)=0

, 1
feex)eg®)=1, =505

L
fig)  £(0)

g'()=

f'(x)=3x’ +%GX/2 f'(O)Z%. So, g(1)=2.

_ 1-x
—ax+sin(x—1)+a}1-\/; 1
4

x>l x+sin(x—1)—1

_sin(x—l)
— J_q

M Sin(x-1) |

71

x—0 n

X

=3sin [hm MJ

lm(MJ

x—0 xn

- 2
=sin [lim 2xm Mj

x—0 X

—meN and =1 or2

ln(ezx +e* +x)
lim ——*

L=e>» *
using L Hospital’s rule

2+e ¥ e 2t

2x  x
2e"" +e' +1 lim
2x

lim = —
_ o*lte T +xe
=e

2x x
— pr e +el +x
L=¢

= ez

sin”! x 1s @ monotonically increasing function.
Hence, f(x)z[sin*1 x] is discontinuous,
where gin™' x1s an integer.

—sin"' x=-1,0,1 or x=-sin1,0,sin1

e , X2 0 is a monotonically decreasing
X

function.

2
Hence, J (x) = L e },x > 0 is discontinuous

when is an integer.

1+ x?

2
= =12 = x-1,0
1+x

sin(x—2) and cos(x—2) are continuous for
all x. Since [xﬂ is not continuous at integral

values of 3, f(x) is continous in [0,2] if

{(x—zf

» }O,V)ce[o,z].

Now, (x-2)’ €[0,8] for x €[4,6]

(x-2)
— g >8 for 4 =0



DIFFERENTIATION

SYNOPSIS

Derivative :
= (i) Afunction y=f(x) is said to be differentiable if

i L) ()

h—0 h

exists finitely. This limitis

d
usually denoted by 1" (x) or _y'

dx
(i1) Let y=f(x) be a function and if

lim f(a"'hz_f(a)

jm exists, then f is said to be

differentiable at ‘a’ and the limit is called the

derivative of f ata. The derivativeof “ f* atais
denoted by any one of the forms

(&)

Sum or difference rule :

N %@mﬁ%@ﬁ wm

where ¢ , ¢, are constants.

Product Rule :

> 1) Iff(x), g(x) are two differentiable functions of “x’
then

—(f(@))%c

(109800 = 1002 (800) £ (10

i1) If f(x), g(x) and h(x) are three differentiable
functions of ‘x’ then

%(f(xxg(x).h(x))=g(x).h<x>%(f<x))+

f(x)-h(x)dix(g(x))+f(x)-g(x)%(h(x))

Quotient Rule :
> Iff(x), g(x) are two differentiable functions of ‘x’

d d
5@ L (70)- 10 L (g0
hen 4 (f(x)] ARG
dx\ g(x) (g(x))

Chain Rule :
= If‘y’isa functionof ‘t’ and ‘t’ isafunction ~ of

X Qe y= y _dy dt

X’ i.e., y=f(t)and t=g(x) then ool
similarly, if y=f(u), where u=f(v), v=h(x) then
& _dy du dv

dx du dv dx’

Note : We can extend this rule to any number of
functions.

Derivatives of Basic elementary functions :

¥ i) S (Constant)=0

n-1

ii) %(x") =n.x

X

v d 1
m)a(e)=e
. d X X
iv) &(a ):a Jloga
| x]..
=—if x#0
)d (Ix1) » if x#

vi) 2 (log, Ix1)=1

1
Vn)d (og xloga

vii) (%) ==

Cod(1)_ 1
X) ox\x )%
af1y_-n
X)dx X" ) x"

VX¢z

X1) i([X]) = ;
dx doesnot exist, Vxez

where [ . ] stands for greatest integer function.



Derivatives of Trigonometric functions :
> i) i(sin X) = cos X
dx
. d .
ii) a(cosx) = —sinx
iii) i(tan X) = sec’ x
dx
iv) i(cotx) = —cosec?x
dx
V) i(sec X) = sec x.tanx
dx

vi) %(cos ecx) = —cosecx.cot x

Derivatives of Inverse Trignometric
functions :

1

d ..
> i) E(Sm x)z — ,xe(-11)
. -1
ii) _x(COS x): o ,xe(—l,l)
d 1
—(Tan x| = ,XER
it dx( ) x*
d _
1V)£(C0t 1x)= = ,XER
Sec'x)= , x<—lorx>1
v) ( | x| /X =1
: i(Cosec’lx)z_—1 x<-lorx>1
Vl) dx |x|.\/x2—1,

Derivatives of Hyperbolic functions :

» i) %(sinh Xx) = coshx
ii) %(coshx) = sinhx
iif) %(tanh x) =sech’x
iv) %(coth Xx) = —cosech’x
V) %(sechx) = —sechxtanhx

vi) %(cos echx) = —cosechx.coth x

Derivatives of Inverse Hyperbolic
functions :

Cd e 1
> 1)E(S/nh 1x)=m

d ] 1

i) g (COS ™) === for x & (-1.1)
d _ 1

iif) E(Tanh 1x) = g,forxe (-11)

iv) %(Cothilx) = ﬁ,forxe (_OO’_I)U(L )

d ) _

V) E(Sech 1x) = ﬁ,forxe (0,1)
d _ -1

T N

for x IS (- 0 ,O)U(O, 0 )
Derivative of a Determinant :

u(x) v(x) w(x)
> If V=P a) r(0)| ghen Y =
Mx) u(x) ¥(x) dx
u'(x) vi() w@)| [u@x) vx) wx)
p(x) q(x) r(@)|+p'x®) ¢'(x) r'x)
Alx)  p(x) (x| | Ax) p(x)  y(x)
u(x) v(x) wx)

Hp() () )| o similarly column wise
Ax) g y(x)

Parametric Differentiation :
~  If x=f(t) and y=g(t) are the parametric equations
of acurve then

Ldy _dy di g\
o

Yiae diax
o dy _dfd7y (ﬂj
1) g = dt[dx”” dx

Derivative of Implicit Functions :

» Iff (x, y) = 0, then differentiate cach term w.r.t. x

regarding y as a function of x and then collect

d
the terms of d_i together on left hand side and

remaining terms on right handside and then find
&
dx’



Alternative method : If /(x,y)=0

2
then @ __\&x)

“ ()
y

Partial derivativeof f w.rt.x

Partial derivative of f wrt.y
Logarithemic Differentiation :

Iy = { ()2
y=f(x)-f2(x).f3(x)..... or

_A (x)./f>(x).f5(x)....
g1(x).g2(x)-g5(x)....

then take logarithm on both sides and differentiate

both sides w.r.t. x

Derivative of Composite Function :

> y=(gof)(x)=>y=g(f(x))

=2 g (f ()£ (%)

Standard Derivatives :

dy _ f'()
dx ny"' -1

@ _ S
dx  Qy-1)"

i) Let f(x), g(x) be the two differentiable functions

of ‘x”andif y = f(x)8™ then

1
% - y(g1 (0)log./(x) + g(x) f; ((xx))
. 1 dy y'x
) If y=f(x)+ y then § =~ —y2 1

v) If f(x+y)={(x).f(y) v X,y e Rand f(x) 0 then

A(x)=F(0).f(x).

vi) If f(x)=|x|,then '(0) doesnotexist.
d (ax+bj_ ad —bc
Vi) g dx \ex+d ) (cx +d)?
af(x)+b ) _ (ad—bo)f'(x)
vili) g, dX f(x)+d)  fef(x)+d}?

fl(x)
f(x)

d £
X)&{ f(x)}zz 22)

1] —f! (x)
0o (] (o)
X11

) {(f(x> }z n{f ()" (%)

1)~ floge £} =

1 f(x)+
xiii) Ify = Tan 1(%} then
dy_ ' e®
dc 1+ {f0P 1+{g(x))
xiv) If y=f(x) and z=g(x) then
dy _f'(x)
dz gl(x)

dy  y*f'x)
dx  f(x){l-ylog, f(x)}

x)If V=1 (%) then ==

Substitutions :

= While differentiating the given function using
trigonometric transformation, observe the following
points.

1) If the function involve the term m ,

then putx =asing (or) X =acos g

i1) If the function involve the term m ,
thenputx=atan g (or)x =acot g

iii) If the function involve the term /2 _ ;2 ,

then put x =asec@ (or) X =acosec g
1v) If the function involve the term

a—x a+x
|— (o) |——. then
a+x a—x

putx=acos @ (or)x=acos28



Higher Order Derivatives of functions :

— Tan_l(tan9)= Hzlcos_lx
d’y _d(dy 2
> o) os=

dx dxe\ dx
Ly = lcos"1 xX= ) (yl) _1
dy _dfdy 2 d(cos‘ x) 2
0 5 " de| ax? 5.
EXAMPLES
J 2cosx 1 0
—_— 4 8 = T
1. dx[(xﬂ)(x2 +1)(x +1)(x +1)] £(x)= L eosx 1 = £ ()=
(15x”—16x"+1)(x—1)72:>(p,q)= 0 ! 2cosx
[EAM -2010]
Sol : = 1 1 1 :x
SR =N 1) +1) == 2sinx 0 0
16x" (x~1) Sol: 7!(x)=[x—=
= f1(x)= x°(x— 2( ) ol: f!(x)=|x 5 2008x 1 +
(x=1) 0 1 2008
p=16,g=15
2: 2cosx 1 0
d(., B 1 —2sinx O +
E(sm (log\/;))— 0 1 2cosx
Sol: 2sm(log\/_)cos(log\/_)\/_ 20x 2cosx 1 0
3: x—z 2cosx 1
For a real number °‘y’, Let [y] denote the
integral part of ‘y’. Then derivative of the 0 0 —2sinx
function
tan[x— 7]z put x =7 weget ' (7)=2
T
Sol : [(x —ﬂ)}ﬂ' is an integral multiple of 7, hence If x=acos’ 6, y=asin’ 6 then d_i =
=0=f'(x)=0
f(x) ) Sol: ﬂ: —3acos’ f.sin @
4: de
_T 1 1-x L: d_y_3 : 29 2
If y=1an m,then d(COS_l x) and 10 asm- ¢.cos
Loosts dy
Sol: Let x=cos20 = ¢ =5cos x; (-1<x<l) & T4
D _do __ah9
then gy  dx

y=Tan" fl—cos26? %
1+ cos26



Sol:

Sol:

Sol:

10:

Sol:

y
x’ =y* then a=

Take logarithm , we get, ylogx = xlog y
differentiating w.r.t x, we get

b +y.l = l.logy+x.lﬂ
X v dx

log x =
5 dx

_ X dy
y=Tan""| ————|, = =
( 1+x2—1j then ax

Put x = tan @ then

y= tan™' (cot QJ
2

zr 1.
=—-——tan x
2 2
Ay _ 1
Cdx 2(1+x2)
d’y _dy
If y =sin(l ,then ¥’ —=+x—=
y =sin(log, x), then PR
(EAM-2008)

dy_cos(1o8%) Ay _ (1o, x)
d e

dx X X
2 o 1
Ly, by sinlog x)
dx”  dx X
2
:>x2d—y+xd—y:—y

dx? dx

. If y=Tan_l( 1_3x

EXERCISE -1
%(sin«/Zx—S):
1 cosv2x—3 ) —cosy2x—3
) V2x-3 ) 24/2x-3
3) J2x-3c08\2x-3 4)cos\2x-3
i{elog\/Hcotz X }_
dx -

1) cosecx cotx 2) -cosecx.cotx

3) cosec?x.cotx 4)0
d( [a.
cosx/; sin\/;
1) 4\/xsin\/; 2) 4\/xcos\/;
_—cosix _—tandx
3) 4\/xsin\/; 4) 4\/xcos\/;

d
I [log{log(logx)}]=

-1
2) xlogxlog(logx)

D xlog xlog(logx)

X 1

3) log xlog(logx) 4) log xlog(logx)

d
. If y=2%and d—z=10g256 at x=1, then the

value of a is

1)0 2)1 3)2 43
d
. If y=Tan™" (secx+tanx) then o
dx
1 2) 5 3) -1 4)0

3-x0x
w} then &

3
1) (A+x)Wx

3
2) Y1t xpx



10.

11.

12.

13.

14.

-3
3) 21+ x)Wx

Ccos X d
—] then ==

1+sinx

If y= Tanl(
2020]

1 2)-1

azx—x3

11 3
If y="Tan 1[03 Al

] then =

3a 1

~3a°

a2+x

3) 2 4) aZ 2

d
If y= (sin X)x then d_z =

1) y(log(sinx)+xc0tx)
2) y(log(sinx)-xcotx)
3) —y(log(sinx)—xcotx)
4) —y(log(sinx)+xcotx)
dy

If xY = ¢*7¥ then F

log x
(1+logx)2

log x 3
D (1+10gx)2 2)

log x

B log x
4) (1- logx)2

3) (1- logx)2

dy
If y=,2" then

=
1)y.(log2)*)2* 2) y(log2).2*

3) y2(log2)?)2x 4) -y(log2).2*
d . -1

E(smlh (3x))= ,

D V1 +39x2 2) V1 %—99x2

3) V1 +9x? 4 1+ 9x?

i(cosh_1 ij =
dx 2

15.

16.

17.

18.

19.

20.

21.

22,

1 1 -1 ~1
Des Dy Yo Y
dx

If x=a(t+sint), y=a(1-cost)i E =cotp thenp=

)t 2)2t 3) % 4) £

dy
= —+ t = 1 —_— =
If x=a(cost+log(tan A)),y asint then e
(EAM-2018)

I)sint 2)cott 3)tant 4)tan’t

2

w.rt, Tan™

The derivative of Cos ™' 2

1+x2 1-x

is
1)0

2)1 3)2 4)

1

2

1+x2 -1
X

[ EAM -2019]

The derivative of 7an~! w.r.t.
Tan'x is
10 2) 1

3)2 4)%

d
If ax® + 2hxy + by? = 0 then d—i =

ax + hy ax + hy
1)_[hx+byj 2)(hx+byJ

3) -(ax-thy)(hx+by) 4) (ax-thy)(hx+by)

‘% - [ EAM -2017]

d
-y(1-x)
x(y-1)

If e = xy then

y(1=x)

x(y-1)
D o

—x(y-1)
y(1+x) )

y(l+x)

2) 3)

d
If sin(x+y)=log(x+y), then 2 _

dx
1) 2 )2 31 4) -1

d
If x>-y*=a(x-y) and x » y, then d_i=

3+

1 2) . .

3 4) -1
KEY
03)1 04)1
09)1 10)1
15)3 16)3
21)4 22)4

01) 1
07)2
13)3
19) 1

02)2
08) 3
14)2
20) 1

05)3  06)2
11 12)1
17)2 18)4



SOLUTIONS

1
V2X =3 | —/———
1. cos(v2x )Nm
d log, cosecx d
—l|c = —(C0osecxX
2 dx( ) dx( )
1 1
—F—=CO0SVX.
3 24/sin~/x 2Vx

1 1 l
log(logx) logx x

d
5. Giveny = 2 and d—i =log 256 atx =1
logy = ax log 2 Differentiate w.r.t. x

ld—y:alog2

» dx atx-1my=2°

d
—y=a29|ogzz>logzs=a29I092
dx

8=a2°= a=2

6. y = tan’(secx+tanx) differentiatte w.r.t x

k(s

7. Put Jx tang = 6= tan"'Jx

3tan@—tan’ @

y = tan! ( |—3tan’ 0 ] = tan(tan3 g)
= 39

y = 3 tan'' /3 differentiate w.r.t. x

L s

255 X+2tanxsacx

@_( 3 j 1
dx \l+x '2\/;

sin(%—x)

1+cos( —x)

g Y= tan”'

o

9. Putx=atan®
10. y = (sinx)?* taking log on both sides

logy = x log (sinx) differentate w.r.t. x

l.ﬂ:x. ‘1 cos x +log(sin x)
y dx sin x
dy

o (sinx)’ (x(cotx) +log(sin x))

11. x¥ = e*V taking logrithen on bothsides y

log x = (x - y)

X

Y (1+logx) =x = y = I+logx

differentiate w.r.t. x

1
& (1+logx)—x(xj g

dr (I+logx)  (1+logx)’
d/ o oo d
12. d—X(a )—a loga.dx(x)

d, . _ 1
13. d—X(smhlx): —

dx _ (d%t)
15. dy (dth) =cotp

2




16. X = a(cost + log (tan t/2)), y = a sint

2sin2g
= U 9 9 = = -1
dy ) ,t 1 d tan Zﬁngcosg 2= ¢ =tanix
a—a —smt+t t.sec 55 —y:acost 2 2
an — X
2 0. 6 1 dy 1
y = tan'l(tang =5 = Etan'lx d_i_i
1
=a(sint+
( sint 19. ax? + 2hxy + by2 = 0
dl _5f
ﬂ:%: aCOSZZ xsint =tant Q: Sx _ —(2ax+2hy) _ —(ax+hy)
v dx acos't dc —of 2hx +2by hx+ by
dt S5
Y
dy  (cos’t
U sing 20. e’ = Xy —e'e’ -xy =0
_é‘f
1-x* 2x dy _ x :‘(e"ey—y):_(xy—y):—y(x—l)
17. Let y = cos-! 1+ ) 2= tan'l(l_sz dx of ee’ —x Xy —Xx x(y—l)
oy
put x =tan g , g = tanx
y = cosi(cos2g) z=tan'(tan2g) p p J
21. common 1 + D D02 -
dy dx  dx dx
y = 2tan-x z = 2tanx d—=1
X 22. X + y = a = differentiate w.r.t x
1+x* —1 1+ Yo Y
18. Lety=tan® | = | z = tan’ x put dx dx

X =tan g = g=tan'x

1-cosé
=tan!| — z = tan (tang)



EXERCISE - II . i{mn{mj}=

dx acosx—bsinx
LoIf y= 0 then 2= !
: Y Vseox+1 en dx 1)0 2)1 3)-1 4) 14 52
T2 * 2% TonX X d| . o [+
1) 2sec 5 2) sec 5 3) 2tan2 4) tan2 9. E[SIHZ(COt 1 ﬁ} _ [ EAM -2016]
2. i{log(x+\/az+x2)}= 1 -1
dx 11 2)-1 3) 5 4) By
-t _x d
1) (x + \/a2 + xz) 2) \/az +x2 10. d—[(COSX)IOgx +(10gx)x:| =
X
1 1
) x(x+Va? +x2) 4) Va2 + 2 1) (logx)x[longrlog(logX)}
.2 . 4 . 6 dy
3. If y:esm X+SIn " x+sin X+.,..+OO, then - = .

dx +(cos x)10 i [llog(cos x)—logx.tan Xj|
X

1y e 2) ™ *sec’ x -
3) 2¢™ " tanx.sec’x  4) 1 2) (cosx)™" [log(cosx)—cotx.logx]

) . Ix 3 +(log x)logx [1+10g(log x)}
. If y=x+¢€",then — 7 isequal to
lfy=x+e dy’ 3) ( cosX) oex +(logx)" )[logx.cosx+xlogx]

1 _eX logx
> 4) (log logx +1log(log cos
D (1+e )2 2) (l+e") ( [ i ( X)]( )
N 11. di{( } [ EAM -2015]
—e
3 ©) 4) e
) (1+e) e D () x(ogoy  2) () x(1-2l0gx)
5. If x.e¥ =y +sin’ x. then atx =0, Z—i = 3) (x ) (I2logx)x  4) (xx )l x*(1-2logx)
1)1 2) 2 3)3 40

d
12. If (cosx)’ = (siny) then e

x dx
6. If y="Tan" - thend—y at y =0 is
’ 1+2% de &7 log(siny)+ytanx log (siny)—ytanx
1 { D log(cosx) —xcoty log (cosx)+coty
1) —log2 2) —log?2
)10 )5 log(siny) log(cosx)
_Ll 2 3) log(cosx) 4) log(siny)
3) 0g 4) log?2
, R e e 13. If x=sin" tand y=log (1 - ), then 5| s
©odx VI+x ++/1-x =)
1 -1 1 -1 1) __8 2) § 3) é 4) __3
1) \/1—)(2 2) 2\/1—x2 3) 1+x2 4) 2(1+x2) 3 3 4 4



14.

15.

16.

17.

18.

19.

1
If x2+y2—t+;andx4+y“—t2+ then
x° @_ [EAM-2019]
ydx
1o 2)1 3)-1 4)2
If \/y \/y—\/y ----- o0 _\/x+ X+ x .....
th C It
en — - is equal to
y—x+1 y—x
D y—x-1 2) y+x
x+y+1 y—x+1
y—Xx 4) y+x
- —— dy .
If y= x+\/y+ X++/y+..00 then E is
equal to
R .2, S et S
)2y3—2xy—l )2y3—2xy—1
y —x s

3) 2y —2xy+1 4) 2y° —2xy+1

If x siny =3 siny + 4 cosy , then

dx
1 —sin? ¥ ” sin’ y
4 4
—cos’ Yy cos’ y
3 4
) 1 ) y
If cosy=x.cos(a+y) then =
2 2
PGS 2) Lsa+y)
Sina cosa
o cos(a+y)
°) sin”(a+ ) 4) sina
I Y= | 4 [ o then
dy
dx [ EAM -2020]
dx

20.

21.

22,

10

> loga

. 3.a° loga
) "2

2)

2y-1)
3.a°* loga a1 loga
3 oy AN

d
If xfi+y+yi+x=0and x»y then d—i=

x+1 1
) (1= A
-1 1
3) (1+x)? 4) (1+x)?
_1 Y + dx =
If y T then \/1+y4 \/1+x4
X Y
1o 2)1 3) B 4) .
. . _ 1
If g is the inverse of f and fl(x)_—2+ o then
g!(x) is equal to
D2+xt 2) 2+(f(x))" 3) 2+(g(x))" 4)0
KEY
01)1 02)4 03)3 04)3 051 06)3
07)2 08)2 09)4 10)1 11)3 12)1
13)1 14)3 151 16)2 17)1 18)1
1992 20)3 21)1 22)3
SOLUTIONS

2s1n27y
7= 200s27% /

d PR d [ o x) 1
- \ ——|sinh" 2 |=
dx{log(x+ a”+x )} o si " e

y = pu’x differentiate w.r.t. x
d > d 2
& _ g X.—(tan2 x) =" *2tan x.sec’ x
dx dx
— e( A)szx) — etanzx
d d 1
=21t * -
dx ’ dy |



2 dx_ -1 d RO povs cot(—+—j -
df—i( 1 ) R 5(“6) = dx( 2))) =
' dy\1+e* b (1+e')
d (7[ » j
—| —+—=cos" x
d’x -1 L dx —e* dx\ 4
= d > = 3 d_=—3
y (1+ex) y (l+ex) 1
5. Ifx=0theny=0 NI
dy dy . )
evx.eY | X Y| = F2sinxcosx 8. Puta=coso,b=sina,then
~ ~ dy) can-! sin(x +a) —tan- (¢
Put x = 0, y = 0, we get (dxlo_1 an [COS(X-!—OL) an”" (tan (x + o))
ZX = _ -1
6.y = tan (Wj atx =0 9. PULX=COS 9 = H=cos"'x
( ) 1 d ( ( 1+0056’D
2°(2-1 N A, — —
y = tan (1+2x 2x+1]:tan 1(@} dx l1-cosé
d %
d_ cot cotE
y = tant (2¢1) - tan}(2¥) differentiate w.r.t. x
dy 1 1 d . (1 d l—cos(cos‘lx)
—=———-2""og2~ ~2"log?2 — —sin’| —cos”' x |=—
dx 1+(2) 1+(27) dx 2 dx 2
dy) _1 ! 1 _4 l_zjz—_l
(El =52le2m5loe2 log2 (1oj - dx(Z 2) 2
d x
7. PUtX=0C0S@ — 9 =cos x 10. &{f(X)g( )}z
1-tan? £(x) ] g (x)—— £ (x) + log £(x).¢' (x)
d 4 2| d B T 6 £(x)
—| cot g |17 cot | tan| ———
dx 1+ tan — dx 4 2 ldy 1
2 11 =x’ ——+logx.2x
" oydx X
_4 cot™' cot(£+gj @ _ +2xI = (29)%(1+2I
dx 49 e = Vx+2xlogx) = (2)(1+2logx)x
o ((5-3)
——| cot™ | tan| ——— _ _
dx 4 2 12. (cosx)¥ = (siny)* faking logar than on both

sides

11



. . . 2
y log(cosx) = x log (siny) differentiate w.r.t x (< +y2)2 {H%j

dy

-G = = 1

y COSX( sinx) + log(cosx) o =X — x*+yt 4 2x3y =t2+t_2+2
—lc.osyﬂvtlog(siny) =xM+yt 22Xy =xt+yt+2
siny dx

= X2y2 =1 and then differentiate

d
d—y(log(cosx)—xcoty)=(|Og(Siny) + y tanx) 15. \/y—\/y— /y ..... o =\/x+ [+ o0 =v

X

dy_log(siny)+ytanx Ny ZVENIEY =Y
dx_log(cosx)—xcoty =v 4y +x _
=" 2 =I5y and Yoy
X=v —v 2
13. x =sintty = log(1-t?) differetiate w.r.t. 't’ By eliminating v we get the solution.

Q: 1 dy 1 16.y2 = x + /2y differentiate w.r.t. x

— 2 (22
dx  \1+¢ dx 1—t2( ‘)

dy 1 dy
y—e=lt—— %
b | Yae — Z\2y” ax
dx 1-7 Ji+e2 299N
. . P, 1
differentiate wl.r.t. x = dx( g 1/2yJ=1

d’y -2d tdt _
Todxd dt \J1-¢? )dx

2

dy_ 1 _ Yy —=x
1 1-2¢ a— 1 _2 3_2 _1 . )
2 l-——— IR S GRS R U SN N
. R @ e J2y =y —x
1-7 dx
17. siny (x-3) = 4cosy differentiate w.r.t. x
4cosy
SX—3=—
ﬂ 1—£2 = —2 sy
= -2 ( _t2)3/2 11—/
x-3 =4coty
d’y 2 8 i
dx* ) -1 3 putt=1/2 1 = -4 cose?y —-
? 4

12



18.1=

19.

20.

21. —

22.

dy  —sin’y

dx 4

dy

b +cosysin(a+y)d—
X

—cos(a+y)sinyd—
X

cosz(a+y)

d
= cos? (a+y) = sin (a+y-y) d_z

dy cos’ (a+y)
= =
dx sina

& _ S
dx  (2y-1)

X\1+y =—yv1+x :xz(l-l—y):

:>X2—y2 zxyz—xzy

y (l-l—x)

= (x—y)(x+y+xy)=0,if x#y

=>x+y+xy=0

—X . .
S>y(x+l)=—=x=>y= T differentiae

d 1

dx x’

dy «/1+y dy 1 _—_1+L_0
1+ x* dx x XX

g(X)—f '(x)= (fog)(x)=x = [g(x)]g (x)=1
= f [g(x) 1 1 1

=502 2+ o] 909
x)=2+[g(x)]

then g (

13

I (F(x))Y) = ot

- )= f(N)g(x) and f(x)g () =k

. IfFf(x) = 5

EXERCISE - III

ay
v) then ax

f'(x)logf (x) f'(x)logf (x)
Dg(y)(1+10gf(x)] 2 g'(y)(1+logf (x))
)

f'(x)logf(x)
g(y)(1+logf (x))’

=loga then 4 =

X +y dx

_Y hd L
) D

_x

1) B

then
2k

f)gx)

1)¢(x) [ g ”
Ko 0 g Do S gl

)

3)¢<x> f gl )¢<x) S, gl
W 10 g P S gl

ACIACN g())

. Letf:R — Rsuch thatforall ‘x’andy inR,

[f(x) -f(y)| < [x-y[ then f(x)
I)e* 2)e* 3)x  4) ‘c’(constant)
d
. If Jtany = ¢®°52% Sinx, then d_iz
1) Sin2y.(Cotx - 2Sin2x)
2) Sin2x(cot y —sin y)
3) Sin2y.Sin2x 4) cos2y.cos2x
. Ifx<1,then
1 2x  4x°
+— .0 =
I+x 1+x° 1+x
1 1 3 1 -
)X ) I+x ) I-x ) X

grgx) 2
[h(x) L h(_x)]—l where g

and h are differentiable functions then f 1(0)=




10.

11.

12.

13.

1)1 2)0 3 1 4 3
) ) )5 )3
\/1+t —y1-t? then dy
t? & \/1+t +\/1 t? dx
[y =X 2
2
) Tx ) (1+x)
3 2 4 1+x
2
) (1+x) ) 1-x
d e%log(l Tanh x) n 3%10g3(coth2x71) _
a’x
—(sinh3x+cosh3x) Sinh'x + cos h3x
D cos h’xsin h’x cosh’xsin h’x
sin i2%x + cos h’x
3) sin h2x cos hx 4) sech’xcos h’x
If x =cos@,y =sin 56 then
2
(l_xz)d _Z_xd_y:
dx dx
1) -5y 2) 5y 3)25y 4) -25y
1
I+ x )4 1 0 d
=1 ——t . =
If ¥ Og{(lxj} 2 () then -
. X x° 3 X 4 X
)1_x2 )1_x4 )l+x )1_x4
Sin x 1 0
- ; 1
=" "2 oMY then <= at x =
0 1 Sin x
is
1)2 2)% 31 4)8
_1 tan ! e —e” d_y_
Ify= ogcos( an [ 5 D’the o

14.

16.

17.

18.

19.

21.

22,

23.

24.

14

I)-tanhx 2)sinhx  3)coshx 4)cothx
Let f(x) = x", n being a positive integer. The
value of n for which f'(a+b) = fl(a) + fl(b),
when a, b >0 is

1 2)2 3)3 4)4

. IfP(X)= ax3 +bx? +cx +d and p(0) =4,

P'(0)=3, P'"(0)=4,P""(0) =6 then
arrange the values of a, b, ¢, d in the
descending order of their values

I)a,b,c,d 2)a,b,d, c
3)d,c,b,a 4)b,a,c,d

If f'(x)=g(x) and g'(x)= - f(x) for all x and f(2)
=4 =f{! (2) then 2(24)+g*(24) is

1)32 2)24 3) 64 4)48

If f(x)=(cos x+i sin x)(cos 3x+i sin 3x).....
(cos(2n-1)x +i sin(2n-1)x), then f !(x) is
Dnf(x) 2)n*fix) 3)-n’f(x) 4)n*f(x)

If y>=p(x), a polynomial of degree 3, then

d d?y
2—[)'3 W] is equal to

dx
D p"x)+p'(x) 2)p"(x)tp'(x)
4) constant

3) px)p''(x)
iz then y'(-1) is equal to
1)-3/5 2)3/5 3)2/7 4)3/8

_ o 19-
If y=cos "

. If f(x) = sgn (cos x), then f’ [gj is

)0 2)-1 3)1 4)2

d2y T
If (sinx)(cosy)=1/2 then — at 12 is equal

to
1) -4 2) -2 3) -6 40

d?y \( d?x
Let y=e*. Then | 2 A ) =

1 2)e>™  3)2e>  4)2e>

If /x+y+y-x=c,then d—y =
2 -2 2
D3 2) = 3) =

If f(x)=cosx cos2x cos4x cos8x cos16x then

f' (%j equals

-2
4) =



25.

26.

27.

28.

29.

30.

1 Cosec™
-G 2)0 35 4 Coseel
If y =Ioge(x+loge(x+...)) then %at

(x=e*-2,y=\2) is

log / log2
1)2\/_((2)1) 2)m
VZ10g(2) og(95)
3) e Y &)
I - 1-S+ir(]:l)t(x * 1iotsa2nxx then yl(X) is equal o

1)cos2x  2)-cos2x 3)2cos’x  4)cos’x
If t —gin' 2°¢ then is equal to
log2 sint cott tant
1) V1-t2 2) log2 3) log2 4) log2
_ x dy _
Ify= . then o
a+
b+ o
a+ al
b+....... +10 o0
1 b
D @yt 2) w2y +b)
1 ab
3) ub(2y+b) 4 2y +b)

dy
2, [ 2 =q(x- ==
If V1-x? +41-y? =a(x-y) then e

1-x
2) Ja-xHa-y?
1
) D Ju--07)
1
Y= M
If tan [l+x+x2)+tan (x2+3x+3j+
_ 1
tanl(mj+———+ upto n terms

then y'(0) =

-1 —n? n

D 1+ n’ 2) 1+n’ 3) 1+n° Hn
d
31 If y=Cot ' (1+x" —x), then > =
dx
1 N 1 1 1
De e a-f D 1va-lf 144
1 1
3 112 1+ (x -1y Y -1 1+(x—1)
32. If f(x)=|x|""¥, then ' [—gj is equals
(2]t 22
1) 4 2 T i
[nJVﬁ(\F 4 22 J
) |7 —In—+
4 2 T i
(ljy (N2 w242
32 2 "4 T n
k3 Ve \/Eln n 22
4) 2 4 n
s B f(2x+3) dy .
33. Iff'(x)=sin(logx)and Y = 3_ox ,then xS
) 1 12 gilio [2x+3]
1)Sm(logx)'xlogx 2)(3—2x)2 N3 2x
inl | 2x+3 .
3) sinjlog 3_9x 4) sin(log x)
34. y=log"x where Jlog"means log.
log.log........ (repeated n times )
then x.logx.log” x.log’ x ———log"" x.% =
1
1)logx 2D)log"x 3) @ 4)1
3 d—zx_ AIEEE - 2011
5. dyz [ - ]

15



36.

37.

38.

39.

40.

41.

d’y 5
9 4 »(2)
dx
i[tanx - cotx}
dx| tanx+cotx |
1) 2 sin2x 2) -2 sin2x
3) 2 cos2x 4) -2 cos2x
If x| <1, then
d{Hp“P(pw)(xfgwwzw[xT _____ w}:
dx q £2 q £3 q
p
1) Lﬁﬂ 2) 3
q(l—x)q q(l—x)q
3) (1 _ x)—pq—l 4) (1 _ x)pq+l
; 2
Ify=(x+\/x2—a2j then (x2 —a2) (%j =
Dn’y 2)-ny  3)ny 4) n’y?
i(\/Sec’lx2 ) =
dx

1
D xx/ Sec™'x* \/ xt=1
-1
3) xx/ Sec™'x* \/ xt=1

X
2) \/Sec’lx2 .\/x4 -1
-1
4) \/ Sec”'x? \/ xt -1

e[ L)- ()=
The value of3 f(x) -2 f(xj— xthen f'(2)= 4. If f(x) = | 250X

2 1
1)7 2)5

2
| y-x d
If x exp{ ( 2 j} then o

1) Zx[l +tan (log x)] +x.sec” (log x)

7
3)2 95

42,

43.

44.

45.

47.

16

2) x[l +tan (log x)] +sec’ (log x)
3) Zx[l +tan(log x)] +x” sec” (log x)
4) 2x[1+tan(logx)]+sec2 (logx)

If af (Tanx)+bf (cotx)=x then f'(cotx)=

N 1 2 sin® x sin® x sin® x
a-b a+b a-b b-a
If x=seco-cospand y=sec"p-cos"gthen
dy 2 .
pog R equal to
nz(y2 +4) nz(y2 —4)
D= e
(v’ -4) ny) _
3)nx2—4 4)£X] ‘
y=sinx ! ' ! +
It sinx.sin2x  sin2x.sin3x
1 dy
+ &
sinnx sin(n+1)x} then dx

1) cotx - cot(n+1)x
2) (n+1)cosec?(n +1)x — cosec’x

3) cosec’x —(n+1)cosec?(n +1)x
4) cotx + cot(n+1)x

Let f(x)=x"+2x"+3x+4 then the value of

285—)6(f'l (x)) at x=—_7 is

11 2)2 31/14 4 2
secH tan?0 1
tanx X then f'(6) is
1 tanx —tan® 0
1o 2)-1

3) independent of O  4) none

d
If sin y+ ¢’ =¢ then d_i at (1, 7)is equal

to

1)siny 2)-xcosy 3)e 4) siny- X cosy



48.

49.

50.

S1.

52.

X

f(x)=x"+ e?
g(x)=f"'(x), then the value of g'(1) is

If the function and

1 1
D5 22 31 9 -3

If

f(x)=COSXCOS2x00522x cos2’x.....cos 2" ' x

and ;> 1, thenf( jls

1 2)0 3) -1 4) (-1)""
If u = f(x?), v=g(x*), f! (x) = sin x, g'(x) = cos

d
x then find @
dv

2 2sinx? 2x°
DR 2) 3 3) 3x.cos x° ) 3x°
If £(0) = 0, £'(0) = 2, then the derivative of
=f(f(f(f(x)))) at x=0in

53. —-

54.

5sS.

1)2 2)8 3)16 4)4
Ifx= ¢(t),y= vy(t) then 37}2/ is

¢1 1 \V(I) ¢1\V11 \V1¢11
1) (¢1) 2) (¢1)3
3 & 4) %
3 [cos (Tan (sin(Cot x)))} =

2 2x
D) (x2 +2)2 2) (x2 +2)2
2, q —2x

X+

3) oy 4) (xz _1>2

If xsiny =sin(y+a) and

@ _
dx
1)2

then the value of A is

4) 2

1+x> —2xcosa

2) cosa 3) sina

1
= 1
Ify=Tan (cos2x+c:osx+1}r

Tan( > !
cos“ x+3cosx+3

J + .... upto n terms

56.

57.

S8.

59.

60.

61.

62.

17

then f' (0) =

10 2)1 3) g 4) n
XX _ X*X

f(x) = Cot" [ > ] then f' (1) =

1) -log2 2)log2 3)1 4y -1

2,/y2(2)+%

1X
Ify=[1+;j then 3 1 is

log— -~
2 3
1)1 2)3 3)0 4)1/3
sinx dy
Ify= 14 Ccos X then dx
1+ sinx
1+ cos x....0

(1+y)cos x + y sinx (1+y)sinx + y cos x

D 1+ 2y + cosx —sinx 1+2y +cos x —sinx

(1+y)cosx — ysinx (1+y)cosx +ysinx

1+ 2y —cos x +sinx 1+2y —cosx —sinx

If p(x) is a polynomial such that
p(x* +1)={p(x)}" +1 and p(0)=0 then p'(0)
is equal to
1) 4 2)0 3) 1 4)2
Ifx>+y*’=2and y"+A. y° =0thenA=
1o 2)2 3)1 4)3

Iog(e)

2

y=Tan™ X2 +Tan™ 3+2logx

log(ex®) 1-6logx

2
then Z—{=
1)2 2)1 3)0 4)-1
4sin2x
=Tan™ &

Ity (cos2x—6sin2 xj then dx at
1) 10 2)12 3)6 4)8

. If\/:+\/7 6, then—:



64.

65.

66.

67.

68.

69.

70.

17u—-v u—17v
1y 2)

u—17v 17u—-v

17u+v u+17v
3) 1 4)

u—17v 17u-v

d e X x
—1e" +x° +e' b=
dx

e X X e X X
1) e® +x° +e5 2) x2e" +e*x® +xe”

e x 1 x
3) ee’ x4 e ( + logx) +e* x*(1+logx)
x

e x 1 x
4) ee’ x4y e ( - long +e* x*(1-logx)
x

The derivative of y=(1-x) (2-x) (3-X)...(n-x) at

1) n! 2) (n=1)! 3) =(n-1)! 40
_ |1+c0s26 dy _3n .
Y = cos20 MM o 20775 1
1) -2 2)2 3) 1 4) -1
If \/1—x2”+\/1—y2":a( "—y"), then
1-x*" dy |
ma is equal to
X" y X
Dy 2%, W
d 2
If y =|cos x| +|sinx]|, then d_i at X =?n is
D 1—2J§ 20 3) J§2—1 5 J§2+1

If f(x)=|cosx—sinx|, then f{%}=

1) 2 2)_2 3)0  4)does not exist
Let u(x) and v(x) are differentiable function
u) L w(
such that vix) If v'(x) =P and
u(x) p+q
= q =
(V(X)] ,then p—q
1)1 2)0 3)7 4) -7

18

71.

72.

73.

74.

75.

76.

77.

Differential coefficient of

(an] _[x - ] .[x’"’} w.r.t. x,is
Dl 20 3L A

If x=cosecO-sind, y=cosec"0—-sin"6 then

1) p2 2) 2n? 3) 3n? 4) 4n?
4
If vy =f[2i:6) and f'(x)=tanx’ then Z—i is
equal to
2
D —2tan(3x+4j ] :
ox+6)  (5x+6)
3tanx® +3
f(5tanx2+6]tanxz 3) tanx®
2
" 2tan(3x+4j y 1 i
S5x+6) (5x+6)
— cos™! dy _om .
If y =cos™(cosx), then o At X= 2 18
1 5n
1 2) -1 3) N 4) i

sin®

If f(0)= sin(tan1 (mn ’ where
d
—% <0 <%, then the value of mf(e) is

1)1 2)-1 3)0 4) 2
The first derivative of the function

4 . 1+x «
cos 1[&”‘/7}”( with respect to x at x=1 is

3 1
1)2 3)5

If sinfsin(2a + 0)sin(4a +0).......

2)0

sin n6
= where 2na=r

sin(2(n—1)a +0) =

then
cot(0)+cot(Qa +0)+cot(4a +0) +.....

+cot(2(n—Na +0) =



78.

79.

80.

81.

82.

83.

84.

1)-ncot 0 2)ncot p@
3)ntan @ 4)-ntan 50
A function is represented parametrically by

) 1+t 3 2
the equations X=—Q Y=oaty then

d dy )
Y x[—yj has the absolute value equal to
dx dx

1) -1 2) 1 3)0 4)2
x x* x°
1 2x 3x2
0o 2 6x

Do 2) 6x 3) 12 4)6x
Let y be an implict function of x defined by

it f(X)= ' then /' (x)=

x** —2x*coty -1=0. Then y'(1) equals
[AIEEE-2009]

1) -1 2) 1 3) log2 4) —log2

Let f:(-11) —> R be a differentiable function

with f(0)=—1 and f'(0)=1.  Let
g(x)=[f(2f(x)+2)] , then g'(0) =

[AIEEE 2010]
1) -4 2)0 3)-2 4)4
Let f(x+y)=f(x)f(y) and f(x)=1+(sin2x)g(x)
where g(x) is continuous. Then f! (x) equals
Df(x)g(0) 2)2£(x)g(0) 3)2g(0) 4)2f(0)
Given that f(x) is a differentiable function of
x and that f(x).f(y)=f(x)*+f(y)+f(xy)-2 and that
f(2)=5. Then {(3) is equal to
1) 10 2)24 3) 15 4)19
Let fbe twice differentiable function such that

gl(x) :—f(x)and fl(x) zg(x),

h(x)=(f(x)) +(g(x)) - 1n(E=11, then

h(10) is
1)22 2) 11 3)0 4)8

KEY
01)2 02)3 03)1 04)4 05)1 06)3
07)2 08)2 09)1 10)4 11)2 12)3
13)1 14)2 15)3 16)1 17)2 18)3
19)1 20)1 21)1 22)4 23)3 24)4
25)1 26)2 27)3 28)2 29)3 30)2
31)3 32)1 33)2 34)4 354 36)1
37)1 38)4 39)1 40)2 41)1 42)3
43)1 44)2 45)2 46)2 47)3 48)2
49)1 50)3 51)3 52)2 53)2 54)3
55)1 56)4 57)2 58)1 59)3 60)2
61)3 62)4 63)2 64)3 65)3 66)2
67)1 68)3 69)4 70)1 71)2 72)4
73)1 742 751 76)3 77)2 78)2
79Y4 80)1 81)1 82)2 83)1 84)2

SOLUTIONS

- g(y) log f(x) =f(x) - g(y)

_dy_ f'(x).log f(x)
dx gl(y)(1+logf(x))2

Xz_yz
(Xz er2J=Cos (loga)

Applying Componendo and dividendo

. Differentiate ¢(x)="1(x)g(x) two times and

simplify
L=t ()

<|x-yf
BT

f'(x)=0= f(x) isconstant

. Taking Logarithm on both sides, then

ay (%)

® (74

(L) (1) (1) =X

—X

and taking

logarithms and differentiate

. Since f(x) isan even function f (0)=0

1 1+t? 1-x A1+t =1-¢
P :> =
X 1=t Hx 1+ +41-0
1-x
=y

I+x



10.

11.

12.

13.

14.
15.

16.

17.

18.

di{sec hx + cos echx}
X

= —sec hx tanh x — cosechx coth x

cosh’x sinh®x

o (V)
- (B5gp)

log(am)=mloga,

__[ sinh x N coshx}__{sinh3x+cosh3x

(;ix(log X)= %,dix(tan‘1 x) = %1+ xz)

V4
Find its determinant and put X = 5

Express ‘y’ as logcostan™ (sinhx) = log(sechx)

and simplify
Verity the options

P(0)=4=d=4, P'(x)=3ax’ +2bx +c

atx=0,P'(0)=3thenc=3

similarly to find aand b calculate P'! (0) and P'''(0)
%(f *(0)+€ () =2 S ()1 (x) +&(x) &' (x)]

=2[f(x)g(x)-g(x)f(x)]=0

hence f? (x)+ g (x) isconstant. Thus

f2(24)+g?(24)=f?(2)+g*(2) =16 +16 =32
f(x)=cisx.cis3x.....cis(2n-1)x

=cis[x+3x+...+(2n-1)x]=cis[(1+3+...+(2n-1))X]

=cis(n’x) = f(x)=cos n’x+isin n’x
differentiate w.r.t ‘x’ on both sides

y=p(x) = 2yy,=p'(x) then 2yy +2y,y,=p"(x)

2 11

= 2[ ¥, +307 |='p" (%)

(r' ()

= 2[y3yz+ . 1—y2p”(X)

=2y, =y p" (x)- (pl (2X))
=y, :;[yzp” (x)- d (zx)) }

differentiate w.r.t ‘x’ on both sides

cosh? x sinh? x

19.

20.
21.

22.

24.

20

2

2
49-X > =2tan™ (%)

cos > =cos™ 1= (%)
9+x 1+(%)

If 0<x<wandisequal to —2tan™'()

2

yw= )

1e(y) 3

ifO<x<o

2

wla
-

If —»<x<0.Hence if —oo<x<0

Hence vy (-1)= —g

F(x)=0, x=2; =1 x<=;= -1, x>=
2 2 2

Differentiating, we have,

cosxcosy—sinxsinyj—y =0,
X

. dy
Putting x=y =, we have Xl =1,

differentiating again, we have

—sinxcosy —cosxsiny

ci—y—cosxsinyﬂ
dx dx

o (dyY¥ .y
- by Ll A
smxsmy(dxj sinxsiny -

2

. d?y
Putting x=y=", we have gz = -4
g 4 o dx (4.54)

dy 2 d’y 2 1
—==2e — =4e* x =—lo
dx and ax2 e . Also 2 ay.

O R S B P
dy 2y dy*  2y* 2

d’y \( d’x 5
it A | B P, PR
Hence [ O J( ay? e

. consider (yx+y )2 -(Vy-x )2

=(\/x+y—\/y—x)(\/x+y+\/y+x)
26=({ry Y X0 = Ky —fyx =2 ()
given x +y +,y-x=c >(2)

2X
) =2

2

2
4(x+y)=%+cz+4x,then 4y=iiz+c2

differentiate w.r.t ‘x’ two times
f(x)=cosx cos2x cos4x cos8x cos16x

siin2™"'x
= c0SA c0S2A cos4A ...cos2"A= ek




25.

26.

27.

28.

29.
30.

31.
32.

sin 32x
32sin x

_ sin2°x
2% sin x

. 32sinxcos32x—cosxsin32x
f(x)=

32sin’ x
32sin7,cos87—0
32(%)

=2sin%, =cosec?,

then / (%)=

Let yyyn =log, (x +log, (x +...))=v

Ly =log, (x+Vv)=v =y=v/ and X =¢"-v

dy 4(d1 dx
=Ly ——] (e =
= dv v (dx v ogv | and dv (e 1)

.ody (111 o,

dx /., dy Vv"?(1-logv)
—=le'-1) L= =
and dv ( ) dx e' -1
at X=62-2,y=\/§ , V=26 —v=e?-2
= v=2 or 4 which is not valid

- vV=2,e%-v=e’-2=x given so true
(dvj :(dyJ _ 1-log2
Mpop I, 22(€ 1)

sin® x cos®x

B _sin®x + cos® x
SinNX+COSX COSX + SinX

sinX + Cos X

—sin®x + cos?x — sinxcosx =1~ %sin2x then
y (x)=—cos2x
t=Sin"(2') = gins=2 differentiate w.r.t.x ‘t’ on both

sides cost=2%log 2.%

— cost = sintlog2, 98 = 98 _ cott
~SMO9S g T dt ~ log2

X

X and then differentiate

Express ‘y’ as x +
b+y

Put x =sina,y =sinf
Tan ' (x+1)—Tan"'x+Tan ' (x +2)

—Tan'x+1————=Tan'x+n—Tan 'x

y=Tan™' _ =Tan™ —X_(X_l)
1+X(X—1) 1+x(x—1)
In the neighbourhood of - , we have

f(X) _ (7X)—smx _ e—smxlog(—x)

= (x)=e S (—cos x.log(~x) - —Si: Xj

33.
34.

35.

36.

37.

38.

39.

41.

42.

=f(x)=(-x)™" (—cosx.log(—x) —%j

=7 () =04 oa() + 2+

2
= (%)(Yﬁ) [glog(%) B 2\7{5]

dy:f1(2x+3}d( 2x+3) :Sin{log(%ﬁﬂl 2
de © \3-2x) de\2x+3) 3-2x/] (3-2x)

n=2, verification

dfd)_d| 1
dy\dy ) dy (dy)
dx
d tanx—%am . d —(1—tan2x)
dx taner%anX Cdx| l+tan’x
:%(—cosb()
v p(p+a) [y /\

R e VA

d _
(%)
dy :n(x+\/x2 —az)n1 .(1+;-ZXJ
dx WX —a’

(x+\/xz—a2)n (X+\/X2—a2)
=n

(x+\/x2—a2) Jx? —a?
i(Sec"‘x): !

dx xvx® -1
3f(x)—2f(ljzx _____ (1)

| 1 1
Put X =— we get3f(_] - 2f(x)= o
X X

-(2) Solve(l)and(2).

2
L y-x
log x =Tan l[ 2 Jyzxz+x2 tan (log x)

Eliminate / (tan x)



B ar
b-a Z(bz—az)

S (cotx)=

43. % =nsec"'0.secOtan®—ncos" ' 6(-sin0)
=n tang (sec"p +cos"g )

d_)(; =secOtan0+sin0O

(dyj2 {n tan0(sec" 0+ cos" e)]2

dx tan6(sec 6 +cos6)

2
n? (sec" 0 + cos” 9)

(secO +cos 9)2

2
[nz (sec" 0 —cos" 6) +4sec"0cos" 6}

(sec6-cos 9)2 +4secBcosH

nz(y2+4)
x*+4

44. Express ‘y’ as cotx —cot(n+1)x and differentiate

45. Let g(x) betheinverse of f(x)
=¢'(/(x) /" (x)=1

1
) ()1 (D)=L
0 0 0
46 f'(x) =|0sec x tan x X
' 1 tanx-tan6 6
secH tan? 0 1| | seco6 tan?6 1
+|6sec xtan x sec? x 11+|06secx tanx x
1 tanx —tan® 0 0 sec’x 0
secH tan’0 1| |secH tan’0 1
f'(0)=0+|0secH tan® sec’0 1|+|0secH tand =1
1 0 0 0 sec’0 0
47 Q: J;
e f,
48. (fog)(x):xforallx
:fl(g(x))gl(x)zlforallx
1 1 = 1(1)=;
= f(gM)g'(1)=1:= & W=7 0

But (gof)() = x = 2(/(0)) =0

= g(1)=Oand f1(0)=

49. f(x)=cosxcos2xcos2’xcos2’x....cos2" ' x

sin2"x
= f(x) ~ 2'sinx
1y 2"cos2"xsinx—sin2"xcos x
=/ (x)— 2"sin” x
n n-1 0
= f! (%) _2cos2 7 6028’12 T cos2" = (—1)2 =1
50. S2=1'(x)(2) = (sinx")(2x)
% =g"(x*)(3x*) = cos(x*)(3x?)
du _du/dx  2xsinx’® _ 2sinx®
dv dv/dx 3x*’cosx’ 3xcosx’
d
st = [ (F )] £ (F () ()

%] =rlretron)]r )] o) o
= [f(0)]. F[f0)]. £(0).(2)

=1 [f(0)]. £'(0)(2)(2)

=10.22 =222 @2)=16

dy

dy _ [dxj !

52. dx (dx) ¢
%)

d’y _d (v’ iﬂﬂzdﬁu”—w%“i
dx?  dx|¢' ) dt ’

111

A )

= (¢1 )3

53 %lcos2 [Tan1 {Sin sin”

=)

22



X —y+xy' 2
1+cos2| Tan™ 1 60. y'=-—= y‘1:y—2y:__3
d 1 d 2 y y v
- COS{Tan1— -9 1+ x L
dx Vex? || dx 2 _2iA o als
yoy
1 1-logx® 4 3+2logx
] =Tan™ +Tan| 2227
gl 1= . oy 61. Y [Mogxzj [1_3(2|ng)
1+ x
K (2427 = Tan'(1) - Tan" (log x®) + Tan™* (3) + Tan" (3
1+ x* | logx)
2
54. xsiny=sin ycosa+cos ysina =Tan" (1) +Tan" (3); Zfzo

= sin y(x—cosa)=cos ysina

8sin x cos x
sin y sina sina 62. y=Tan 2 7 sin 2
_ :>y=Tan_l( j cos”  x—7sin" x
COSy Xx—cosa X—cosa
4 Stanx [ 7tanx+tanx
55. f(x)=Tan' (cos x +n) - Tan' (cos x) = In — |=Tan" | ————
1-7tan" x 1—7tan x.tan x
f1(x):%(—sinx) 1 (~sinx) -1
1+(n+cosx) 1+ cos? x y=Tan (7tan x)+x
f1(0)=0 63. v+u=6vuv = v? +u? = 34uv then differentiate
-1 d | x*—x x© e-1 et | x 1 X
T o dx 5 64. € ex +x |e.—+¢e .logx
56. fl(x)=1+[x ~ X j X
2

+e© [xx (1 + log x)}

-4 1(1tlogl)+1(1+log?) 2)  65. Takinglogarithms onboth sides & dfferentiating
fl(l)_ (1+1)2 2 =(-1)

3n
_ 66. Y =|cot6| _—cote[e =7 J
57. logy=x[log(1+1/x)]

1,.x 1+Io 141 y:_y+ylog[1+1)
yy1 X+1 %) =k X

67. Put x" =sina,y” =sinp

o)

8. y=-cosx+sinx

1 3 69. f(x)=cosx—sinx,0<xs%
y2)="2 @)= (?Hogij
4 3 11 :sinx—cosx,%<x<g
Y,(2)=y,2) (3“09 ]+ y(2) (———j

70. u(x)=7v(x)=u'(x)=7'(x)=p=7

2 = —1+|0 E ’ 1 u(x) l
yz()_ 3 92 8 ( J=0:>q=0
v(x)
f 1 f! -yg'
58. Y=—(X()X) :Z—i=(1+g) (X)X }_/‘Z (XX) X_IZ m>+m’—n*+n®-1* _
1+1 gf(x) + y+g() () 71. Exponentof = (/ m)(m n)(n /)
+1+...OO y:XO:‘]
59. p(x2+l)=(p(x))2+l:>p(x)=x, ay
| | dy _do
p(x)=1=p'(0)=1 T2, dx  dx
do

23



73.
74.

75.

76.
T7.

78.

79.

80.

81.

82.

83.

d_y=f1(3x+4]i(3x+4]
dx S5x+6)dx\5x+6
[-0<cos'x<n= in the neighbourhood of

5
X:Tﬂ wehave 0 <2n—x < n]

Differentiate

f(x):g—,[”TX+x

Taking logarithms on both sides & dfferentiating

dx _ (3 2)_ (3+2
a0 F t

d_y__[g+£j__(3+2t]. dy _,
dt G ) dx

x x X
f1(x)=0+0+|1 2x 3x°
0 0 6

Put x=1=y-= E and then differentiate.

g'(x)=2(r(2f (x)+ )( (£ (2f(x ))}
= 2f(2f (x)+2) /(21 (x)+2).(2/(x))
=g'(0)=2/(2/(0)+2). /' (2/(0)+2).2( ' (0))

e AL

70 h h—-0

F(x)f(h)-f(x)
h

=f(x)|imM =f(x)|imM
h—0 h h—0

= f(x)lim Si’:fh limg(h) = 2f(x)g(0)

we have, f(x).f(y)=f(x)+f(y)+f(xy)-2

1
replacey by —

F(J5) =160 +1(J5) +£(1) -2
AVAROEVA
(s1nce f(1) =2 putting x=y=1)
=f(x)=x"+1=f(2)=x* +1(since f(2)=5)

=>n=2 ~f(x)=x*+1=f(3)=10

24

84. h'(x)=2f(x)f"(x)+2g(x)g'(x)

as f'(x)=g(x), g'(x)=-/(x)

R (x)=0

. h (x) is constant function.



5. Let XX+ yK= akwhere a, K>0 and
JEE MAINS QUESTIONS

!
d_y+(1j3 =0 tjem fomd K [2020]
dx \(x

2

d
1. If x>+y? + siny = 4 then the value of p f
X

1)% 2)% 3)% 4) 2

at the point (-2, 0) is [2018] 6. Lety - y(x) be a function of x satisfying y
1) -34 2) -32 3)4 4) -2 = \/l—)c2 =K=x l—y2 . Where K is a
y_ - o1
- r constant and y (J =7 . Then a atx = 5
2. If f(x) = sin'1(1+9x] then f{;) equals is =
[2018] 5 5 J5 J5
l)ﬁ 2)'\/7 3)-7 4)7
1) - /3 log eV3 2) /3 loge3
7.1f (@ + 2b cos x) (a-2b cos y ) = a2 - b?
3) -3 log €° 4) /3 log €° dx -
where a > b> 0, then 7 at (——j is
ly 4 4
2a+b a+b a+b a-2b
3. If x = 3tan and y = 3 sec t then the value
Y 1) 2a—b 2) a-b ) a+b 4) a+2b
2
of ‘c’lf att = % is [2019]
o 8. Let f " R be defined as (f (x) =
1 = 2 1 3 ! 4 1
) 232 ) 6 ) 672 ) 32 xssin(lj—i-sz x<0
X
0 x¥=0 Then the value of 3
4. For x > 1, if (2x)¥ = 4 e*-»then (1+log 1
x° cos(—jJr/%xz x>0
2)2 & is equal to [2019] .
e dx 9

for which f1(0) exist. is

loo® — log> KEY
X Oge Oge 2) |OgeZX

x 1)1 2)2 3)3 41

xlog’*~log’

1)

3) x log > 4) 52 6)3 7)3 8)5

25



SOLUTIONS . .
4. Taking lofg on both sides

log2
1.  x*+y2+siny = 4 differentiate w.r.t. x 2y log 2x = log 4 + 2x-2y =y = %
dy
2x +2y & +cosd% 0

1
(1+1log2x)1—(x+log2).—
again differentiate w.r.t. x P _ 2x = (1+1log 2x)

dx (1+log2x)’
dy _72x G@j
de  2y+coxy \dx (20 4

dy _ xlog2x—log2

dx X
(2x+cosy)(-2)+ 2x(2dy—8inydyj 5 Diff [
d’y _ dx dx . ifferentiate w.r.t. x
dx (2y+cosy) K.x<1+K.yd< =0
J k-1 d k-1
_y:—[ﬁj :>—y+(£j =0
(dzyj _(0e)(-2)-42(4)-0 oWl
), (0+1) B 12 goq L 2
T 3TN T 3T 3
2. Let 3x = tang then f(g) = sin 1 1
6 X==,y=—= Xy =- - diffrentiate
( 2tané ] 2 4
2
1+tan” @ w.rt. X
f(0) = sin (sin 29) = 29 =f(x) = 2 tan’(3) 1(<2x)
1 _ +y! -
fi(x) = o 3x log 3 :fl(jj = ' 2
log 3 —
21—y

w

26



[rJl }lexyxz A

{JEH] [1+\/_} L A5
215 43

2

7. (at+.pb cosx) (a-/2 b cosy) = a* - b?

Differentiate w.r.t. x
(-2 b sinx) (a-./2b cosy) + (a+.2b
7[ 7Z'
cosx)(4/2 bsiny) y* = 0 at 2

- b(a-b) +(a+b)by! =0

dx _a+b
dy a-b

8. Ifg(x) =x°sin Gj and h(x) - x° cos(i]
then g'}(0) = 0 and h'{(0) = 0
So f}(0*) = g!*(0*) + 10 = 10
and f1(0°) = h'*(0") + 21 = f11(10*)
=24=10

A =3

27



TANGENT
& NORMAL

SYNOPSIS

Slope of tangent & normal :

,.)

If the tangent drawn to the curve y=1f(x) at P(x ,y,)
on it makes an angle @(#90" ) with ¢ then
tan @ 1s defined as the slope of the tangent and it
is also called the gradient of the curve

ie., m=tanf = (dy

Ej(xl )

1) For the curve f(x, y) =0, slope of the tangent

o) {5/5),,
X1

i1) For the curve , y = f(x) here x =1{(t); y = g(t),

g'(b)
fi(t)”

Then the slope of the tangent at P(t) is
oo dy ) )
1) If o 0 then the tangent is horizontal

dx
w)If d_y =0 then the tangent is vertical

A straight line which is perpendicular to the tangent
to the curve at the point of contact is called the
normal to the curve.

1) Slope of normal at any point P(xl,yl) ona

-1
curve is given by (Wl )
X1LY1

i1) For the curve f(x, y) =0 the slope of the normal

of ,of
at P(xlayl) is (a_y/&j(xm’l)

1i1) For the curve x =1(t); y = g(t) the slope of the

| _ij
normal at P(t) is (1)

>

>

Equation of tangent and normal :

Equation of the tangent to the curve y = f(x) at

(X19Y1) is y_yl :m(X - Xl)

Equation of the normal to the curve y = f(x) at

-1
m

(XlaY1) is (y_Y1):( j(x_xl)'

d
where m = [_yj
dx (X1,y1)

If a curve passes through the origin then the
equation of tangent(s) at the origin can be directly
written by equating the lowest degree terms
appearing in the equation of the curve to zero.

Equation of the tangent to the curve
ax? +2h)cy+by2 +2gx+2fy+c=0 at
(xl V1 ) is

axx1+h(xy1+yx1)+ byy, +
g(x+x1)+f(y+y1)+c=0

The condition for the line y =mx+c to be a
tangent to

a
i) The parabola > = 4qgx is ¢ = -

2 2
ii) An ellipse x—2+;—2=1 iS 02 = g2m? +b>
a

2 2
iii) The hyperbola—z—b—2 =lise? = g%m? —p>
a



Length of tangent , normal, sub-tangent

and sub-normal :

N

(6]
Let the tangent and normal drawn to the curve y

=1f(x) at P(x1 ,yl) meet the x-axisat T & N.

Draw the line PM perpendicular to x-axis. [f mis
the slope of the tangent then

y, . V1+m’

m

y, . N1+m?

1) PT = Length of the tangent —

i) PN = Length of the normal =

iil) TM = Length of the sub-tangent = ‘%‘
iv) MN = Length of the sub-normal = [y, m|

where m = (d_yj
dx P(X1’Y1)

Length of sub-tangent, ordinate of the point, Length
of sub-normal at any point on the curve y=f(x) are
inGP

i.e., (ordinate)® = (L.S.T) (L.S.N)

Leibnitz Rule :

>

o(x)
(J )f<t>'dt=f(¢<x>>-¢'(x)—f<<p<x>)-«p‘<x>

X

Angle between two curves :

>

The angle between any two curves at the point of
intersection is defined as the angle between the
tangents to the curves at that point of intersection.
Let P be a point of intersection of the two curves
y =f(x), y =g(x) and m , m, be the slopes of
the tangents to the curves at P. If 9 is the angle
between the curves then

m, —m
tan0 = (—1 2

mm, #=—1
1+mlszwhere Uy

>

>

>

The curves y =f(x) and y = g(x)

1) Touch each other if m, =m,

ii) Cut each other orthogonally if m m,=-1.
The curves f(x,y) =0, g(x,y)=0

. L of o5 _of O
i) Touch each otherif - oy oy ox

i1) cut each other orthogonally
o og of 2
Oy dy

; ) =0
if 0x 0Xx
Angle between two curves 2 _ 44y and

x2 = 4pynot atorigin s

3al/3bl/3
O=tan” | L 7
2(a2/3+b2/3)
. x2 yZ
The family of curves 1

+ =
a’+i b*+2
is self orthogonal ( } is a parameter)

The family of curves y2 = 4a (x+a)

is self orthogonal (a is a parameter )

If the

a,x” +b,y’ =1 cut each other orthogonally then

curves ax’+by’ =1 and

a, a, b b,
The area of the triangle formed by any tangent on
the curve xy = c¢? and the coordinate axes is 2c?
sq.units.
If the area of the triangle formed by any tangent to
the curve x.y" = a""' and the co-ordinate axes is
constant then n=1.
If the area of the triangle formed by any tangent to
the curve

x"y' =k, (m #0,n# O)and the coordinate axes
is a constant then m=n
The area of the triangle formed by the
tangent,normal at a point P (xl, 32 ) on the curve
y= f(x) and the line



()

1. x=k is 2| | sg.units
m

()" (1)

ii. y=k is 2|m| sq.units
yl2 (m2 +1)

1il. x-axis 1s qu.units
xl2 (m2 +1

1v. y-axis is qu.units

> The tangent and normal at a point (x, y,) on the
curve meets the x-axis in T and G then

n(met]
m

7 Atanypointonthe curve y* = 4ax , the length of

TG =

subnormal is constant
- Ifthenormal at (x ,y,) on the curve y = f(x) makes
equal intercepts on the coordinate axes then

o)
dX )y

Some standard results :
» Atany point on the curve

LST)* 8b
by® = (x +ay, 3T _ 80
y =(x+a) LSN 27

» The equation of the tangent at (a, b) to the curve

Xﬂ yI'l

| +=]|=2.. X, Y_

() 22t
2 3

» Pointonthe curve ay’ = x* at which the normal

) ~(4a 8a
makes equal intercepts on the axes is 957 )

= Ifp, qare the lengths of perpendiculars from the

origin to tangent and normal at a point on the curve
2 2 2

x3 +y? =a? respectively then 4p*+q° =a’.

» Ifpand qare the lengths of perpendiculars from
the origin to the tangent and normal to the curve.
x=ae’(sinf—cos0)and y=ae’(sin@+cos6)
thenp=q.

. The gradient of the curve x™y" =(x+y

If the curves xy = ¢? and y? = 4ax cut each other
orthogonally then ¢* = 3244

A tangent to the curve Jx + \/§ =a (or)

x =acos'0; y=asin’ 0 cutstheaxesinAand B
then OA + OB =a.

Atangentto the curve x> +y*? =a**  (or)
x =acos’ 0; y=asin’ @ cuts the co-ordinate
axesinAand B then AB = |a| .

The tangent at any point 't' on the curve x =at® and
y=at* divides the abscissa of the point of contact
intheratio 1 : 3.

EXERCISE -1

. The slope of the tangent to the curve

y= atx=2onitis

4+x2

1)-2 2) _71 3)

> 4)2

. Theslope of the tangent at (-2, 0) on the curve

2

y=6+x—-X
13 2)5 3)-1 4)-3
. The slope of the normal to the curve y2 =4x
at (1,2)
1)-1 2) 1 3)2 4)-2

. Apointonthecurve j = x* —4x3 + 4x? +1,the

tangent at which is parallel to x-axis is
DA, D 221 3G D H(,3)

. If V is the set of points on the curve

y> —3xy +2=0 where the tangent is vertical
then V=

1)¢ 2){(1,0)}
3) {(L 1)) 4) {(0,0),(1,1)}

)m+n

1S

X X
Dy 2) % O Rl —%



10.

11.

12.

13.

14.

15.

16.

The inclination of the tangent at 0 =g on the

curve x=a(0+sin6), y=a(1+cos9) is

Y T 2n 51

D3 2% 35 Yo

The point on the curve x2 +y? —2x-3=0 at
which the tangent is parallel to x-axis is

1) (1,0), (-1, -4) 2) (0, -1), (-2, 3)

3) (23 13)5('23'3) 4) (192)7 (15'2)
For the curve x=-1y=t"—t, the tangent is
perpendicular to x-axis then

)t=0 Ht=1

4y t=—r
V3

The slope of the normal to the curve given by

1
t==—
2) >

n
x =a(0—sin0), y=a(l-cos0) at 6:5

1) _71 2) % 3)-1 4)2

The point at which the tangent line to the curve
x* +y* =a’ is parallel to y-axis is

1)(0,a) 2)(a,0) 3)(-a,0) 4)(0,-a)
The equation of the tangent to the curve

6y=7-x> at(1,1)is
1) 2x+y=3
3) x+y=-1

2) x+2y=3
4) x+y+2=0
The equation of the normal to the curve

Tc . .
y =x+sinx.cosx at X=7 onitis

2
1) x—n=0 2) x+n=0
3) 2x-n=0 4) 2x+n=0

The point on the curve y = 5x — x> atwhich the
normal is perpendicular to theline x+y =0 is

1)@3,-6) 2)(3.6)  3)(-3,-6) 4)(6,3)
The equation of the tangent to the curve

. . TE . .
y=2sinx+sin2x at x=3on it is

y-3=0 2) y+43=0

3) 2y-3=0 4) 2y -33=0

If the curve = ax? + bx passes through (-1,0)
and y =x is the tangent line at x=1 then (a,b)
1) (1,1) 2)(1/2,1/2)

17.

18.

19.

20.

21.

22,

23.

24.

3)(1/3, 1/3) 4)(3,3)

The equation of the normal at t =g to the

curve x=2sint, y =2 cost is
Hx=0 2)y=0 3)y=2x+3 4)y=3

Equation of the tangent to the curve y=1- e2

at the point where the curve cuts y-axis is
Hx+y=0 2)x+2y=0
3)2x+y=0 4)2x-y=0

The equation of the normal to the curve
y*> =4ax at the origin is

Hx=0 2)x=2 3)y=0 4)y=2

The equation of the normal to the curve given
by x = at?, y = 2at at the point 't' is
2) x +yt=2at+at’

3) xt—y=at+at’ 4Hx=0
The equation of the tangent to the curve

1) xt+y=_2at+at’

x>y . .
— +=5 =1 at the point 9 onitis
a~ b

1) bxcosO—aysin0 =ab

2) bxsinO+aycos0 =ab

3) bxcosO+aysin 0 =ab

4)y=0

The length of the sub-normal at any point on
[EAM -2019]

2) Varies as abscissa

the curve y? = 2px is
1) Constant

3) Varies as ordinate ~ 4) Varies as p

The length of the subtangent to the curve
x2 +xy +y> =7 at(1,-3) is

)15 2)7 3)12 4)10

The tangent at A(2,4) on the curve

y=x° —2x* +4 cuts the x-axis at T then the

length of AT =
Dvio 2viz 3IJyi5 17

. The length of normal at (2,1) on the curve

Xy +2x—-y=>5is

D5 2)@ 3)@0 4) 1o



26.

27.

28.

29.

30.

31.

32.

33.

34.

3S.

36.

The length of sub-normal to the curve xy =a?
at (x,y) on it varies as

1) x2 2) y2 3) x3 4) y3

If the length of the subtangent is 9 and the
length of the subnormal is 4 at (x,y) on y =
f(x) theny =

1)36 2) +9 3) +4 4) 6

For the parabola y? —4ax the ratio of the
subtangent to the abscissae is

l:1 2)2:1 I)x:y 4) x%:y
The length of sub-tangent to the curve

y"=a""x at(x,y)onitis

n Il2
DR 2 DN Y

If at any point on a curve the subtangent and
subnormal are equal, then the length of the
tangent is equal to

1) ordinate 2) 2 |0rdinate|

3) 4/2 ordinate 4) 2+/ordinate

The length of subnormal to the curve

y = be*’* at any point (, y) is proportional to

x 2)y 3) x? 4) y?

If the subnormal to the curve x>.y" =a’is a
constant then n = [EAM -2020]

1) -4 2)-3 3)-2 4) -1

At any point on the curve y = f(x), the
sub-tangent, the ordinate of the point and the
sub-normal are in

1)A.P. 2)GP. 3)HP. 4)A.GP.

The curve x* —2xy? +y* +3x -3y =0 cuts the
x-axis at (0,0) at an angle
T T T T
1) 1 2) By 3) S 4) 3
If o is an angle between the curves

y? =x%,y=2x? -1 at(1,1) then |tan 6|

1)5/14 2)5/12 3)25/12  4)14/5
The angle between the curves x° —3xy? =2
and 3x%y —y? =2 is [EAM -2018]

38.

39.

40.

41.

42.

43.

44.

45.

T T T T
1) o 2) 1 3) 3 4) >
. Thecurves y=x* and 6y =7 — x> intersect at
(1,1) at an angle is
T T T
1) 1 2) 3 3) By 4 n

If the curves ay+x*=7 and x®=y cut
orthogonally at (1,1) then a=

1
1)1 2) -6 3)6 4) 5
The angle between the curves y = sinx and
y =COSX is
T T |
D3 25 HTa'Q 4T’ @D

If the curves x =y? and xy = k cut each other
orthogonally then k2=

1 1 1 1
D5 2) 33 D6
The tangent at the point P(x, y) on the curve
x™y" =a™" meets the axes atA and B. The
ratio in which P divides A g is
Im:1 2)1:n 3)n:m 4)m:n

T
If the tangent at 9=Z to the curve

Xx=acos’0,y=asin’ 0 meets the x and y
axes in A and B then the area of the triangle
OAB is

a’ a’
1) —sq.units 2) —sq.units
) 25 ) 5 %4

2 2

3a . Sa :
3) qu.umts 4) qu.umts

If the area of the triangle formed by a tan-
gent to the curve x"y = a "*! and the coordi-
nate axes is constant, then n =

1)2 2)-2 3)-1 41

If the line ax + by + ¢ = 0 is normal to the
curve xy = 1 then

1)a>0,b>0 2)a>0,b<0
3)a<0,b<0 4)a=0,b=0

The sum of the squares of the intercepts on
the axes of the tangent at any point on the



curve X2/3+y2/3232/3 iS ﬂ+£d_y_m—-|-l’l|:l+ﬂi|
a2 3a X ydx_x+y dx
R 2 —_
b 2 2 a 32 K 2 dy_n m+n}_m+n m
KEY dx|y x+y _x+y X
01)2 02)2 03)1 04)2 05)3 06)2 -
07)4 08)4 09)1 10)3 11)4 12)2 @ ”x_”y_my_”y}m“”x‘mx‘my
13)3 14)2 154 16)3 17)2 18)2 de|  y(x+y) (x+y)x
193 2001 21)3 22)1 23)1 24)4 &y
25)4 26)4 27)4 28)2 29)2 30)2 =

3)4 32)1 33)2 34)1 35)3 36)4

37)3 38)3 39)4 48)3 49)3 50)1 oy P
& odh==
51)4 52)2 53)2 7. Find 2 tand €=
SOLUTIONS 57 5

m=tana=tan?’ o=—

., dy . 6
1. Find _x and sustitute x =2

d dy —(2x-2)
8. —— =— =
dy dx 2y
2. Find ——at(-2,0)
dx Sx=1L1+y’-2-3=0=>y =142
i points= (1,2),(1,-2)
_(dy
3. Slope ofnormal—(dx) . dy _ 2% -1
: Codx 2t
;- y = x'- aC+axi+1 tangentis |l toX-axis  m=o0
2 4x3-12x2+8x slope is parallel to x-axis 2t—-1 1
dx —=—=1¢=0
2t 0
4x(4x>-3x+2)=0 dy
dx) | do
x=0, x=1, 2 10 (dt lte T dx
do ="
y=1,2,11 (1,2)or (2, 1) 2
dy
. 34y3 =33 243y2 — =
11. x3+y? =a® = 3x*+3y e
5. ' -3xy+2=0 2
dy X .
dy 3y m=—-=-7 parullel to y-axis
T = 37 —3x . If the tangnet is vertical X Y
m= o m= o = 1/0
s 3y =3x=0,)" =x
By verification {(1,1)} is on the given curve )
X
6. x"y"=(x+y)" /0=-Ts=y=0,y=0x=a
mlogx+nlogy=(m+n)log(x+y)
(a, 0)



14. y = 5x -x? differentiate w.r.t x

slope or normal = 0
il =5-2x
dx

equation of normal y - 0 = 0(x-2)
slope of normal 5-2x =-1,2 =3
18. y=1-¢e¥? put x = 0 theny = 1 point

theyy =6 (3, 6)

(0, 0)
. . r dy 17 (@j 1
15. = 2sinx+sin2x atx = — theny = —=——¢? = =
Y 3 Y ac 25T Ny 2
GB35 |
22 equation to tangenty -0 = -
372 2y = -X
d
d_y = 2 COSX + 2C0S2x Xx+2y =0
( _yj 19. Slope of the normal =0
d (LYJ
dy dt
20. &~ x
~ %)
] ﬂ 0 21. Equation ofthe tangentat ‘ 9’ to
2
x>y
; ?_IIS
2y - 3 =0
V=343 X cos0+2sin0=1
dv_, . .
16. Atx=1, d—— and substitute (-1,0) in the 27 y2 = 2pX dofferentiate w.rt. s
curve and solve the two equations for a and b dy
2y — =2
17.  x=2sint,y = 2cot (X, y) =)2,0) Y P



(d_yj _P
m dx (x.) Wi

Length of sub normal =y, m = p is a costant

23. Length of sub—tangent= %‘
24 & 2,4)ism=4
s at(2,4)ism=
Length of tangent
2
AT:‘ylxller %_%4.?%_@
m

25. xy + 2x -y = 5 differentiate w.r.t. X P (2,

Length or normal at P(x, y) = (2, 1) =y

2
dx

VI+9 =410

26. Length of sub-normal = | ylm|

27. LST = ‘l‘ =9, LST =|ym|=4
m

%-ym=36,:> y'=36,y=1% 6

ST

Y
28, — T,

1—
X Y Now 2y y'=4a

yi=2a y? _dax 2
Y 2ax 2ax 1

290. yn — an—le , X—lyn — an—l , m:_l’ n=n

nx nx
Length of the sub tangent = ™ = _—1‘=|HX|
30. Let P (x, Yy,) be and point
&Zylm m=1=m=+1
m
N1+ m?
length of tangent = (M1 =V 2

31. Length of sub-normal = |y1m |
32. x*y"=a’, m=2,n=n,2m+n=0

4+n:07n:—4

33. Length of sub-tangent= %‘

Length of sub normal =|y lm|

~of
o
34. dx O , m=tanf..tand=1,
y
=>0=r/4
35, |tan9|:%:%
17772

36. mm=-1
37. Given circues y = x? and 6y = 7 - x3 point
(1, 1)

dx dx

. T
angleis = —s

now mm, =-1 >

-2
38. Slope of the first curve at(1,1) is 7, = 7



Slope of the second curve at (1,1) ism, =3

mm, :—l:>_—2.3:—1:>a:6
a

T m ! m m

X =— =—, = ——

39. 4° 1 \/5 2 \/5
tanez ﬁ
l+mm,

40. Given circues x = y? and xy = K cuts or-

thogonally

—x7=— X =1/2 y=1 2

41. —=

n
P —, PA:PB=n:m,
m

42. (x,.y,)=(acos’6,asin’0),0=

NG

2
: X =
Equation of the tangent —-+ ll =al
X3 Y3
C2

2|ab|

43. Find equation of the tangent and then use

X =,

1 d -1 b
4. y=— —y:—zzg,

o | ®

45. Equation of the tangent at P ( 0 ) to

22 2 X Y
X +yd=a’ls +

acos@ asiné

EXERCISE -11

. The area of the triangle formed by the positive

x—axis, the normal and the tangent to the
curve x> +y> =4 at (1,\/5) in sq. units is
(EAM-2016)

D23 DB D4 A6

—X

. Equation of the tangent line to y= be « Where

it crosses y-axis is

Xy
+hv= —+==1
1) ax+by=1 2)a b
Xy
—+==1 —by=
3)b P 4) ax—by=1

. The number of tangents to the curve

32 where the tangents are

x3/2 +y3/2 =a
equally inclined to the axes, is

2 2)1 3)0 4)4

. The equation of the tangent to the curve

y= ¢ at the point where the curve cuts the

linex=1Iis
)xt+ty=e 2) e(x+y)=1
3) y+ex=1 4) x+ey=2

. If the slope of the tangent to the curve y=x?

at a point on it is equal to the ordinate of the
point then the point is
1)(27,3) 2)(3,27) 3)(3,3) 4 (L1

. If the slope of the tangent to the curve

xy+ax+by=0 at the point (1, 1) on it is 2 then
values of a and b are

L2 21,2 3H-1,2 4-1,-2

. The point of intersection of the tangents drawn

to the curve x’y=1-y at the points where it is
met by the curve xy=1-y is given by
D©O,-1) 2)A,1) 3)0,1) 4(0,0)



10.

11.

12.

13.

14.

15.

The tangent to the curve y =2+ bx + 3x*at the
point where the curve meets y-axis has the
equation 4x-y+2=0 thenbis

1)7 2)27 3)3 4)4

If the normal line at (1, -2) on the curve

y*=5x-11is ax-5y+b =0 then the values of a

and b are

1)-144 2)4,-14 3)4,6 4)4,10
The slope of the tangent to the curve at a point
(X,y) on itis proportional to (x-2). If the slope
of the tangent to the curve at  (10,-9) on it
is —3. The equation of the curve is

2) y:—(x—2)2+1

1) y =k(x-2)? 6

3) y=;—2(x—2)2+3 4) y=K(x+2)2

Area of the triangle formed by the normal to
the curve  — v at (1,0) with the coordinate

axes is [EAM -2017

1 1 3
I)Z 2)5 3)2 4H1

If tangent at any point on the curve o7 —1 4+ 2

makes an angle 0 with positive direction of
the x—axis then

1) [Tan6| >1 2) |Tan| <1

3) Tan6 > 1 4) |Tan6| <1

If the length of the subnormal is equal to the
length of the subtangent at any point (3,4) on
the curve y=f(x) and the tangent at (3,4) toy
= f(x) meets the coordinate axes A and B the
maximum area of the AOAB is

49 25 81
2) > 3) > 4) >
At any point on the curvey = f(x), the length
of the sub normal is constant, then the curve
is
1) circle 2)ellipse 3) parabola 4) straight line
Sub normal to xy = ¢ at any point on it varies

45
1) 7

directly as
1) cube of ordinate 2) square of ordinate
3) ordinate 4) cube of abscissa

16.

17.

18.

19.

20.

21.

22,

23.

24,

10

The value of k for which the length of the sub
tangent to the curve xy* = ¢’ is constant is
o 2)1 3)2 4)-2

The angle between the curves x’=4y and  y?
=4x at (4,4) is

1) Z 2) Tan'(3) 3) tan”' (éj 4) tan”' (ij

2 4 3
The angle between the curves 2x*+y>=20 and
4y*-x*= 8 at the point (2+/2, 2) is

T (1 (2
1) 5 2) tan (5) 3) Tan'(2) 4) tan (E]

The angle between the curves x*+y*+x+2y=0
and xy+2x=y at the origin is

z z z z
1) 1 2) o 3) 3 4) >
If a is the angle between the curves y* = 2x
and x* +y? =8, then tan o is

1 2)2 3)3 4) 4
2 y2
The curves x° -y’ =5 and E+§=1 cut

each other at the common point at an angle

nZ 3y
T L

xZ 2 x2 2
If the curves ?+?=land IT_WZI cut

each other orthogonally then...

D) &® +b* =1 +m? 2) &> —b* =1 —m?

a*-bv=P+m* D+ ="-m’
The circle x*+y?>=a’ and the hyperbola
X—y*=a?

1) Touch each other at (a,0)

2) Intersect at (a,0)

3) Touch each other at (ia, 0)

4) touch each other at (a\/z , 0)

The curves x* + py’ =1 and ¢x* + y* =1 are
orthogonal to each other then (EAM-2014)

11
2) ———=2

Dp-—g=2
)P—q 7 q



2 2 x2 2

If th —+-7=land _+—

e curves JERE an AT
each other orthoganally then ;2 _p2 —

(EAM-2015)
4)41

25. I cut

1)9 2)400  3)75

KEY
03)2 04)4
09)2 10)3
151 16)1
21)3 22)3

01) 1
07)3
13)2
19) 4
25) 1

02)2
08) 4
14)3
20)3

05) 2
11)2
17)3
23)3

06) 2
12)4
18) 1
24) 4

SOLUTIONS
1. Given curcue x?+y? = 4 at p(1, ./3)
differentiate w.r.t. x

d
2X + 2y d—i=0

@ _ X
de Y

(EX} -t
m=\d)i5 3

3 1+l
y2(1+m2)_ 3 2
Requiredarea = 51, =~ 2
3

2.Giveny = be*acutsy -axisputx=0,y=b

p(0, b)
_ d -b
d_y:_be—x/a m = (_yj —_—
dx a dx ), @

equation of tangent y - b = -b/a(x-0)

11

ay-ab = -bx

X -y
- = _— —:1
bx +ay -ab 0:>a+b

dy _
3. ax I

o (xy)=
.. Number of tangents = 1

!

e

d_y at (1, lj -1
dx e e

4. y= ei(X) 9(-x9 y) = (13

ism=—

1).
equation of tangent at (1, ;J is

y—lz_—1 (x—l):>x+ey=2
e e

d
5. d_i: =3x’ by verification (3,27) is statisfied

dy

6. o
(1, 1) also lies on curve and obtain another
equation and solve

7. Solving the two equations, we get

at (1,1) is 2 and obtain equationinaand b

x2y=xy2>xy(x—1)=O:>x=0,y=0,x=1

2
L2
dx x"+1

= (d_y) =0 and [Qj =
dx (0,1) dx ), 3/2)

The equation of the required tangents are

1
2

= y=land x+2y-2=0
These two tangents interestat (0, 1)

8. Putx=0in the curve find the point at that point find
tangetnt and compare



-3

9. Given y? = 5x -1 A(1, -2) differentiatew.r.t y = _(x_2)2 +3
16
X
c2
2y dy _s 11. Find normal at (1, 0) and apply M
dx
12. y=log (l-l—xz)”
dy 5
tangent at A(1, -2) = A
. N _
1 4 13. Given —=ym=m=xl
_—_z m
slope of normalm = = 5 Equation of tangent y—4=%(x-3)
4 tangents are x+y—7=0, x+y+1=0
4
i = — (y- 49
J/2 radion of normaly + 2 = 5 (x-1 area with coordinate axis is >
S5y +10 =4x -4
Y 14. Given longthe of subformal is cons tant
4x-5y -14 =0

y m = k(say)
Comparing withax -5y + b =10

a=4, b = -14 ydu =1 dx integrating
. dy dy
Da(x-2)=> L=k (x-2
10. Given dxa(x )= 0 (x-2) %: o
dy _3
given | 05) y> = 2kx + ¢ is a parabola
2 2
X dx x
k =-3/8 length of subnormal = |y m|
2 4
dy -3 _YC _C (2
d_izg(w) integrate on both sides =2 x3(' r=c )

cube of abscissa

3(x-2Y
Yy=3173 +C - 1 passes

through (10, -9) 16. xyk=c2 P(X, Y)

XKyt d—+y =0

-9 = %xﬁﬁf4+c2+C,C=3

12



dy -y
=—=—=0
m dx xk

Length of subtangent = (%} is a constant
= xk

Kc?

= k

isa constantif k =0

17. Angle between the curves x*>=4qy and

3
2 _ 4a,4a)is tan”'| =
vy =4ax at ( ) (4j

18. Find i for the two curves m, and m, at
X
(2\/5, 2) then tan @ = T
1+ mm,

1
19. Slope of'the first curve at (0, 0), m =—§

Slope of the second curve at (0, 0),

20. Given y? = 2X ...... (1) and x?+y?=8

dy :
2y il 2 soluing 1 and 2

dy 1
m =g, T3¢ +2x8=0, x=2,y=2

d
differentiate w.rt.x  2x + 2y d—§=0
21. Point of intersection for two curves is (3, 2) and
P
1=5/My =7

rr_r.1
22. Apply a b a b
23. x*+y*=4" isacircle with centre (0, 0)and
radius= a
x2 y2
x*—y*=a’ie, ——-=5=1 is hyperbola with
a a
transverse axis as the x—axis and ends of

transverse axisas 4'(—a, 0) 4(a,0)
24. Given circus X2 + py? = 1 and 9x?+y? = 1

cuts or thogonally

LI SO S
condition a a b b,

1 1 1 1
1- —=——>—+—=2
g p-1 p ¢
)C2 y2 2 yZ
25. —+—==1 and —+-—=1 cuts or
a b 25 16
thogonally
a2-25 = b%-16
a-b2=9

13



EXERCISE -III

. The angle between the curves x> + y*> =/2a’
and x* -y’ =a’ is
Dr/4 2)n/6  3)n/3 4) n/2

. A:Anglebetween the curves y* = x, y* = —x
at (0, 0). B : Angle between the curves

y =3x%*;y* =2x at (0, 0) C : Angle between

the curves y° = 4x, x* =4y at (4, 4)
Then the descending order of the above
values are
1)AB,C 2)C,B,A 3)B,C,A 4)A.C.B
. The angle between the curves
2 2 X2 2

y
T A + =
b’ +k, and +k, b’+k,

X

1 .
a’+k, IS

N
. The equations of the tangents at the origin to

the curve y’ =x’(1+x+x’) are
Dy=tx2)y=+2x3)y=+3x4) x=%2y
. The equation of the common normal at the
point of contact of the curves
x’=yand x2+ y2-8y = 0
Hx=y 2)x=0 3)y=0 4)x+y=0
. If the parametric equations of a curve given
by x = ¢ cost, y = €' sint, then the tangent to

the curve at the point ; = 7 / 4 makes an angle
with positive x-axis is

T e T
1) 0 2) 4 3) 3 4) B

. The portion of the tangent to the curve

a— /az_yz
xzﬂaz —y2 +%10ga+— m

intercepted between the curve and x - axis, is
of length.

N

. If the normal at the point P(@) of the curve

2)lal  3) 2]a] 4)j

10.

11.

12.

13.

14.

2 2 2
0+ yE — g passes through the origin then

1)0=m/3 2)0=m/6
3)0=mn/4 4)0=m/2
In the curvey:beg the

a) Subtangent is constant

b) Subnormal varies as the square of the ordinate
1) Both a, b are correct 2) Only 'b'is correct
3)Only'a'iscorrect ~ 4) Both a, b are wrong

If the tangent at (11) on y*=x(2 —x)2
meets the curve again at P, then P is

9 3
1) (44) 2)(-L2) 3) (Z’§J 4) (0,0)
The curve y:ax3+bx2+cx+8 touches

x-axis at P(—2,0) and cuts the y-axis at a
point O where its gradient is 3. The values of
a,b,c are respectively.

5 1 1 1 1
__9_353 09_33 _7093 _7__73
D= ™22 02 3 02 4 7y

The point P on the curve x=a(0+sind),
y=a (1 —cos 0) , where the tangent is inclined

T

4

{5k 2l
(5

The normal to a curve at P (x, y) meets the

at an angle — to the x-axis is (EAM-2012)

4) (a, a)

x-axis at G . If the distance of G from the ori-
gin is twice the abscissa of P then the curve is

a(an) (AIEEE-2007)
1) Ellipse 2) Parabola
3) Circle 4) Straight line

The equation of tangent to the curve

4
y=x+x—2 that is parallel to x-axis is



15.

16.

17.

18.

19.

20.

(AIEEE-2010)
Dy=12)y=2 3)y=3 4) y=4

The normal to the curve x=a (cos 0+ 0Osin 9) R

y=a(sin@—0cosd) at any point ¢ is such

that
1) it passes through origin
2) it passes through the point (1, 1)

_ ar
3) it passes through 5 —a
4) itis at a constant distance from the origin

A function y=f(x) has a second
derivative f (x)=6(x—1). If its graph

passes through the point (2,1) and at that
point the tangent to the graphis y=3x-5

then the function is
D (x-1)° 2) (x+1)°
3) (x+1)° 4) (x-1)°

The intercepts on x — axis made by tangents

to the curve, V= ﬂt | dt,x € R which are paral-
0

lel to the line y =2x, are equal to
( MAINS -2013)
1) +1 2) £ 3) +4 4) 3

If the curves Y =4ax and *xy=¢ cut

4
c
orthogonally then —=
a

1)4 2)8 3)16 4)32

If the chord joining the points where x=p, x=q
on the curve y = ax* + bx + c is parallel to the
tangent drawn to the curve at(o,p) then a =

p+q pP—q
1) 2pq 2)\pg 3) > 4) 5

If the tangent to the curve 2y* = ax? +x3 at the
point (a,a) cuts off intercepts o and 3 on the

coordinate axes such that o *+3>=61 then a

1) 430  2) +5 3) +6 4) +61

21.

22.

23.

24.

25.

15

Area of the triangle formed by the tangent,
normal at (1,1) on the curve \/; + \/; =2 and
the y-axis is (in sq.units)

1
1 2)2 3) 5 4)4

The sum of the length of the sub-tangent and
tangent drawn at the point (x, y) on the curve

y= alog(X2 —az) varies as
1) x2 2) yz

. . Cen
A curve is given by the equations X =sec” 0

3)xy 4)y/x

y=cot0. If the tangent at P where 9=g

meets the curve again at Q, then length of PQ
is

N

5
1)7

1. If the subnormal to the curve x.y" =a"*! is

35

2= 310 4)20

constant then the value of n is -2.

I1. The length of the subtangent, ordinate of a
point, (not the origin) length ofthe subnormal
on y? = 4ax arein G.P.

Which of the above statements is correct.
1)Onlyl 2) Only II

3) BothIand II 4) neither I nor II

LIf x+ y=k isnormalto y” =12x then f is
6

I1. If m is the slope of the tangent to the curve

¢” =1+ x? then |m|<1

I)onlyl 2)only II

3) both I and I 4) neither I nor II
KEY

01)1 02)3 03)3 04)1 05)2 06)4

07)2 083 091 1003 1)1 12)2

13)1 14)3 154 16)4 17)1 18)4

193 20)1 21)1 22)3 23)2 24)3

25)2



SOLUTIONS

m, —m
tan = |———2
l+mm,
m,—m
tan @ =|———2
1+mm,

1 1T 1 1

ARy 5T,

@’ +hk-b—k =a’+k, —b* —k,

T
2 2 2 2.0 =—
a"—-b " =a"-b B

Or use Synopsis
. Since the curve passing through origin therefore

tangents at origin is obtaines by equating the low-
est degree terms of the equation is zero i.e.

. Common tangent is y=0 = common normal is x=0

d . d :
—); =¢'(cost —sint) andd—); =¢'(sint+cost)

sint+ cost dy
. = ' =
cost—sint dx ),_..4

V4
So, tangent at / =—makes with axis of x the

dy _ dy/dt
'dx dx/dt

4
oz
angle .
dx _\a' -y :(dyj _ yl
dy y d‘x (xly] a _yl
LT = XLy1+m? & —yi 2
m
dy
dy _| do
dx (LX
do

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

16

x il

The given curve is y = be?, y, =be®
m(d_yj b
dx (% >Y1) a ’

m(x-x)

Equation of tangentis y — ¥, =

Put (—2,0) in the curve

(ﬂ] _3 (d_y] ~0
dx 08 dx (P solve these

dy

_dy _do _,
dx dx

do

Equation of normalis y — ¥ =

—%(x—xl)

G:(x1 +myl,0), X, +my, =2‘x1‘

d

x+y & 1ox solve this
dx

m=0

o)

Equation ofnormalis y —y; =

y" =6(x—l)

my;.m, =-1, then eliminate x, y by using

given equations

Az(p, ap’ +bp+c),B=(q, aq2+bq+c)



dy
Slope [Ej(a ﬁ): 2aa +b

20.

21.

22.

23.

24.

25.

Slope of AB=a(p+q)+b
Find the equation of the tangent

1 241
A=—x} 7

2

m

LST = ‘ﬂ LT = [2V1+m?
m|’ m

R (ﬂj _ !
dx ), = 2
4

The coordinates of P are (2, 1)
the equation of'the tangent at P (2, 1) s

X

‘

=l+)y' =)' =
x—1 x—

1

=2y’ -3y" +1=0, :>y=1,y=—§

=>x+2y—-4=0,."

—_

1
The coordinates of Q= (5, —2], PQ = ¥

(1) 2Zm+n=0
m=1,n=n

.. Vi
LST =|—
(i1) ‘m‘

L.S.N=|y1m|
I) m=1, a=3,

int of —(i Z_aj 3.6
point of contact T —( , )

3+6=k=k=9
2x
1+ x?

e’y =2x, ¥ = =m

m e[—l,l]

17



JEE MAINS QUESTIONS

1.If the tangent to the curve, y =f(x) = log, x

X, (x>0) ata\point (c, f(c)) is parallel to the line
segement joining thepoints (1, 0) and (e, ), then c is

equal to [2020]
1)67_1 2) e(i]
3) ol H

2.Which of the following points lies on the tangent to
thecurve x4ey +2,/y+1=3atthepoint (1, 0)?
[2020]

(D (2,2)
(3)(=2,06)

(2) (2,6)
@ 2.4

3.Ifthe lines x + y=a and x —y=b touch the curve

y= x2 —3x + 2 at the points where the curve

a
intersects thex-axis, then then 5 equal to
[2020]

4.1f the tangent to the curve, y = ex ata point(c,

ec )and thenormal to the parabola y2 =4x atthe

point (1, 2) intersectat the same point on the x-axis,
then the value of ¢ is [2020]

5.Let the normal at a point P on the

2
curve ) — 3 xz + ¥ +10 intersect the y-axis at

3
(0, Ej If m is the slope of thetangent at P to the

curve, then |m| is equal to -- [2020]

6.The length of the perpendicular from the origin, on

thenormal to the curve xz +2xy=3y " atthe point

(2,2)1s [2020]
D 2 2) 42
3) 2 4) 22

7. If the tangent to the curve, y = X3 +ax—bat the

point(1,—5) is perpendicular to the line,—-x +y+ 4=
0, thenwhich one of the following points lies on the

curve? [2019]
(12, 1) (2) (2,2)
(3)2,-1) “4) (2,-2)

8.The tangent and the normal lines at the point (+/3,1)

tothe circle x2 + _yz = 4 and the x-axis form a
triangle. The areaof'this triangle (in square units) is

2) ! [2019]

1) 3

o Sl

1
3) \/g 4) ﬁ

9.The maximum area (in sq. units) of a rectangle
having itsbase on the x-axis and its other two vertices

on the parabola,y=12 — x2 such that the rectangle

lies inside the parabola, [2019]
(1) 36 (2) 2072
(3)32 (4) 1843

10.If @ denotes the acute angle between the curves

yle—x2 and y:2+x2 at a point of their

intersection, then [tan @ | is equal to:

4 8
{1}5 {2} s

18



7
3}

a3
17 RURT:

11.Ifthe curves y2 = 6x,9x2 +by2 =16 intersect

each otherat right angles, then the value of' b is
[2018]

2)4

o |

1)
4)6

12. The eccentricity of an ellipse whose centre is at

1
the origin is ) If one of its directices is x =—4, then

3
the equation of the normal to it at (1’ —] is:

2
[2018]

(1)x +2y=4 (2)2y—x=2

(3)4x —2y=1 (4)4x +2y=17

KEY

D2 2)3 3)0.50 44 5)4  6)4

7) 4  8)3 913 1012 11}3

12}3

SOLUTIONS

The given tangent to the curve is,

y=xlog,x (x>0)
dy
=-—==|+log, x
dx Z
dJ.
== =l+log. ¢
& g¢  (slope)
-+ The tangent 1s parallel to line joining (1, 0), (e, ¢)
-0
.'.l+logpc:€—
e-1

=lo c—i—l:lo c—L
g{’ g—l gt’ 9_[

!
e=¢t

The given curve is, x*-€” +2y/y+1=3
Differentiating w.r.t. x, we get

(4x* +x* yYe’ + =0
NIESY
_ [ @] 40
dx ( | . 4\1
L +e ' x J
Ay+1 ,

19



~{&)., -

.. Equation of tangent;
p=0=-"2x-1)=>Ix+y=2

Only point (-2, 6) lies on the tangent.

The given curve y = (x—1)(x—2), intersects the x-axis at

A(1, 0)and B(2, 0).
-1 and (ﬂ] =
dx (x=2)

a =2x-3; (ﬂ]
dx
Equation of tangent at A(1, 0),

(x=1)

dx

y=-lx-l)=>x+y=1
Equation of tangent at B(2, 0),
y=l(x=2) > x-y=2
Soa=1landb=2
:>E=l=0_5_
h 2
4.
For(1,2)of y* =4x=t=1a=1
Equation of normal to the parabola

=+ y=2at+at’
= x+ v =13 intersect x-axis at (3, 0)

‘—ex:}dy—e
z dx

Equation of tangent to the curve

X

= y-e =¢e(x-0)

» Tangent to the curve and normal (o the parabola

Intersect at same point,

20

20— = (3=0)=c=4.

WP=(x,y)
Ly ~bxt y'=0

aks
{2

= 9-6y,=1+2y,

6bx 1
1+ Zyl

=% Y=
3=k
+12
Slope of tangent (m) = 3 =+4
m| =4

Given equation of curve is

x*+2xy-3y"=0

2x + 2y + 21y — 63y’ = 0
x+y+xy-3p=0
Y(x-3y)=—(x+y)
dy x+y

3_3}*—1‘

o
e
=

U



3=

Slope of normal = "
Normal at 't22)-ﬂ- I
ormal at point (2, 5oh -

Equation of normal to curve=y-2=-1(x-2)
> xty=4
Perpendicular distance from origin

0+0-4
- =2\
;
y=x't+ax-b

Since, the point (1, -5) lies on the curve.
=l+a-b=-5
—>a-b=-6

ﬁz}xl +a
dx

=
dx at x=1 =3ta

Since, required line is perpendicular to y =

slope of tangent at the point P (1, -5) =-I
J+a=-1

=-4
b=2
the equation of the curve is y = x* - 4x -2
(2,-2) lies on the curve

Given, the equation of parabola is,

¥=12-y

L 4

Area of the rectangle = (2¢) (12 - £)

A=41-3F
LT
dt

dA
Put —=0=324-6£f=10
dt

= =1

At t=2, area 1s maximum = 24(2) - 2(2)
=48 - 16 =32 sq. units
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Equation of tangent to circle at point [\/5,1) IS

i+ y=4
PR
NE

2 3
x+y =4

Y
coordinates of the point \@

I | 4 2
= —xO4xPM =—x—=x]1=—= |
Area ) 1B B Y units

10.
Since, the equation of curves are
y=10-2 (i)

y=2+x ..(i1)

Adding eqn (i) and (i1), we get
y=12=y=6

Then, from eqn (1)

r=42

Differentiate equation (1) with respect to x

0 ses( ), 4]
£=—2x:> dx {2‘6}=—4311d e =4

(-2,6) B

Differentiate equation (11) with respect to x

R
dx_ = dx{z,ﬂ_ " dx{-z,e}_

( (~4)-(4)
At(2,6)tan 0 =

B
l+{—4}x(4)]_15

@-(h_8
L+(4)(-

At (-2, 6), tan 0= g

tm19\=E
15

)
.. tan \—15

11.

Let curve intersect each other at point P(x , y,)

‘Y
v = 6x
74?;1

e
R

Ox + by" =16

Since, point of mtersection 1s on both the curves, then

vi =6x, A1)

and 9x7 + by =16 (1)

Now, find the slope of tangent to both the curves at the
poimnt of intersection P(x , v))
For slope of curves:

Curve (i):
)
/i ) Y

22



Curve (ii):

dy 9%
8,
- &/ () by,

Since, both the curves intersect each other at right angle
then,

27
mlmzz—l:'-—x,le ::-bzl?%-

by ¥i

2, from equation (1), h:ZTX%:%

12.

Eccentricity of ellipse = 3

Now, e 4=a=4+ i=2::.-i1=2
e

1
We have b*=a” (1 _32}=32(1_E]

3
=4 == 3
4
. Equation of ellipse is
2 2
Sl S
4 3
Now differentiating, we get
x 2y 1%
e o 12{} P g i,
=% R ¥ =y 4}’
aia|=~2x2=-2
¥ i03/2) 3 B

Slope of normal =2

. Equation of normal at [i%} 1s

y——=2(x—-1)=>2y-3=4x-4

b3 | L

dx —2y=1

23



r n
J
SYNOPSIS b) v>0= s increases
» Derivative as the Rate of Change: €) v<0= s decreases
If a variable quantity y is a function of time ¢ o 24/3 is rejected = > 22
ie, y=f (t) , then small change in time A¢ 2 3
) ) ] ) The rate of change in velocity is called the
have a corresponding change in Ay in . acceleration of the particle at 't' and is denoted
_Ay bya
Thus, the average rate of change At ) o d [ ds} s dv ds i
= =—|—|=——=— —=y.—
When limit Az — 0 is applied, the rate of dr dt| dt dr* ds dt ds
change becomes instantaneous and we get the It is a vector . It is measured in units /Sec?
rate of change with respect to ‘t’at the instant a) a=0 = velocity v becomes maximum
x. b) a>0 = v increases. S Minimum
¢) a<0 = v decreases. S Maximum
Ay dy . . . .
je. lim —=— d) A particle moving on a straight line comes
> At—0 At dt ,
Hence, it is clear that the rate of change of any to rest if L 0& d_f =0
variable with respect to some other variable is dt dt
derivative of first variable with respect to other ¢) A particle moving on a straight line is at rest
variable. i o
» ir==0& <220
i) If x is any variable, —; Tepresents the rate of dt dt
. f) A particle, projected vertically upwards,
change of x at time 't".
s
. dy | attains the maximum height when —=0.
ii) If y = f(x), then R the rate of change of y dt
Retardation : If the acceleration of a particle
Wl x. i tive, it is called Retardation
iii) If ‘s’ is the distance travelled by a particle in 15 Negative, 1 ’
time t. The relation between s and t can be Angular velocity and angular acceleration:
expressed as s = f(t).
If P is any point which moves
s
iv) v=— istherate of ch fdispl ti : .
v) gr 1S HCTAC Ot Changeo displacement is onacurve and @ is the angle made by OP with

called velocity.It is a vector, measured in unit
per second.

a) y=(0= the particle moving on a straight
line comes to rest and the distances becomes
maximum where it changes its direction after

v=0

24

the positive direction of the initial line Oy,

do
the angular velocity of P at O:E Jtis denoted

byw.



1) The angular acceleration of P at O is
d’0 do
dt’ dt
i1) The equations of motion of a particle p(x,y) on

aplane curve are given by x =1{t), y=g(t) then the
Velocity of the particle is given

by =L 0] +[e )]

ii1) The equations of motion of a particle p(x,y) on

a plane curve are given by x ={{t),

y = g(t) then the acceleration of the particle is

givenby 20

=) +(e" ()

EXERCISE - I

. A particle moves along a straight line

the
s =8cos 2t +4sint - The initial velocity is

according to equation

1) -5 units/sec 2) -4units/sec

3) 4 units/sec 4) 5 units/sec

. The motion of a particle along a straight line

is given by 2 =,21+90g. If the particle

starts from rest, then the acceleration is

1) 15 units/sec? 2) 30 units/sec?

3) 45 units/sec? 4) 75 units/sec?
. If the distance s travelled by a particle in
time t is given by ¢—;2_2/4+5 then its
acceleration is [EAM-2011]
o 2) 1 3)2 4)3
. The distance moved by the particle in time

—12¢* + 6t +8. At the
instant, when its acceleration is zero. The

't' is given by § -

velocity is

1)42 2)-42 3) 48 4) -48

10.

11.

12.

25

. A particle moves along a line by

s=—1"=31>+8+5 it changes its direction
when

Ht=1,t=2 )t=2,t=4
3)t=0,t=4 4)t=2, t=3

The displacement 's' of a particle measured
from a fixed point 'O’ on a line is given

bys=16+48 -1
of motion of the particle.

1) is towards 'O’ 2) is away from 'O’

3) is at rest 4)is at ‘O’

A stone is thrown vertically upwards and the
height reached by it in time t is given by

. After 4sec, the direction

S =80r—16¢% then the stone reaches the

maximum height in time t =
I)2sec 2)2.5sec 3)3sec 4) 3.5sec
A particle moves along a line by

s=1—9¢2 +24¢, then S is decreasing when
te

1) (2.4) 2) (=0, 2) (4, =)

3) (==,2) 4) (4,=)

The displacement of a particle in time 't' is

givenby § — £ ;> _8t—18.The acceleration
of the particle when its velocity vanishes is
1) 15 units/sec? 2) 10 units/sec?

3) 5 units/sec? 4) 20 units/sec?

If k is the diameter of a circle and A is the

area of a sector of the circle whose vertical

. dA
angle is @ then E:

5@ (L) o (0

The rate of change of area of a square plate
is equal to that of the rate of change of its
perimeter. Then length of the side is

1) 2 units 2) 3 units 3) 4 units 4) 6 units
The relation between P and V is given by

1
py+ — constant. If the percentage decrease

1
inVis -

> then percentage increase in ‘P’ is

-8 2)1/16 318  4)12



13.

10.

I1.

12.

13.

An angle ¢ through which a pulley turns
with time ‘t> is completed by
0 =¢* +3¢t—5sq.cms /min Then the angular

velocity for t = Ssec.
1)5¢/sec  2)13¢/sec 3)23¢/sec 4)35sec

KEY
01)3 02)3 03)3 04)2 052 06)1
07)2 08)1 09)2 1001 11)1 12)3
13)2
SOLUTIONS
V =-16sin2t+4cost, t=0=>V =4

ds
V2 =u2+90S7 2Va=905('.'u20) :}a:45
dv d’s
a:—:—z
dt dt
a=0, =r=4,v=3-24t+6=-42

V=t*-6t+8,v=0=>1=2,1=4

After t=4 means we should putt=>5.

ds
_ 2 V=—=80-32¢
S =80¢r—-16¢"» dt

maximumheight = ' =0, =5/2=2.5sec
Solve 1y <0

4
V=0=t=2 or—g’ a=6t—2; att=2

=a=10
1 k*0
- A=—r’0=—"——
k 2]"7 27" 8

d d .
o (area) = o (perimeter)

AV 1
Given PV% _ constant & 7>< 100 = )

Take log on both sides and diff.

:>£><100:—l><ﬂ><100:l
P 4 V¥ 8

do
_ 42 —=2t+3
O=t"+3t-5, dr
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EXERCISE - 11

. If the distance travelled by a particle

is x = /ps* + 24t + r then the acceleration is

proportional to

1)% 2)x—12 3)% 4)%

. The position of a point in time “t” is given

by x=a+bt—ct’>y=at+bt’. Its
acceleration at time “t” is

Db-c 2)b+c

3)2b-2c¢ 4)2b? + o>

. A particle ‘p’ moves along a straight line

away from a fixed point ‘O’obeying the
relation S =16+48/ 1", The direction of ‘P’

after =4 is
1) op 2) PO
3) Restat the instant ~ 4) Perpendicularto op

. The velocity v of a particle is given by

vV =s*+45+4. The acceleration of the
particle when it is 30 cms away from the
starting point is
1) 30 cms/sec?
3) 34 cms/sec?

2) 32 cms/sec?
4) 35 cms/sec?

. If a particle moving along a line following

the law ¢ = ps® + gs + r then the retardation
of the particle is proportional to

1) Square of displacement

2) Square of velocity

3) Cube of displacement

4) Cube of velocity

. The equation of motion of a particle p(x,y) on a

plane are givenby x =4 + bcost,y =5+ bsint.
Its velocity at time 't' is
1)4 2)5

3)b 4)tant

. Astone projected vertically upwards raises

's' feets in 't' seconds where s=112/-16¢",

Then maximum height it reached is
1) 195t 2)194ft 3)196ft 4)216ft

. A particle moves along a line OA which is at

t3
a distance 5 cm from O where s = 61’ 5

then the greatest velocity along OA is
1)32cm/s 2)24 cm/s 3) 18cm/s 4) 19 cm/s



10.

11.

12.

13.

14.

15.

If the velocity v of a particle varies as the
square of its displacement x then the
acceleration varies as

1) x? 2) x? 3)v? 4) v?

A particle moves along the curve
y = x” + 2x then the point on the curve such
that x and y coordinates of the particle
change with the same rate is [EAM-2009]

1(1,3) 2)(1/2,3/4) 3) (-1/2,-3/4) 4) (-1,-1)
The point on the ellipse 16x> +9y* =400,

at which the ordinate decreases at the same
rate at which the abscissa increases is

ACHEIRIC IS

The area of an equilateral triangle of side
'a' feet is increasing at the rate of 4 sq.ft./
sec. The rate at which the perimeter is
increasing is
2 a a

A car starts from rest and attains the speed
of 1 km/hr and 2 k.ms/hr at the end of 1st
and 2nd minutes. If the car moves on a

straight road, the distance travelled in 2
minutes is

3)%

1 1
1)ka 2)3—Okm 3)15km  4) 20 km

A point is moving along y’ =27x. The

interval in which the abscissa changes at
slower rate than ordinate is

1) (-2,2) 2) (—o0,)
3) (-11) 4) (—o0,-3)U(3,0)

A point 'P' is moving with constant velocity
V along a line AB. O is a point on the line
perpendicular to AB at A and at a distance
“]”fromA. The Angular velocity of P about

Ois
lv lv W’ op’
1) op 2) op’ 3) op 4) e

16.

17.

18.

19.

20.

21.

27

An angle is increasing at a constant rate. The
rate of increase of tan when the angleis /3
is

1) 4 times the increase of sine

2) 8 times the increase of cosine

3) 8 times the increase of sine

4) 4 times the increase of cosine

The volume of metallic hallow sphere is
constant. If the outer radius is increasing at
the rate of V cm/sec. Then the rate at which
the inner radius increasing when the radii

are a+d,ais

1)V(a—zkd) 2)V(a+d)
a a
3) V(a+d) 4) a+d

In a simple pendulum, if the rate of change
in the time period is equal to the rate of
change in the length then the length of the
pendulum is

1 z 2 ﬂ—z
I
The side of an equilateral triangle expands
at the rate of 2 cms/sec. The rate of increase
of its area when each side is 10cms. is

3) r’g 4 g’

2) 10+/3 sq.cms/sec
4) 5 sq.cms/sec

1) 104/2 sq.cms/sec
3) 10 sq.cms/sec
Two cars started from a place one moving
due east and the other due north with equal
speed V. Then the rate at which they were
being seperated from each other is

V2
1) v
A point p moves with an angular velocity 2
radians/sec on the circumference of a circle
with centre O and radius 2 cms. PM is
perpendicular to the diameter of the circle
such that /por =g If the velocity of the

v 1
D5 Vv Yy

point M is zero, then values of @ are

RY/4

4 T T T
D0,z 2 5’” 3) gag 4) Z’T



22.

23.

A variable triangle is inscribed in a circle of
radius R. If the rate of change of a side is R
times the rate of change of the opposite angle,
then the opposite angle is

T T T T
l)g 2)2 3)3 4)5

At a given instant, the sides OA and OB of a
right angled triangle AOB are 8 cm and 6
cms respectively. If OA increases at the rate
of 2 cm/sec and OB decreases at the rate of
1 cm/sec, the rate of decrease of the area of

AAOB after 2 seconds is

1) 2 sq cm/sec 2) 1 sq cm/sec

3) 3 sq cm/sec 4) 4 sq cm/sec
KEY

01)4 02)4 03)2 04)2 05)4 06)3
07)3 08)2 09)2 10)3 11)1 12)2
13)2 14)3 152 16)3 17)1 18)2
19)2 2004 21)1 22)3 23)1

SOLUTIONS

Squaring and then differentiate two times
Hint: Resultant Acceleration =

d*x ’ dzy ’
— | Tl o
dt dt

s=16+48t—1, t=4=s5=144
t=5,5s=131, So it move to words O

2v@:2sé+4§ ﬂ:(s+2)
dt dt dt’ dt
s =30,a=30+2=32

diff. two times

{5 (2]
dt dt dt

7

_ _ _ {=—
v=112-32¢t=0, >

_ 7 (7Y
max. height 21125—16 5 =196

10.

11.

12.

13.

14.

15.

16.

17.

28

ds 3
V= =120 g=-3=0, 4

v= 12.4—%(16) =24

dy dx 1 3
—=(2x42)— =>x=—; y=—-
Wehavedt ( X )dt X > y 4
dy_—dx
di  di

dA de
x=a ft,—=4sq.ft/sec . — =7
Si 7 q.f1 >
use 124/34=C?

1
s:ut+5at2, v=u+at=v—-pu=at

a=lkm/h=Lkm/min,
60

v=2kmph=ikm/min
30
vz—,uz:2as:>S=L
30

d
—<—t:>y€(—3,3):>xe(—1,1)
2940 _1 dx _V
“dt 1 dt |
v v P Vi
X [

i(tané?) =sec’ Hxﬁ
dt dt

:4><ﬁ = 8{lxﬁ} =8[i(sin0)}
dt 2 dt dt

Outer radius = R, Inner radius = R,

4 dR
V:Eﬁ(Rf—R;), O:3R12.7;—3R22.

dR,
dt




18.

19.

20.

21.

22.

23.

2.

R2. ﬁ
CdR, ' at

_ 2

 dt R;

V(aer)2

2
a

r=ag |t L4
g dt dt

dx 3
— =2 Cm/sec, x=10, 4 =£x2
dt 4

dA
o 1043 sqcm/sec

ds
S=x2+x* S=42x ZE:\EV

d(oM)

OM =cosb,
dt

=0

4

dr r? dr
375(1'13—1'23):(: :_IZL_Z

dt 1’ dt
Given 04=8, OB=6
after 2 seconds 04=12, OB =4
1 dA:1 d—y+ dx}

A=A =— — = X. —
red zxy’dt 2{ dt ydt

:%[12(—1)+4(2)] -2

EXERCISE - 111

The volume of a ball increases at 2 7c.c/sec.-
The rate of increase of radius when the
volume is 28877 c.cms is [E-2012]
1) 1/36 cm/sec 2) 1/72 cm/sec

3) 1/18 cm/sec 4) 1/9 cm/sec

A particle moving on a straight line so that
its distnace 's' from a fixed point at any time
't" is proportional to '¢" ' if 'v' be the velocity
and 'a' the acceleration at any time then

nas

(n-1)

v 2) v? )V 4) 2v

29

3. Aladder AB of 10 mts long moves with its ends

on the axes. When the end A is 6 mts from
the origin, it moves away from it at 2mts/
minute. The rate of increase of the area

of the AOARB is... sq.mts/ min

4 8 14 7
1) 3 2) 3 3) 3 4) 5

. Ais a fixed point on the circumference of a

circle with centre '0' and radius 'r', A particle
starts at A and moves on the circumference
with an angular velocity 4 radians/sec. If PM
is perpendicular to OA and /POM =7/3,
then the rate at which area of

APOM decreases is

2
r
1) ?Sq. cms /sec 2) ;2 sq.cms/sec
2

r
3) qu.cms/sec 4) 2r* sq.cms/sec

. A source of light is hung h mts., directly

above a straight horizontal path on which a
boy 'a' mts., in height is walking. If a boy
walks at a rate of b mts/sec. from the light
then the rate at which his shadow increases.

ab
t/ t/
1) h—am sec 2) h+am sec
ab ab
3) Z(h—a) mt/sec 4) 2(h+a) mt/sec

. The slant height of a cone is fixed at 7cm.

The rate of increase in the volume of the cone
corresponding to the rate of increase of 0.3
cm/s in the height when h = 4cm is

1)%cc/s 2)%cc/s 3)%cc/s 4) Z—gcc/s

. A Kkite flying at a height 'h' mts has “x”

meters of string paid out at a time t seconds.
If the kite moves horizontally with constant
velocity v mts/sec. Then the rate at which the
string is paid out is

N

1) . mt /sec 2) \Jx? = h? mt/sec
/ 2 72 / 272
3) WX Zh mt/sec  4) X 7R p h mt/sec
X



10.

11.

12.

13.

A wheel rotates so that the angle of rotation
is proportional to the square of the time. The
first revolution was performed by the wheel
for 8 seconds the angular velocity at this time
is

1) mrad/sec 2) 2xrrad | sec

3) %md/sec 4) %md /sec

Ais an end of diameter of a cirlce with centre
O and radius 2 units. If a particle'p' starting
from A moves on a circle with angular
velocity 4 radians/sec and M is the foot of
the perpendicular of 'p' on the diameter then
the rate at which M moving on the diameter
when it is at a distance of 1 unit from O is

1) 4./3 units/sec

3) 4 units/sec

2) -44/3 units/sec

4) -4 units/sec

Two cars are travelling along two roads
which cross each other at right angles at A.
One car is travelling towards A at 21 kmph
and the other is travelling towards A at 28
kmph. If initially their distances from A are
1500 km and 2100 km respectively, then the
nearest distance them is

1) 30 2)45 3) 60 4) 75

A dynamite blast blows a heavy rock straight
up with a launch velocity of 160m/sec. It
reaches a height of ¢ — 1607 —167> aftert sec.
The velocity of the rock when it is 256 m
above the ground on the way up is
1)98m/s 2)96 m/s 3) 104 m/s 4) 48 m/s
A body falling from rest under gravity passes
a certain point P. It was a distance 0f400 m
from P, 4sec prior to passing through P. If

g=10m / sec’ , then the height above the

point “P” from where the body began to fall
is (AIE-2006)
1)900m 2)320m 3)680m 4)720m

A spherical balloon is filled with 4500 7
cu.m of helium gas. If a leak in the balloon
causes the gas to escape at the rate of

727 cu.m/ min, then the rate (in m/min) at

14.

30

which the radius of the balloon decreases 49
min after the leakage began is (AIE-2012)
| 9 ) 7 ; 2 A 9
)7 Dy Dy 95
A lamp of negligible height is placed on the

ground / away from a wall. A man /, m tall

l—lm/s f th
10 rom (Y

lamp to the nearest point on the wall. When
he is midway between the lamp and the wall.
the rate of change in the length of this
shadow on the wall is

is walking at a speed of

2) —&m/s

1) —%m/s 5

12
—2m/
3) ml/s

l2
4) —gm/s
KEY
01)2 02)2 03)4 04)2 051
07)3 08)3 09)2 10)3 11)2
13)3 14)2

SOLUTIONS

06) 1
12) 4

?:27rc,c/sec’ V =288, gﬂ'ﬂ =283r,

t
d(4 ) 4 , dr
g So—|—=mr |=—n3r —
=r=6 dt(3 j3 dt
dar 1
= —=—
dt 72
Soct” :>S=k(t”),differentiate

dx+ Q:O

2 2= — X—
x +y =100= y=8mts, dt ydt

dy -3 .
—=—mits/min, A=—
2 ’ 2xy

dt
U8 T
a2\ Far Vg ) Ttememm

1
OM=rcosf, PM=rging, A=§(0M)(PM)



10.

11.

12.

a Y
Z:x+y =ax+ay=hy
dy  _ dy__ab
:>(h—a)——ab di~ (h—a)
Vzlm”zh:—ﬂ(lz—hz)h
3
“Lr(en-w) > L La(p oz )2
dt dt
dx
2: 2 2:>)C—=V.
X =y +h " y
@_Q_V\/xz—hz
dt  x X
0ot = 0=k (k constant) k=2—ﬂ:>k=1
B ’ 64 32

ﬁ:k_zt:EXZXS:ER/SeC
dt 32 2

y-%_y
dt

If ¢ is the time.
£(2)=(1500—21¢)" + (2100 - 28¢)°
f'(t)=0=-42(1500-21r)

516
~56(2100-28()=0 =t=—=

£(2)=(1500-1548)" + (2100 —2064)" =3600
. The minimum distance is 60.

ds

v =~ 160—-32¢ . We now find values of ¢ for

which s(¢)=256. So, 160¢—16¢> =256
1=2,1=8, v(2)=96, v(8)=-96
So the velocity on the way up in 96m /s

Let the body is at a height h, at a time ‘t’

and is at a height “h” at a time (t - 4) from

above.

1 1
h, —h = 400 :>Egt2—5g(t—4)2 = 400

= tz—(t—4)2 =80 = t=12sec

~h =%g(t—4)2 =320m 7

Hence, total distance =320+400=720m

4
13. Volume of the balloon V= gnr3

dv d

r

gzi____(l) Now, to find —
dt 4nr’ dt

v
at t =49 min, we require a the radius(r) at

that stage % =—72nm’ /min .

Also, amount of volume lost in 49 min

=72nx49m’ =3528mm’
.*. Final volume at the end of 49 min

=4500m —3528n =972mm’
If r is the radius at the end of 49min, then

%nﬁ =972n =9

dr dv/dt

But dt 4mr?

T2r 2 )
=—m/min

(&)
d n - 2
dt t=49 475(9) 9

| 3
Pl ——

Let BP = x. from similar A'g property. we get

A0 _ 1, :Aozijd(‘m):_%@
11 X X dt X2 dt’
d(AO
when X=I—I,M:—&m/s
2 dt 5

31



ERRORS &
APPROXIMATIONS

J

SYNOPSIS
> If y=f(x), 5x isanychangeinx then the

corresponding change iny is dy . Itis given by

5y:f(x+5x)—f(x)

> [i j5x is called differential of y It is denoted
by dy or df.
dy:fl(x)§x

= The approximate value of the function is
f(x+5x); f()c)+fl (x)é'x

> Oyzdy

Error, Relative Error, Percentage Error:

= Lety=f(x)be a function defined on an interval
Aand xe 4.Let §x be any change in x and
0y be the corresponding change in y.Then

1) 0y is called error in y.

i) 7)} is called relative error in y.
oy
ii1) 7 X 100 js called percentage error in y.
> If y=f(x)=Kx" then the approximate
relative error (or percentage error) in y is 'n'
times the relative error (or percentage error) in
x where n and k are constants.

» Circle Ifris the radius , x is the diameter , p is
perimeter (circumference ) and A is the area of
a circle then
1) x=2r
i) p=27zr or p=7x

2
X

111) A= 7z'r2 or A=

>

>

Sector : Ifris the radius, / is the length of

the arc and @ is the angle , p is the perimeter
and A is the area of a sector, then

) [=r0
i) p=1+2r or p=rf+2r=r(0+2)
1 1
i) A=—=1Ir or A=—r’0
111) 5 or >
Cube: If x is the side , S is the surface area
and V is the volume of a cube then
S=6x>; V=x
Sphere: Ifris the radius , S is the surface
area V is the volume of a sphere then

S =4rr*; Vzgm”}

Cylinder : If r is the radius (of cross section)
h is the height , L is the lateral surface area, S
is the total surface area, V is the volume of a
cylinder (right circular) then

L=2zrh, S=2xrh+2xr’> V =nr'h
Cone : Ifr is the base radius , h is the height,
[ is the slant height, @ is the semivertical angle
a 1s the vertical angle , L is the lateral surface
area , S is the total surface area and V is the
volume of a (right circular ) cone then

D2 =4 i) Tanf =
i) ¢ = 260

V) L=xrl(00) [ = zpr? + i*

V) S =zrl + 71’ vi) Vzg””zh

Simple pendulum : If ; is the length, T is
the period of oscillation of a simple pendulum
and g is the acceleration due to gravity then,

T=2rllg

An electric current 'C' is measured by tangent
galvonometer. If g is the deflection of the
galvonometer then C ¢ Tun@



10.

11.

12.

EXERCISE -1
If f(x)=3y2 — x wherex=1and §5x =0.02
then o /=
1)0.1012 2)1.012 3)0.101 4)0.1
The approximate value of /50 is
1) 7.0704 2)7.0741 3)7.0714 4)7.0785
The approximate value is cos61° is
1) 0.4848 2)0.4849 3)0.4948 4)0.5059
If 1© =0.01745 radians .Then the
approximate value of tap 46° is
1) 1.0259 2)1.0394 3)1.0349 4)1.0493

AABC is not a right angled and is inscribed
in a fixed circle . Ifa, A,b,B be slightly varied

ob
. + _
keeping c, C fixed then cosA | cosB
1)2 2)1 3)0 4)5

If the sides of A4BC are changed slightly

but its circum radius remains constant then
oa ob oc

cosd cosB cosC

1)o0 2)atb+c 3) A+B+C 4) 2R

The diameter of a circle found by

measurement 5.2cms with a maximum error
0.05cms. The maximum error in its area is

1) 4.1 sq cms 2) 0.041 sq.cms

3) 0.41 sq.cms 4) 0.5 sq.cms

A circular plate expands when heated from
a radius of Scms to 5.06 cm then the
percentage increase in its area is

1)0.6 2)1.2 3) 24 4) 0.12
When the radius of a sphere decreases from
3 cm to 2.98 cm then the approximate
decrease in volume of sphere is

1) 0.002 zcm’ 2) 0.072 zem’

3) 0.72 xem’® 4) 0.008 zcm®

1
If an error of Ej% is made in measuring

the radius of a sphere then percentage error
in its volume is

1)0.3 2)0.03 3) 0.003 4)0.0003
The area of square is 9sq cms and the error
in its is 0.02 sq.cm The percentage error in
the measurement of the length of the
diagonal of the square is

N N
) 9 ) 9 ) 9 ) 3

The height of a cylinder is equal to its radius.
If an error of 1% is made in its height. Then

the percentage error in its volume is
1 2)2 3)3 4) 4

13.

14.

15.

16.

17.

18.

19.

Pressure P and Volume V of a gas are
1

connected by the relation PV4=C
(constant). The percentage increase in p

1
corresponding to a diminition of 5% in the

volume is

1 1 1 1
D 2 2) 4 3) 8 Y 16
The voltage E of a thermo couple as a function
of temperature T is given by
E =62T +0.00027° when T changes from
100° to 101° the approximate change in E is
1)12 2)12.1 3)12.12  4)12.2

If there is an error of +(0.04cm in the
measurement of the diameter of sphere then
the percentage error in its volume, when
radius is 10 cm (EAM-2014)
1) £12  2) £0.06 3) £0.006 4) +0.6
The circumference of a circle is measured
as 28cm with an error of 0.01 cms. Then the
percentage error in the area of the circle is
1 2 2 : 3 = 4 L

) 21 ) 7 ) 7 ) 14
If there is an error of 0.01% in the radius
of a sphere then the percentage error in its
volume

1) 0.005 cu.cms 2) 0.05 cu.cms

3) 0.03 cu.cms 4) 0.2 cu.cms

If the length of simplependulum decreases
by 3% then the percentage error in the
period T is decreased by

1)2 2)25  3)18 415

The pressure p and volume v of a gas are
connected by the relation PV=C (constant).

If 6 p and 5y are the errors respectively in p

C.ov
and v.Then the approximate value of 7 is

1 -1
1) -op 2) 6p 3) Sp 4) Sp
KEY
01)1 02)3 03)2 04)3 053 006)1
07)3 08)3 09)3 1001 11)2 12)3
13)3 14)4 154 16)4 17)3 18)4
19) 1



10.
11.

12.

13.
14.

15.

16.

SOLUTIONS
5f:f(x+5x)—f(x)
f(x)zx/;,x=49,5x:1
f(x+§x);f(x)+f1(x)5x
f(x)=cosx,x=60,56x=1
f(x+§x);f(x)+f1(x)5x
f(x)=tanx,x=45",6x=1°
A+B+C =180
oa=2Rcos A0 A,6b=2Rcos B6B
a=2RsinA,b=2RsinB, SA+5B=0
A+B+C=180° SA+S5B+5C=0
a=2Rsin A4, b=2RsinB, ¢c=2rsinC
oa=2Rcos AOA, ob=2Rcos BoB

oa
_ =2RSA,
oc=2RcosCoC» cos A

ob _ RSB, oc

=2Ro6C,
cosB cosC

oa ob oc

=2R(0A+O6B+6C)= =
cosA+cosB+cosC ( TosT ) ZR(O) 0

5A;dA,A=%x2,x= dia meter

A=7nr*,r=5,0r=0.06

V =i72'7”3,7” =3,0r=-0.02, ov=dv
3

V%=3(5%)

A=9, p=2x, 64=0.02,4=x"
2

A=t 192194 100
2 2 A

h=rand y= 73, V%=3(h%)

(3

T =100°,6T =1, SE = 6.25T +0.0006T>.5T

Given Ar = i% =10.02;7 =10

4
Volume , V' = gmﬁ

Take log on both sides & diff.
:MXIOO :3.£x100=i0.6
V r

ocx100

C

4rd=ct, A% =2

17.

18.

19.

Vzgﬂf’ =V%=3r%

T:27Z\/Z
8

pv=c = pov+vop=0

EXERCISE - 11

The radius and height of a cone are measured
as 6cms each by scale in which there is an
error of 0.01 cm in each cm. Then the
approximate error in its volume is

1)2167c.c 2)2.167xc.c

3) 21.6zcc 4) 0.2167c.c

The height and slant height of a cone are
measured as 15cms and 25c¢ms. Errors 2%
are to allowed in both of these lengths. The
possible error in its volume is

1307 cc 2)607 c.c
3)1007 cc $H1207x cc

. Ifthereis an error 0.04 sq.cms in the surface

area of a sphere then the error in its volume
when the radius is 30cms is

1) 0.06.c.c 2) 0.006¢.c

3)0.6 c.c 4) 0.0006 c.c

The area of triangle is measured in terms of
b,c, A. If A=g3° and there is an error of 15!
in A; the percentage error in the area is

Y4 T
—cot63’ —cot 63’
D 36 2) 36

27 A7
== cot63’ —cot 63’
3) 36 4) 36

In a triangle ABC, the sides b,c are given . If

there is an error §4in measuring angle A.
Then error 5, in the side a is

A A 2.A0 A 3. A0 A
3) besin A6 A4)

2a a a
If there are 1%, 2%, 3%, 4% errors in
r,1,1,,1 then find the % error in area of
triangle
1) 10

2)5 36 4)8



10.

11.

12.

13.

14.

The focal length of a mirror is given by
1 1 2

= I If equal errors o are made in

vV ou
measuring u and v. Then relative error in f
is (EAM-2013)

2 1 1 1 1 3
vy velyer)valit) 0]

A balloon is in the form of right circular
cylinder of radius 1.5 m and length 4m and
is surmounted by hemispherical ends. If the
radius is increased by 0.01 m and the length
by 0.05m, the percentage change in the
volume of the balloon is

1)2.3890 2)2.4890 3)2.0389 4)2.589
The radius of a cylinder is half of its height.
Error in the measurement of the raidus is
0.5% then percentage error in its surface
area is

1)5 2)1 3)1.5 4)2

The distance S travelled by a particle is
calculated using the formula S =u? _Eat g
If there is 1% error in t, the approximate

percentage error in S is
1)(u—atj 2) 2(u—atj
2u—at 2u—at
1( u—at u—at
3) E(ZM—at] 4) (3u—atj
The maximum error in T due to possible

errors upto 1% in / and 2.5% in g where
period T of a simple pendulum is

T=2r\llg
2)1.57% 3) 1.68%

1) 1.75% 4) 1.73%

The approximate value of (0.007)1/3
1)0.1919 2)0.1619 3)0.1816 4)0.1716
The approximate value of

J(1.97) +(4.02)" +(3.98)’

1)5.99

2)5.099  3)5.009 4)5.734

The approximate value of
{(3.92)° +3(2.1)“}U6

1)2.0466 2)2.755 3)2.345 4)2.732

15.

16.

17.

In an acute angled triangle ABC, if sides a, b
be constants and the base angles A and B
vary then

SA B

b \/a2 —b’sin® A - \/b2 —a’sin’B
SA B

2) Jb—a*sin A a* —b*sin’B
SA B

3) Jisin? A—b*  asin® B—b?
oA oB

4 Ja? +b*sin? A Jb? +a*sin® B

With the usual meaning for a, b, c and s if A
be the area of a triangle then the error in A
resulting from a small error in the
measurement of c, is

4\s s—a s-b s—c

1(1 1 1 1

—| =+ + + oc
2) 4(s s—a s—b s—c]

4 (l+ ! + ! + ! ]56
) s s—a s—-b s-—c
Which of the following statements are true

I: In A4BC ,b,c are fixed and error in A is

2A.04
a

O A then erroris a =

II: If semi vertical angle of a cone is 45° then

error in volume is base area times of error

in radius

1) only I 2) only II

3) both Iand II 4) neither I nor II
KEY

01)4 02)1 03)2 04)3 05)2 06)2

07)2 08)1 09)2 10)2 11)1 12)1

13)1 141 151 16)1 17)3



10.
11.

12.
13.

14.

15.

SOLUTIONS

h=15cm, §h:l—

v=l7zr2h, ov = l(1”25}1 + h.2r5r)
3 3

24 l:250m:>§l:2—l,
00°’ 100

Area S=%bCSiI’IA,A =630,5A=151

60 180°

S T 08 100=cotd §4x100

S

=cot63x1—5xix100 =5—7[cot 63°
60 36

180

r=h=6cm= 6r=0h= 6(0.01) =0.06cm

3
V=§7” — AV = 112 Ar

a’ =b*+c* —2bccos A-2ada =2bcsin ASA

A =rrnyry, 20% =1r%+ 1%+ 1%+ 1%

1 2

ox=0v=«a :>_—21§v+—5u=—25f

2
v u

Volume V = zr*h +§7zr3 +§7rr3

ov

=7zr'h +i7rr3 , Find —x100
3 v

h

r=5,s =27rh+ 271’

r%=0.5%s=6xr", s%=2r%
taking logarithms and differentiate

T=2nl/g

log T =log2xz+1/2logl—1/2logg
f=x", taking x =0.008, Ax=-0.001

f=4/x"+y* + 2% ,taking

X

=2,y=4,z=4

Ax =-0.03, Ay =0.02, Az =-0.02

x=4,y=2,

Ax=-0.08, Ay=0.1

f= (xz +3y4 )1/6

a
sinA sinB

differentiate

16.

17.

A:\/S(S—a)(s—b)(s—c)

logA:%[(logsHog(s—a)

+b+
+log(s—b)+log(s—c)], S= . 5 -
L. use 42 =p? +¢> —2bccos A

1
1. H:450,r:h’ V=§7Z'}"2h

y= %7:}*3 = O0v=rnr’or




MEAN VALUE
THEOREMS

SYNOPSIS
Rolle's Theorem :
= Ifafunction f: [a,b] — R is such that

i) fis continuous on [a, b]

ii) fis derivable on (a, b) and
iii) f(a) = f(b) then there exists atleast one value 'c'

of x inthe interval (a,b) such that f
'(¢)=0.

Geometrical Interpretation of Rolle's
Theorem :

> If f:[a,b] > R bea function satisfying the three

conditions of Rolle's theorem. Then the graph of y
=f(x) is such that
i) itis continuous curve from the point
A(a, f(a)) to the point B(b, f(b)).
ii) Itisa curve having unique tangent line at every

intermediate point between A and B and

iii) The ordinates f(a), f(b) at the end points A, B are
equal.
By Rolle's theorem there is atleast one
¢ e (a,b) such that f'(c)=0.
.. There is atleast one point C(c, f(c)) between A
and B on the curve at which the tangent line is

parallel to the x-axis.
Y C Y
Ar———- B
Af---1B \_/
f(a) f(b) L*" @
OL M X 9 ¢ Mo X

Note :
,.).

The conditions of the Rolle's theorem for £ (x)on

[a,b] are only sufficient but not neccessary for
/"(x) to vanish at some point in (a, b). That is
If f (x) satisfies the conditions of the Rolle's

theorem in [a, b] then the theorem guarantees the

existance of at least one point
ce(a,b)af’(c)zo.

Eveniffunction f does not satisfy the conditions
of Rolle's theorem in [a, b] there may exist points
x €(a,b)atwhich f'(x)vanishes

Ex: Let f(x)=x-sinx, x€[r,57]. Clearly
f(7)# 1 (57)

But f'(x)=1-cosx=0

at x=2r,4r e (72', 57[).

Another form of Rolle's theorem :

e -
i)
ii)

iii)

If f:[a,a+h]— R issuch that

fis continuous on [a,a +h]

fis derivable on (a, a+h) and
f(a) = f(a+h) then there exists at least one number

00<g<1
suchthat f'(a+6h)=0.

Lagrange’s Mean Value Theorem (or) First

>

Mean Value Theorem :

Ifa function f(x) is such that f : [a, b] —>R

i) It is continuous on [a, b]

ii) Itis derivable in (a, b), then there exists at least
one value '¢' of x in (a, b) such that
f(b)—1f(a)

boa O



Geometrical Interpretation of Lagrange's
Theorem :

> Let f:[a,b] > R bea function satisfying the two
conditions of lagrange's theorem. Then the graph
of y =f(x) issuch that
i) itiscontinuous curve from the point
A(a, f(a)) to the point B(b, f(b)) and
ii) Itisa curve having unique tangent line at every
intermediate point between A and B.

f(b)—f(a) _

T boa slope of the chord AR,

f'(c) =slope of the tangent line at C(c, f(c)).
f(b)—f(a

% =f'(c)= chord AR is parallel to

the tangent line at 'C'.
.. 3 at least one point C(c, f(c)) on the curve
between A and B such that the tangent line is

parallel to the chord
Y
Al
f(a) f(b) f(a)
0) L ) O L M x
Note : » )

= The two condtions of LM VT are only sufficient

conditions but not neccessary for the conclusion.
1

Ex: Let f(x) = xg,x S [—1,1]

[(¥)=—
3x3

x=0e(-1,1)= f(x)is not differentiable in

(=L1)

-, Lagrange's mean value thoerem is not

applicable.

Which does not exist finitely at

However ,

21
=03== SC—FE( )

Another form of Lagrange's Mean Value
Theorem :

= Ifafunction f: [a,a +h] — R issuch that

i) fiscontinuouson [a,a+h] and

ii) fis derivable on (a, at+h) then there exists at least
one number g (0<@<1) such that

f(a+h)=f(a)+hf'(a+6h).
Intermediate Mean value Theorem :

> Let f(x) beafunction which is continuous on
the closed interval [a,b] and let ¥ be a real
number lyingbetween f(a) and f(b),i.e.,with
fla)<yy<f(b)
or f(b)<yy<f(a).

Then there is at least one ¢ with 4 < ¢ < p such that

0=/ (c)= f(a);f(b)
ok J\
inave
=@ M
e

Cauchy's Mean Value Theorem :
" Iftwo functions f (x) & ¢(x) are such that

i) both are continuous in the closed interval [a, b]

ii) both are derivable in the open interval (a, b)

iii) ¢ (x)# 0 forany value of x inthe open interval

(@,b) then there exists at least one value ¢ of x in

the open interval (a,b) such that
()= S (a) [ ()
d()-0(a) 4 (c)



Another Form of Cauchy's Mean Value

,.)
i)
ii)

iii)

theorem :

If two functions f (x) and ¢ (x) are such that
both are continuous in the closed interval [a, a+ h]

both are derivable in the open interval (a, a+ h)

¢ (x)# 0 forany value of x in the open interval

(a, a+ h) then there exists at least one number

& such that

fla+h)=f(a) [ (a+6h)

pla+th)~¢(a) 4 (a+0n)
where 0 <@ <1.
EXERCISE -1

For the function f(x)=x>-6x%+ax+b, if

1
Rolle’s theorem holds in [1, 3] with ¢ =2+ E

then (a,b) =

1) (11, 12) 2) (11, 11)

3) (11, any value) 4) (any value, 0)
Rolle’s theorem cannot be applicable for

D) f(x)=v4-x? in[-2,2]
2) f(x)=[x]in[-1, 1]

3) f(x)=x>+3x—4 in[-4,1]

4) f(x)=cos2x in [0, ]

Rolle’s theorem cannot be applicable for
1) f(x)=cosx—11n[0,27]

2) f(x)=x(x -2 in[0,2]
3) f(x)=3+(x—1)*"* in[0,3]

4) f(x)=sin?x in[0, 7]
Value of ‘c’ of Rolle’s theorem for
f(x) = log(x2 +2)—1og3 on [-1, 1] is

)0 2)1 3)-1 4)doesnotexists

10.

11.

12.

13.

If 23 +3b+6¢c=0, then at least one root of

the equation ,32  hx 1= lies in the
interval

DO,1) 2)(L,2) 3)2,3) 4)(0,4)

If 27a+9b+3c+d=0, then the equation

4ax’ + 3bx* + 2cx+ d = 0 has atleast one real
root lying between

I)Oand 1
3)0and 3

2) 1 and 3
4)0and 2

The quadratic equation 3542 4 2bhx + ¢ = 0 has
at least one root between 0 and 1 if

1) atb+c=02) c=0

3) 3a+2b+c=0 4) atb=c

The value of ‘¢’ in Lagrange's mean value
theorem for f(x) =logx on [1, e] is

l)e/2 2)e-1 3)e-2 4) 1-e

The value of ‘c’in Lagrange’s mean value
theorem for f(x)=x(x —2)? in [0, 2] is

)0 2)2 3)2/3 4)3/2
The value of 'c' in Lagrange's mean value
theorem for f{x) =x3—2x*—x+4in [0, 1] is

D13 212 323 41

The value of 9 of mean value theorem for
the function f(x)=ax? + bx+ ¢ in [1,2] is

1 1 1 1
l)g 2)5 3)2 4)§

The value of ‘¢’ in Lagrange's mean value

T 5w
theorem for f(x) =log (sinx) in is

66
nE o 52 4T
)2 )5 )3 9
Lagrange’s mean value theorem cannot be
applied for [EAM -2019]

1) f(x)=logx in[l,e]

2) f(X)=X—%in[l,3]

3) f(x)=vx>—4 in[2,4]

4) f(x) =[x | in[-1,2]



14.

15.

16.

17.

18.

The chord joining the points where x=p and
x = q on the curve y = gx* + bx + ¢ is parallel

to the tangent at the point on the curve whose
abscissa is

ptq P-4 . P4
D 275 9%

If f(x) is differentiable in the interval

p
4 —
)q

1

[2, 5], where f(2)=§ and f(5)=%, then
there exists a number ¢, 2 < ¢ <5 for which
f'(c) is equal to

N L |

)3 )53 ) 10 )3
The value of ‘¢’ in Lagrange's mean value
theorem for f(x)=Ix>+mx+n,(/#0) on

[a, b] is [ EAM -2020]
a b (a—b) (a+b)
1) 5 2) ) 3) 5 4) >
In [0,1], Lagrange's mean value theorem is
not applicable to
1 1
——Xx , Xx<=
fe=1 .
N fx) =
) 1) 1
——x|, x2—
2 2
sin x . x£0
i) f()=1 x
1 , x=0
iif) flx) = xlx| iv) flx) = I
1)1 2)ii 3)ii 4)1v

The value of ‘a’ for which y3 35 ;54— has
two distinct roots in [0, 1] is given by

1)-1 2)1

3)3 4) does not exists

KEY

01)3 02)2 03)3 04)1
07)1 08)2 09)3 10)1
13)4 14)1 15)3 16)4

05) 1
11)2
17) 1

06) 3
12)2
18) 4

SOLUTIONS

f(h=f@)=a=11

f(1) =f(3) isindependentofb ..a=11,beR
f(x) =[x] is discontinuous functionin [-1, 1]
f(x) = 3+(x—1)2/3

2 _

f'(x)= E(x_l) " is not defined at x= 1
f(e)=0=%

c +2

=0=c¢c=0

Let f'(x) = 6ax> + 6bx + 6¢

= f(x) = 2ax> + 3bx’ +6¢x +d
f(0)=d,f(1)=2a+3b+6¢c+d
= f(1)=d, f(0)=1(1)
. 3 atleast one root of the equation f'(x)=0
liesin (0, 1).

dax* 3bx’ 2cx’
Let f(x)= 7 Pt +dx
f(0)=0=f(3)=3ce(0,3)5f'(c)=0

Let f(x) =ax’ +bx* +cx
f'(x)=3ax® +2bx+c
f'(¢)=0, f(0)=1(1) >a+b+c=0

Using formula /" (c) = W

f'(¢)=0, 2c(c—2)+(c—2)=0
c=2,32 c=3/2(c#2)
( )=f<1)—f(0)

10. f'(c

I1.

12.

13.
14.

15.

1-0
f(a+h)=f(a)+hf'(a+06h)

log(sin(sgzn—log[sin(ﬂ/6)]

St &

6 6
f'(¢)=0, cotc=0=c=7x/2
f(x) =|x | is not differentiable at x =0
Apply Lagrange’s theorem

f(q) - f(p)

/(€)=

f'(e) =

fv(c): f(5)7f(2)

5-2



16.

17.

18.

_lb2+mb+n—la2—ma—n
b—a

/'(¢)

a+b
2

210+m=l(a+b)+m, c=

f(x) is not differentiable at x = % €(0,1)

Let a,f€[0,1]

f(x) is continuous on [, ] and differentiable on
(a.) and f(a)=/(p)=0

.ce(a, ) suchthat
f'(c)=0=c=%1¢(0,1)

EXERCISE - 11

Value of ‘¢’ of Rolle’s theorem for f(x) = sinx
—sin2x on [0, rt] is

1) Cosl[lJr;/H] 3) Cosl[

1+\/§J

8

3) Cos~! [—1 — ;/§

If a, b, c are non-zero real numbers such that

] 4) does not exists

1
[(1+ cos® x)(ax? + bx+ ¢c) dx =
0

2
[(1+cos® x)(ax® + bx+ ¢) dx=0, then the
0

equation ax’ + bx+ c=0 will have

1) one root between 0 and 1 and other root
between 1 and 2

2) both the roots between 0 and 1
3) both the roots between 1 and 2
4) both the roots between (3, «)
If f(x) and g(x) are differentiable functions in
[0,1] such that £{0) =2, g(0) =0, f{1) =6, g(1)
= 2, then there exists ¢, 0 < ¢ <1 such that
fllo)= (JEE MAINS 2014)

Dglle)  2)=glle) 3)28(c) 4)3gc)

10

10.

11.

If flx) = {xa lgg *» *>0 and Rolle's theorem

, x=0
is applicable to f{x) for x €[0, 1] then a0 may
be equal to
1)-2 2)-1 3)0 4)1/2
2 p—
For which interval, the function al 31x
x —
satisfies all the conditions of Rolle's theorem
1) [0,3] 2) [-3,0]
3) [1.5,3] 4) For no interval

Let fbe differentiable for all x. If f(1) =-2 and
f'(x)>2 for all x €[1,6], then

1)f(6)<8 2)f(6) > 8 3)f(6) > 5 4)f(6) <5
Value of ‘¢’ of Lagrange’s mean theorem for

2+ X7, if x<1 .
f(X)—{“, i x> 1 onl-1,2[is
NG 3 J2 3
H+— 2)+— 3H*t—4)*t—F=
VES DA IESDER
tan
If0<05<,3<£,andif 'B>k,thenkis
2 tan
@ B 2a 23
L3 2~ NG o,
1
If a, <(28)3 =3 <b,, then (a,,b,)is
(L L] (L Lj
D\28727 D\ 27728
3) (27,28) 127726

r
If f(x):cosx,OSxSE, then the real

number 'c¢' of the mean value theorem is

1 z 2 z 3 sin”(gj 4 cos"l(gj

) o 2 ysin| ] 4 cos’|~

T ] WL PR,
n+l n n-l1

then [ EAM -2017]



12.

13.

14.

15.

16.

1) no solution in (0, 1)
2) atleast one solution in (0, 1)
3) exactly one solution in (0, 1)

4) atleast one solution in (2, 3)

Let f(x)= ( )(X 5)(X—6)(x—7) then

1) £'(x) =0 has four roots

2) three roots of f'(x) =0 liein
(4,5)U(5,6)U(6,7)

3) the equation f'(x) = 0 has only one root.

4) three roots of f'(x) =0 liein
(3.4)U(4,5)U(5.6)

Let f(x) and g(x) be differentiable for
0<x<1, such that

£(0)=2,g(0)=0,f(1)=6. Let there exist a
real number cin [0, 1] such that f'(c) = 2g'(c),
then the value of g(1) must be

1)1 2)2 3)-2 4) -1

b
If g<c<b, and if l—k1<ln(—J<k2—l,
a

then (k,,k,)is [ EAM - 2018]

1) (%,éj 2) (2)3} 3) (2a,2b) 4) (a,b)

a a b
The value of ‘c’ of Lagrange’s mean value
theorem for /(x)=x’—5x’-3x in [1,3] is
1)2 2)5/4 3)3 4)7/3

In the mean value theorem,
f(b)-f(a)=(b—a)f'(c), if a=4, b=9 and
f(x)= J/x then the value of ¢ is

1)8 2)525  3)6.25 4) 4

KEY
03)3 04)4 05)4 06)2
09)1 10)3 11)2 12)2

16) 3

01) 1
07) 1

02) 1
08) 1

13)2 14)1 15)4

11

. Let ¢(x) =

SOLUTIONS
f'(¢)=0=>cosc—2cos2c=0
4cos’c—cosc—2=0

1+ V33 c:cosl(li

8 2

CcoSsc =

)

8

X
I1+cos x ax2+bx+c)dx
0

F(0)=0,f(1)=0,f(2)=0

f'(x):03(1+cos8 x)(ax2 +bx+c):0

=ax?+bx+c=0

It gives two roots

f(0)=0=f(1) and f'(x) =0= Atleast

one x between 0 and 1

f(1)=0=f(2) and f'(x) =0= At least

one x between land 2

f(x)-2g(x)

#(0)=2=¢(1), ¢'(c)=0=f'(c)=29'(c)

. ByRolle's theorem, f is continuous at x =

xI;tOf(X) -

£(0),
f'(x) isnotdefinedatx=11i.e,in (O, 3)

Lt x“logx =0 = a ispositive
x—0

Also f(a) = f(b) does not hold for [—3, 0] and
[1.5,3]

. ByLagrange's theorem c € (1,6) such that

£10) = f(66):1f(1) _ f(6;+ 2

= £(6)+2>5(2)

S(b)-f(a)
b—a

22

fle)=
f(x)=xtanx, /' (x)=tanx+xsec’ x>0

/(B)-f(a)

L (0202 £(8)> S (@)

tan o
ftan f>atana = ﬁ>—.
tana S




10.

11.

12.

13.

14.

By Lagrange’s theorem, ( 28)V3 -3 :ﬁ ..... ( ])

2/3

27<c<28=9 <™’ <(28)
=27<3.* <3.(28)"

1
11 1 (28)s 1 1
= —> 2> T = — >
27, A 3(28)5 3 28 28
1 1 1

28" 3(e)” =727 andby (1)

¢(0)=0;¢(1):%+ ...... +a, =0

using Rolle's theorem.
f(4)=1(5)=1(6)=1(7)=0
ByRolle's theorem

oy €(4,5), aye(5,6), a3€(6,7)
suchthat f'(a;) =0, 1=1,2,3
Let ¢(x) = £(x) - 2g(x)

¢(0) =1(0)—2g(0) =2-0=2
o(1) =f(1)—-2g(1) =6-2g(1)
¢'(x) =1'(x)-2g'(x)

¢'(c) =f'(c)-2g'(c)=0

f(x)zlnx,fl(x)z;, ,

b b-a
=In—=
a c

1 b-a b-a b-a
< <

sog(l)=2
1 f(b)-f(a) 1
—a

c

1 1
a<c<b:>z<—<—:

c a b c a

:>1—£<1n2<2—1
a a

12

16. f'(c)=

2
f(b)-f(a)
b—a

EXERCISE - III

1. In [0, 72'] Rolle's theorem is not applicable to

1) f(x)=sinx

sin x

oy [(¥)=1 x

1, X

xz0

0

3)f(x):cos2x 4) sin? x +sinx

. Let f(x) be continuous on [ab],

differentiable in (a,b) and f(x)#0 for all
x€[a,b]. Then, there exists 6 €(a,b) such

/'(0)
that f(e) is equal to

O S N B
)20 b0 )0 5 e
1 1
+—
)50 4) (a+b)6

. Let f(x) be non-constant differentiable

function for all real X and

f(x)= f(1-x) Then Rolle's theorem is not

applicable for f(x)on

n[o1] 2)[-12] 3)[-23]4) {Oﬂ

. The real number k for which the equation,

2x> +3x + k = 0 has two distinct real roots in

[0,1] (JEE MAINS 2013)

1) lies between 1 and 2
2) lies between 2 and 3
3) lies between _1 and 0
4) does not exist



. If fbe a continuous function on [0,1],
differentiablein (0,1) such that /(1) =0, then
there exists some ¢ € (0,1) such that
Lof"(c)=f(c)=0 2. f'(c)+¢f(c)=0

3. f'(c)=cf(c)=0 4. ¢f"(c)+f(c)=0

. If a, b, ¢ are real numbers such that

3a+2b 3

+—==0 i
vd 2 then the equation

ax’ +bx* + cx+d =0has
1) at least one root in [—2,0]

2) at least one root in [0, 2]
3) at least two roots in [-2,2]
4) No root in [—2, 2]

1 1 1
_ _ _ 2 3
 Let f(x)— 3—-x 5-3x" 3x -1 then
2x7 -1 3x° -1 7x*-1

the equation f (x)=0has

1) no real root 2) atmost one real root

3) atleast 2 real roots
4) exactly one real root in (0, 1) and no other

real root.

. Consider the function f (x)=8x"—-7x+50n

the interval [—6,6] . Then the value of ¢ that
satisfies the conclusion of Lagrange's mean
value theorem is

1)0 2)1 3)2 4)4
. If £ is continuous on [a,b] and differentiable

in (a,b) (ab>0), then there exists c € (a,b)

f(bl)—f(a) _
-

1
a

such that

1) —czf'(c)

3)—¢f Gj

10.

11.

12.

13.

14.

15.

13

Using Lagrange's mean value theorem for
f(x)=cosx, we get that |cosa —cos b| <

1) la+b|2) |a—=b| 3) [2a+b]  4)|2a—b)|
If fis continuous function in [1,2]such that
(1) 3] <[ ()] +3

and |f(2)+10/=|/(2)|+10,(/(2)#0)then

the function fin (1,2) has

2) No root
4) None of these

1) Atleast one root
3) Exactly one root

In [—1,1] , Lagrange's Mean Value theorem

is applicable to
cotx, x=0
I CE I VER
l, x#0
3) /()= NG R

If the functions f(x) and ¢(x) are
continuous in [a,b] and differentiable in
(a,b), then the value of 'c' for the pair of

functions f'(x)= Jx, 4(x) Z% is

D Va b 3)ab 4 —Jab
If the functions f(x) and ¢(x)are
continuous in [a,b] and differentiable in
(a,b), then the value of 'c' for the pair of
functions f(x)=e", ¢(x)=e"is

a a—-b a+b —-a+b
1)5 2) > 3) > 4) >

There is a point P between (1,0)&(3,0)on

y=x"—4x+3such that tangent at P is

parallel to x-axis. Then the ordinate of the
point of contact is
1)2 2) -1

3)1 4)3



KEY
01)2 02)2 03)4 04)4 05)4 06)2
07)3 08)1 09)1 10)2 11)1 12)4
13)3 14)3 15)2

SOLUTIONS
. (1) f(x)=sinx, xe[0,n] f iscontinuous and

differentiable and f(()) = f(n) =0. Hence

Rolle’s theorem is applicable

sinx x#0 :
@ /W=y« 21 7 (0)
1 for x=0 % X

f iscontinuous in [0, 7] and also differentiable in
(0,m). f(0)=1and f(m)=0.Rolle’s theorem
is not applicable.

(3) f(x)=cos2x,x €[0,7] is continuous and

differentiable. f(0)=1= f(n).
Hence Rolle’s theorem is applicable.

@) f(0)=f(n).

. Rolle’s theorem is applicable.

. Let ¢(x)=(a—x)(b—x) f(x) on[a,b]
Using the Rolle’s theorem, there exists

0e (a,b) such that d)'(O) =0.

therefore,
~(6-0)/(6)(a—6)./(6) +(a—0)(1—6) /"(6) =0
£'®) 1 1

. Clearly f'(x)= (6x2 + 3) >0

f(x) isincreasing function

f(x)=0 willhave no real roots in [0,1]

. Let g(x)=xf(x),As f(1)=0,
g(0)=0=g(1) thenuse Rolle's theorem

6. f'(x)=ax3+bx2+cx+d

4 3 2
f(x): ax +bx L X
4 3 2

given 6a+4b+3c+3d=0,f(+2)=0=£(0)

use Rolle’s theorem
7. £(0)=f(1)=0(obviously) and f(x)is a polynomial
of degree 10.Therefore by Rolle's theorem we must
have at least one root in (0, 1).Since the degree of
f(x) is even, hence atleast two real roots

/(6)-/(-6)
12

(8x36—7x6+5)—(8x36+7x6+5)
D =/=c=0
1
v

11
F(x). Then there exists d €| —,— | such that
b a

+dx

8. f'(c)=16c—7 =

} use LMVT for

Q|

9. Let F (x)=f( 1] e

w:w)r[}—ﬁ'(?j

1.1
a b

1
c=—
Put p

10. Use Lagrange's theorem

1. [f(1)+3[<|f(1)[+3=£(1)<0
£(2)+10[=|f(2)|+10=>£(2)>0

(1) f (x)=|x| isnotdifferentiable in (—1,1)

. LMVT is not applicable.

Q2 f (x) is not differentiable at x = ()

.. Lagrange’s Theorem is not applicable

(3) f(x){

L Sx)==0and Lt [(x)=e

12.

, x#0

= | =

=]

, x=0

XL_fOf (X ) does not exist

. Lagrange’s Theorem is not applicable

14



@) f (x) = x is continuous and differentiable in

[-11]

.. Lagrange’s Theorem is applicable

1

13. f(x)=x, 8(x)= T
(Assuming 0 < g < b)

f(b)=f(a) _ £ (c)

$(0)=¢(a) ¢ (c)

1

b _ ol
T 1 me=vab
B da 2ede

14. By Cauchy's mean value theorem we have

f(b)=1(a) _f (c)
#(b)—¢(a) ¢ (c)

_a+b
2
15. Use LMVT

15



MAXIMA & MINIMA

SYNOPSIS

Increasing and decreasing functions on
an interval :
= f be areal valued function with domain D and
(a,b) < D.fissaid to be
1) increasing function on (a,b) if
x<x, =1 )< f(R)Vx, x, e(@b)
1) strictly increasing function on (a,b) if
N <x =fq) <fx)Vx,x eb)
ii1) decreasing function on (a,b) if
X, <X, = f(%) 2/ (%) v X,.X,e(ab)
1v) strictly deacreasing on (a,b) if
X, <X, = (%)>f () v X, X,e (ab);

. . . . . . 7Z-
Ex: i) sinx is increasing in | 0, 5

.o . . . 7Z-
ii) cosx is decreasing in O’E

Monotonic Function :

= A function which is either increasing (or) decreasing
in its domain is called a monotonic function.

Test for Monotonicity :

» Iffis strictly increasing on (a, b) then
X <X, = f(x) <f(x) vX,.X, <(ab)
Ifhis very small positive real number and

X e (a,b) then x<x+h:f(x)<f(x+h)

. flx+h)-f(x
RERMIESIC
. +ve :
= lllilg-i_—ve:}f (X) >0
thus we have the following conditions for

monotonicity
1) If fis increasing on (a, b) then
/1(x) 20 vxe (ab)

i1) If fis strictly increasing on (a, b) then
J'(x)>0 vxe (ab)
i11) If £ is decreasing on (a, b) then
(%) <0 vxe (ab)
iv) If £ is strictly decreasing on(a, b) then
fl(x)<0 v Xe (ab)

Increasing and decreasing functions at a
point :

= fisareal valued function defined in the neighbour
hood of “a’ then
1) f is said to be increasing at ‘a’ if
f(a—h)< f(a)< f(a+h) forasmall positive
real number ‘h’
1) f is said to be decreasing at ‘a’

f(a—h)>f(a)>f(a+h)

iil) f is neither increasing nor decreasing at ‘a’
if f(a—h) >f(a)<f(a+h)
or f(a—h)<f(a)>f(a+h)

Critical Point :

= fis a real valued function with domain D and
a € D then f(x) is said to have a critical point at x
=a,if f'(a)=0 (or) f'(a) doesnot exist .

Stationary Point :

> If ' (a)=0theny=f(x)is said to be stationary at
x =a.f(a)is called the stationary value of fatx
=athen (a, f(a)) is called a stationary point of f.

Maxima or Absolute maxima or global
maxima or greatest value :

if

> Let f(x) beafunction with domainD then /()

is said to have maximum value at a point 4 ¢ pD if

f(x)< f(a) forall xe p.Insuchacase, the

16



point ‘a’ is called the point of maximum and f ( a)
is called maximum value or the

absolute maximum or global maximum or the

greatest value of [ (x)

Minimum or Absolute minimum or global

,.)

minimum or least value :

Let f (x) be a function with domain D then f (x)

is said to have minimum value ata point 4 ¢ pD if

f(x)= f(a) forall x e p.Insuchacase, the

point ‘a’ is called the point of minimum and (a)
is called minimum value or the

absolute minimum or global minimum or the least

value of f(x)

Note: absolute maxima and absolute minima values
of a function, if they exits, are unique.

Local (Relative) maxima & Local

-

(Relative) minima :
Local Maximum :
A function y =f(x) is said to have a local

maximum atapointx=aiff(x) < f(a) forall

xe(a—h, a+h) where h is a small positive

quantity

X

O| aha ath

The point x = a is called a point of local

maximum of the function f(x) and f(a) is local
maximum.

Local minimum :

>

The function y = f (x) is said to have a local
minimum atapointx=aiff(x) > f(a) for

all xe (a —h,a+ h) where h is a small positive

quantity

R

|
a+h X

|
1 1
O|a-ha

The point x = a is called a point of local
minimum of the function f(x) and f(a) is local
minimum.

Extreme points and Extreme values :

>

Ifa function f (x) has local maximum f (a) at

x=aand local minimum [ (b) atx = bthen the
points x = a,x = b are called extreme points, and

the values f'(a), f(b) are called extreme values.

Properties of local maximum and local

>

minimum :

1) Local maximum, local minimum of a continuous
function occur alternately and between two
consecutive maximum values there is a minimum
value and vice versa

i1) Even a local minimum value may be greater than
alocal maximum value

Note : Local maximum, minimum values of a continuous

>

function are also called turning values .

Let f (x) be a differentiable function on an interval
ILletgel

1). f (x) has local maximum at x = a if

fl(a)zo, f“(a)<0
2) f(x) has
fl(a)zo, f“(a)>0

local minimum at x = q if

Note: Iffl(a)=(), f“(a)=0 then second

17

derivative test fails, then we use the first

derivative test or the following n" derivative test



n" Derivative Test :

>

Let f(x) be a differentiable function on an interval
I. Let 4 e J such that

fH(a)=r"(a)= " (@) == " (a)=0 and
Jak (a)#0 thenf(x) has

1) Local maximum at x = a if n is even and
£ (a)<O0

i1) Local minimum at x = a if n is even and
Fas (a)>0

iii) If nis oddand f")(a)>0 then f is
increasing at a

iv)If nisoddand /" (a)<0 then f s
decreasingat a

v) f (x) has neither local maximum nor local

minimum if» is odd

Methods to find global maximum/

>

minimum of continuous functions :

Global maximum / minimum in [a, b] would occur

at the critical points of f (x) within [a,b] or at

the end points of the interval.

Global maximum/minimumin [a,b |

>

To find the global maximum / minimum of f (x)
in [a,b]. Find out all critical points of f (x) in

(a,b).Let ¢,,c,,.......c, be the critical points in

(a.0)
{f(a)af(cl)af(cz )}

Now global maximum of f'(x) in [a,b] is M,
Global minimum of f (x) in [a,b] is M,

18

Global maximum/minimum in (a.b)
= To find the global maximum /minimum of f (x) in

(a,b).Find outall critical points of f (x) in (a,b).

1)Global maximum of f (x) in (a,b) is M,

and f (x) does not have global maximum in (a, b)
if the limiting values at the end points are greater
than M,

ii)Global minmumof f (x) in (a,b) is M, and
/() does not have global minimum in (a,b) if the

limiting values at the end points are less than M,

Maximum and minimum of non-
differentiable function :
= fis continous real valued function on interval I and

aeland f'(a) doesnotexistthen f(x) has

i) Local maximum if /' (x) changes its sign atx
=a from +ve to -ve while moving from left to right
ii) Local minimum if f"' (x) changes its sign atx

=a from -ve to +ve while moving from left to right
Standard Results :

= The minimum value of (x-a) (x-b) is

~(a-b)’
4

= The maximum value ofa 4 cos? x + bsin? x 1S @
and minimum valueis b (1f a > b)

= The least value of ;2gec? x+ 5% cosecx 18

(a er)2 when x = tan’! \/E )
a

P  sin” @cos? @ attains a maximum value at

12
o O
= -1 —_
0 =tan q and that max. value is ((p+q)p“‘J




The minimum value of gsecx+bcosecx 1S

1/3
(a2/3+b2/3)3/2 atx = tan-l (5) .

1 1
i 1+ 1+ 1
"[hermmmumvalueof( S aj [ cos” OJ 1S

(1+272)

If the sum of two positive numbers is &, then their
product will be maximum when the two numbers

k k
are >
If the sum of two positive numbers is &, then sum
of their squares is minimum then the numbers are

k k

22

If the product of two positive numbers is £, then
their sum of the squares will be least when the two

numbers are /i , NS

The least value of each of a’sin’x+b’cosec’x,
a’sec’x+b’cos’x, a’tan’x+b’cot?x is 2ab.

The minimum value of g cot x + A tan x 1S 24/ab

a
at x = tan™! \ﬁ )
X b

The maximum rectangle inscribed in a circle of
radius  is a square of side /2,

The maximum triangle inscribed in a circle of radius
ris an equilateral triangle of side /3

The perimeter of a sector is ‘K’ cms. Then

2
maximum area of sector is 16 sq.cm

The area of sector is ‘4’ sq.cm. Then the least
perimeter of sector is 4./ cm

When perimeter is given, the area of sector is
maximum then g = 2¢.

In a right angled triangle, the sum of a side and
hypotenuse is given. If the area of the triangle is
maximum, then the angle between them is 60°.
The least area of the triangle formed by any line
through (p,q) and the co-ordinate axes is 2pq sq
units
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The least value of the portion of tangent
2 2

X Yy 1

to¥+b—2= intercepted between the

co-ordinate axes is a+b.

A normal is drawn at a variable point P of the

2 2

X ) .
curve pe3 + t))l_z =1 then the maximum distance of

the normal from the centre of the curve is
a-b.

The minimum distance from the origin to a point

2 2
on the curve 7 * Vo 1is (a+b).

The area of greatest isosceles triangle that can be

2 2

inscribed in a given ellipse P g—z =1having its

vertex coincident with one extremity of major axis
. 343 :
is =~ ab sq units.

The area of greatest rectangle that can be

2 2
inscribed in the ellipse % + g—z =11is 2ab sq units.
From the four corners of rectangular sheet of metal
of sides a,b, four equal squares are cut off and the
remaining edges are folded up to form an open
box. Ifthe volume ofthe box is to be maximum
the side of a square removed is

a+b—-+va?+b?-ab
5 )

From the four corners of a square sheet of metal
of side ‘a’, four equal squares are cut off and the
remaining edges are folded up to form arectangular
open box. Ifthe volume ofthe box formed is to
be maximum, the side of the square removed is

a
5

A coneisdrawn circumscribing a sphere of radius
‘R’. Ifthe volume of the cone is maximum, its

. ... 4R . . . . 1
height is 3 and its semivertical angle is sin’ 3

(If surface area is constant).



Some useful formulae :

>

>

>

4
Volume of sphere (radius ) = 3 wr’

Surface area of sphere (radius ) = 477
Volume of right circular cylinder (Base radius r and

height h)= ;,2p

Surface area of right circular cylinder(open top)
= 27rh + 7r* (Baseradius r and height /)
Curved Surface area of right circular

cylinder= 27774

. . 1
Volume of right circular cone = 37" *h

(Base radius 7, height h and slant height ;)

Curved surface area of cone = ]

Total surface area of cone = ;52 4 75/

Cuboid: Volume =xyz. x, y, z are length edges
Surface area =2 (xy + yz + zx)

Cube : Volume = 3, surface area — g2

EXAMPLES
The least value of k for which the function

f(xX)=x* + kx+1 is a increasing function in

theinterval | < x<?2

Sol: f is increasing = f '(x) =0

Sol:

:>2x+kzo:>x2_7

Since Istzjlz—gjkz—z

. least value ofk is -2

The interval in which

£ (x)=x*=3x* —9x+20 isstrictly increasing
or strictly decreasing

Given f(x)=x" =3x* —=9x+20

:>f1(x):3x2—6x—9
:>fl(x)=3(x—3)(x+1)
f1(x)>0=>xe(—x,-1)u(3,x)
fl(x)< 0 = x e (—1,3)

20

Sol:

Sol

Sol:

Thus, f (x) is strictly increasing for
x € (—oc,—1)(3,c) andstrictly decreasing for

xe(—1,3)

The complete set of values of ; for which the

x+1,x<l1
A,x=1

¥ —x+3,x>1

function ! (x) -

is strictly increasing atx = 1

f (x)is strictly increasing at x = 1

= f(1-h)< f(1)< f(1+h)

= lim (x+1) < 2 < lim (x* - x+3)

x—1" x—1*

=2<A<3

The critical points of

1(9)=(x-2)

w N

(2x+1) are

2
3

:f(x)=(x—2) (2x+1)

1ix)=2| =
(x-2)
fl(x):O:>x=1

/'(x) does notexistat x =2

.. x =land x = 2 aretwo critical points

The number of stationary points of
f(x)=sinx in [0,27] are
f(x)=sinx= f'(x)=cosx

:fl(x):()sz(znﬂ)%

Therefore number of stationary points of 1 (x) in

[0,27]is2



Sol:

Sol:

Sol:

If the function / (x)= %-F x”.has maximum
at x =- 3, then the value a

SH(x)
maximum atx =-3

= £'(~3)=0and " (-3)<0
For /'(-3)=0=>a=-54

For x =-3,a =-54
Now, /''(-3)<0,

—% +2xsince f(x)haslocal

Hence, a=-54

The point at which 1 (x)=(x —1)4 assumes
local maximum or local minimum values are
S (x)=4(x-1)

1 (x)=12(x~1)’

fm(x):24(x—1) o (x)=24

£ (1)=0, M 1)=0,7"(1)=0,£7 (1)=0
therfore n = iv is even and [ (1)=24>0

therefore f (x) has local minimum at x= 1

The global maximum and global minimum
of /(x)=2x"—9x* +12x+6 in [0,2]

S (x)=6(x=1)(x-2)
f1(x)=0=x=1x=2

= f(0)=6,/(1)=11, f(2)=10

therefore global maximum

M, =max{f(0), (1), (2)} =11

global minimum

M, =min{7(0)./(1)./ (2)} =6

Let f(x)=2x"-9x*+12x+6 discuss the
global maximum and global minimum of f (x)

in (1,3)

Sol:

10:

Sol:

21

£1(x)=6(x-1)(x-2)
f1(x)=0=x=1,x=2and f(2)=10
M, =max | 7(2)]

M, =max{f(2)}

Now lim /(x)=11>M, and

lim f (x) =15> M, therefore global maximum in

x—3"
(1,3) does not exist and global minimumin (1,3) is
10

Discuss the extremum of f(x)=2x+3x""

f(x) =2x+3x*"

fl(x)=2+3><§x"”3 =2(1+x‘”3)

Letfl(x)zo
=1’ +1=0=>x=-1
o 4
:>f”(x)=—§x 3
2 - 2
and:fll(_l):_g(_l) 4/3:_§<0

= x = —] is the point of maxima

Also, f (x) is non-differentiable at x = 0 but
f! (x) changes its sign -ve to +ve therefore

atx =0, f (x)has local minima



10.

11.

12.

EXERCISE - 1

If y=8x"—-60x"+144x+27is a decreasing

function in the interval (a,b), then (a,b) is
D3.2) 2)23) 3)G.6 462

f(x) = §+§(x #0) isincreasing in
1)(-5, 0) 2)(0,5)
3) (-0, =5)U(5,0)  4)(-5,5)

The condltlon that f(x) =x*+ax*+bx+c is an
increasing function for all real values of ‘x’ is
1) a’<12b 2)a’<3b 3)a’<4b 4)a’<16b
The set of values ‘x’ for which
f(x) = x*-6x?+27x+10 is increasisng in

1) (1,2) 2) (F0, DU (2, o)
3) (-0, ) 4) (-0, 1)
The set of values of ‘a’ for which
f(x)= x3 - ax>+ 48x + 1 is increasing for all
real values of ‘x’ is

1) (12, 12) 2) (<0-12)

3) (12, ) 4) (o0, )
f(x)= @‘ Iog5 is decreasing in

1) (e, ) 2) (0,1)U(1,e)
3)(0, 1) 4) (1, ¢)

f(x) = sin x - ax is decreasing in R if

1 1

Da>1 2)a<l  3a>; 4a<g

f(x) = Tan™ (sin x) is decreasing in

b 3n
1) (Znn—— 2nn+2j 2)[2nn+5,2nn+7j

o33 0z3)

If f(x) = sin x - cos x - ax + b decreases for
awherex cRthen

1) a<l 2) a>1 3)a<. 2 4) a>2
A stationary point of f(x)= 16 — x? is

1) 4,00 2) (4,00 3)(0,4)4) (4,4
f(x) = (Sin'x)?+(Cos'x)? is stationary at

T

1) x=% 2) x=7 3)x=1

The number of stationary points of

4)x=0

13.

14.

15.

16.

17.

18.

19.

20.

22,

22

f(x)=cosxin [0,2 =] are

1 2)2 3)3 4) 4

The function f(x)=x"" has stationary point at

Dx=e 2)x=1 3)X=\/z 4) x=1/2
If 4<x<4 then critical points of

f(x)=x>=6[x|+4 are

13,2 2)6-6  3)3-3.0 4)0,1,3

The critical point of f(x)=[2x+7| atx=

1)0 2)7 3) % 4) -7
Iog

The maximum of f(x (x> 0)occurs at x=

I P 2

f(x) =sin x (1 + cos x) is maximum at x =

I)e
T T T T

1) 2 2) 5 3) 3 4) >

The maximum and minimum values of

f(x)=4x"+3x> —6x+5 are

1)8,7/2 2)10,13/4
3)3,5/7 4)2,8/7
The minimum value of f(x)= x>+ @ is
1) 15 2)25 3)45 4)75
Minimum value of @G+l x) is

2+ x
1)5 2) 15 3)45 4)25

. The function f(x)=sin’xcos’x attains a

maximum when x= [EAM-2019]
2 2
Tan™' = Tan™ \/:
1) 3 2) 3
3 3
Tan' = Tan™ \/:
3) > 4) Lan >
f(x) = 1 is maximum when x =
+ xtanx
1)sinx 2)cosx  3)tanx 4) cotx



23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

X
The least value of /() =3 —abx occurs at x =

1)GM ofa,b 2)A.Mofab
3)H.Mofa,b 4)A.GMofa,b

The maximum value of f(x) =100-|45 - x| is
100 2)145  3)55 4) 45

For a particle moving on a straight line it is
observed that the distance ‘S’ at time ‘t’ is

¢ 3
given by S =6t - Bk the maximum velocity
during the motion is
13 2)6 3)9 4)12

The minimum value of 64 seco+27coseco
. . Tc .
when ¢ lies in [07—j is

2
125  2)625  3)25 4)1025

7 .
4sinx+3cosx +2 15

The minimum value of

1 2) 3) % 4) g

Let f(x) = a, + a x* + a,x* +.... +a x> when 0
<a <a <... <a_then f(x) has

1) No extremum 2) Only one maximum
3) Only one minimum  4) Two maximums

The condition for

7
9

f(x):x3+px2+qx+r(xeR) to have no

extreme value is (EAMCET 2017)
1) p*<3q 2)2p*<q

2 1 ,
3)p <Zq 4) p* >3q

The smallest value of x? - 3x + 3 in the interval

3
3,2 |5
53 is

3

D3 2)5 3H-15  4) 20

Y
The greatest value of sin’x + cos’x in [05} is

1)1 2)2 3)3 4)4
If m and M respectively denote the minimum

and maximum of f(x):(x—1)2+3 for

Xe [—3,1] , then the ordered pair (m ,M ) is
equal to

23

33.

34.

3S.

36.

37.

38.

39.

40.

41.

42.

43.

1) (-3,19)

3) (-19,3) 4) (-19,-3)
The least and the greatest values of

2) (3,19)

f(x) =x*log x in [1, e] are [ EAM -2018]
1) log2,log4 2) 0, ¢?

1
3) ¢, ¢! 4) P

The sum of two numbers is 6. The minimum
value of the sum of their reciprocals is

3
1) 2
The sum of two +ve numbers is 20. If the sum
of their squares is minimum then one of the
number is
1)6 2)4 3)10 4) 8
If the product of two + ve numbers is 256
then the least value of their sum is
1) 32 2)16 3) 48 4) 40
x and y are two +ve numbers suchs that xy =
1. Then the minimum value of x+Yy is

1 1
25 35

6 2 2
2) ¢ 3) 3 4 %

1)4 4) 2

If A>0,B>0,andA+B=gthen the

maximum value of tan A tan B is

1 1
1)\/5 2) 3 3)3 4) /3
The minimum value of 16 cot x + 9 tan x is
1)12 2)6 3)24 4)25

The sides of a rectangle are (6 - x) cm and

(x-3) cm. Ifits area is maximum then x =
1)4 2)4.5 3) 4.8 4)4.6
The length of diagonal of the rectangle of
maximum area having perimeter 100 cm is

1) 10y2  2)10 3)25y2 415°

A triangle of maximum area is inscribed in a
circle. If a side of the trinagle is 20 /3 then
the radius of the circle is

1)20 2)30 3) 40 4) 60

The maximum height of the curvey = 6 cos x
- 8 sin x above the X - axis

16 2)8 3) 14 4) 10



KEY
03)2 04)3
09)1 10)3
15)3 16)2
21)2 22)2
27)3 28)3
33)2 34)3
39)3  40)2

01)2
07) 1
13) 1
19) 4
25)2
311
37) 4
43) 4

02) 3
08) 2
14) 3
20) 4
26) 1
32)2
38)2

05) 1
1)1
17)3
23) 1
29) 1
35)3
41)3

06) 2
12)3
18) 2
24) 1
30) 1
36) 1
42) 1

SOLUTIONS
fI(X)<O if2<x<3

. On verification f '(x) > 0 ~x e (—o0, —5)U(5, )

fl(x):3x2 +2ax+b>0,

D=4d-3b]<0 = 42 <3p

4. Onverificationf' (x)> 0, forall x & (—o0,)

5. f(x) = x3-ax?>+48x+1 is increasing in for all

real x
fi(x) = 3x2-2ax+48>0
A =b>4ac< 0
43 - 4.3.48 <
a’-144 <0

ac(-12, 12)
. On verification /' 1(x) <0, ~+x € (0,1)u(1e)
. Fordecreasing f'(x)<0,cosx<a=a>1

-7 f(x)is decreasing /" (x) <0
1+sin’ x’ &

X
7 3rx
cosx <0 xe(?ﬂ?j

/' (x)<0=cosx+sinx<a Butcosx +

sinx <./2 from(1)and (2) 4 >./2

/(%)

24

10.

11.

12.

13.

14.

15.

16.

17.

18.

| -X
f (x):ﬁ for maxima and minima

fl(x):O:>x:O

fl(x):O:sinlx:coslx:x:%
f'(x)=0sinx =0,x=0,m,2n
1 log x
y:xx ; logy:
1-1

y'=0; ;;gx:O; logx=1; x=e
T .
f'(x)=2x 6x ; f1(x)=0atx=3,-3

f'(x) does notexistatx =0

f(x) = |2x+7] then fi(x) = [2x+7] 220
) T ooax+7
critical point at x = _7

A function ( X ) 1s said to be maximum or minimum

1

f'(x)=0=>1-2logx=0=x=¢>

f‘(x):0:>cos2x+cosx:O,x:g,n, At

ng,f“(gj<03f(x) is max. at X=§
f1(x)=12x*+6x-6=0

x=—,x=-1

6(2x* +x-1)=0 ; %

f”(x):24x+6
f”(%)>o, fM(-1)<0
Maximum valueis f'(—1)=10

. 7 1) 13
Minimum value is > 4



19.

x3=125=5%,x =5, fi{(x) = 2+

250 250
f(x) = x*+ T:>f1(x) = 2X - e

for maxima or minima f(x) = 0

250
2X = —~
X

500

3
X

>0

minimum at x = 5
250

minimum value is f(5) = 52T= 25+50=75

20. f '(x)=0Thenputx =4

21.
22.

23.

24.

25.

26.

27.

28.

Maximum at x = Tanl\/E = Tanl\/g
n

For maxima and minima
f1(x)=0=1-x’sec’ x=0
f'(x).  Formaximaorminima
fl(x):0:>x=\/z, f“(x)>0f0rx:@
45— x|
= - - 1 -
f(x) = 100-|45-x| then fi(x) = —-—

for maimum fi(x) = 0 = x =45

maximum value f(45) = 100
2

3t
=6-"— =f{t
v=6-"-=1)

v=0=>r=%2
fi(t)=0 =t=0, f'' (0)=-3<0
The minimum value of gsecd+bcosecd 18

3
2 2}
(a3+b3j

7
The minimum value of — =
dsinx+3cosx+2
7 7
max of (4sinx+3cosx+2) ~ J16+9+2

fl(x)=():>x1:0
f1(0)=24,>0

29.

30.

31.

33.

34,
. x+y=20, let f(x):x2+(20—x)2, for

36.
37.

38.
39.
40.

25

fl(x)=3x2+2xp+q¢0 Yy e R
fl(x)>OVxeR = b*—dac<0 = p><3q

f(x)=x2=3x+3:>fl(x)=2x—3:>f(x) is

said to be maximum or minimum

fl(x)=0:>x=§.Minimum

URHCISE

f(x)=sin’ x +cos’ x
/" (x)=3sin’ xcosx—3cos’ xsinx =0

= sinx =CcoSXx sinx=0,cosx=0

XZO,XZE,XZE
2 4

Max=max{f(0)af(gj,f(§j} -1

f1(x)=2(x-1)=0 = x=1

f(—3)=19,f(1)=3
s.m=3and M =19

-1

fl(x)=2xlogx+x=0 :>X=0(OI‘)X262

Max.Zmax{f(l)af{e;}f(e)} =¢’

Mm.Zmin{f(l)af[e;],f(e)} =0

x=y=6/2=3,1/x+1/y=2/3

maximaandminima /" (x)=0=x=10

X=y= /256 =16 Then sum=2(16)=32.
x =y =1 Then x+y=2

A=B= g . Then TanA .TanB = 1/3

Minimum value of a cot x + b tan x is 2./ap

A:(6—x)(x—3):—x2 +9x-18



41.

42.

4\3.

9
2
2x+2y=100= x+y =50

area xy maximum if x=25 ,y=25 therefore

diagonal=55./2

Areaismaximumat X =—=4.5

3
The triangle is equilateral , # = %20\/5 =30

Maximumof y = /6> + 8% =10
EXERCISE - 11

f(x)=vx? —4 is decreasing in

D) (-2,2) 2)(2, )

3) (-0, -2) 4) (-0, ©)

In the interval (7, ),f(x)=|x-5|+2|x-7] is
1) Increasing
3) Constant

2) Decreasing
4) Cannot be estimated

f(x) = 2x-Tan"x-log (x+V1+¢ )(x>0) is

increasing in
1)(,2) 2) (0,1H)U (2, w)
3) (0, ) 4) (-0, o)

T . 1 .
In (05) ,f(x)=xsinx+cosx+ 7 cos’x is

1) Increasing
3) Constant
4) Nothing can be determined

2) Decreasing

Iflog (1+x) - % is increasing then

1) -I<x<w0 2) -00<x<0
3) -o0<x<oo 4) 1<x<2
T
If0<x<3 then
2 sinx 2 sinx
1) —> 2) —<
T X T X
smx>l 4)2<smx

The greatest of the numbers
1’21/2’31/3’41/4’51/5’ 61/6, and 71/7 is

1) 12 2) 31/3 3) 71/7 4) 44
The function f(x)=cosx—-2Ax is

10.

11.

12.

13.

14.

15.

16.

17.

18.

26

monotonically decreasing when

2) /1<l

> 3) <2 4 a>2

-1

is
2
X

1
A>—
1) >

The number of ciritical point of f(x) =

DI 22 3)3 4)0
fix) =x(logx)? then fis stationary at

4
D-L= 2)Le? 3)L4e 4L

The Stationary points of g2 _ y* _4 are
1) (07'4)9 (2312)9 ('29 12) 2) (192)
3)(1,12) 4) (1,1)
If f(x)=x"-5x"+5x’~10has local max.

and min. at x=a and x=b respectively, then
(a,b) is

D@O,1)  2)(1.3) 3)(1,00 4)@30)
2

The minimum of f(x) = t:% occurs at x =
1)-1 2)1 3)2 4) -2
If f(x) = alog x + bx*> + x has extreme values
at x=-1,x=2thena=....... B | 1

-1 -1 1 1
1) 2,7 2) ?,2 3) 5,2 4) 2,5

The value of “a” for which the sum of the

squares of the roots of the equation

x*—(a-2)x—a—1=0 assume the least

value is

1)1 2)0 3)3 4)2

The least value of “a” for which the equation
4 1

+

sin x

; = a for atleast one solution of
1-sinx

the interval (0,7/2)is

D1 2)4 3)8
If 2 <x < 4 then the max value of

[x)=(x=2)® (4—x)’ is

() ) 20
GG

If xy(x — y) = 2a’(a > 0) then y has minimum
when x =

4)9



19.

20.

21.

22,

23.

24.

25.

26.

27.

nL 2 3)= 4
)~ a3 )a
Themaximum value of sin? x cos’x is
6/3 /3 /2 V2
D 255 2) 255 3) 6/5 4) V5

If 2x+y=5 then the maximum value of
x*+3xy+y? is

125 4 625
D7 25 V4
A cubic function of x has maximum value 10

4
2) 4) 5

and minimum _75when x = -3, x= 2
respectively then the function is [ EAM -2020]

1) lx3’+ix2—1—8x+1—9
5 10 5 10

2) x3+3x2-18x+19

3) 2x3+3x%-36x +10

4) x*+x*+x+1

f(x)=(x-1)(x-2)(x-3) is minimum at x =

1 1

1) 3+— 2) 3-—
)35 )%
3) 2+ s 4) 2- s
) “t 3 ) *T 3
Maximum value of (x+5)* (13-x)%is
1) 74115 2)6*14°  3) 8105 4)7°10°

Minimum value of f(x)=

(x - 1) + (x -2)*+.. + (x - 10)? occurs at x=
1)7 2)6 3)4 4)5.5

A particle is moving in a straight line such that
its distance at any time ‘t’ is given by

4

t
S = Z_2t3 +4¢> +7 then its acceleration is
minimum at t = [ EAM -2015]
1 2)2 3)1/2  4)3/2

If x=-1 and x=2 are extreme points of

f(x)=alog|x|+ Bx* +x , then

(JEE MAIN 2014)
1 1
a=-6,L=— a=-6,f=——
1) B 5 2) B >
3 Ot—Zﬁ——l 4 oz—Zﬁ—l
) ; 5 ) =7

The largest value of f{x)=2x> - 3x? - 12x+5
for -2<x<4 occurs atx =

28.

30.

31.

32.

33.

34.

3S.

36.

37.

27

1)-2 2)-1 3)2 4)4
The image of the interval [-1, 3] under the
mapping f(x) = 4x3-12x is

[-2,0] 2)[-8,72] 3)[-8,0] 4)[-8,-2]

. The sum of two +ve numbers is 100. If the

product of the square of one number and the
cube of the other is maximum then the
numbers are

1) 60,40 2) 20, 80

3) 80,20 4) 40, 60

If x+y = 6543298 and x''y" is maximum then

the ratio of the numbers is

H12:4  2)3:13 3)14:2 4)11:5

The minimum value of

(A”+A+1)(B*+B+1)(C*+C+1)(D* +D+1)
BACD

where A, B, C, D are positive

1)3 2)3* 3)2 4) 2
The difference of two positive numbers is 10.
If the square of the greater exceeds twice the
square of the smaller by maximum value then
they are

1)15,5 2)20,10 3)30,20 4) 25, 35
Let a,b,c,d,e,f,g,h be distinct elements in

the set{-7,-5,-3,-2,2,4,6,13}. The minimum

9

value 0f(a+b+c+d)2+(e+f+g+h)2 is

1) 30 2)32 3)34 4) 40

The minimum value of (px +qy) when xy =n’
is equal to

1) 2ny/ pg 2) 2pgIn

3) 2./npgq 4) 2pgn

Maximum area of the rectangle inscribed in
a circle of radius 10 cms is

1)100 2)200 3) 400 4) 1600
The perimeter of a sector is given. The area
is maximum when the angle of the sector is
1) 1 radian 2) 2 radians

3) 3 radians 4) 4 radians

ABCD is a rectangle in which AB =10 cms,
BC = 8 cms. A point P is taken on AB such



38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

that PA = x. Then the minimum value of
PC?+PD? is obtained when x =

)10 2)5 3)8 4)4

The maximum possible area that can be
enclosed by a wire of length 20 cm by bending
it into the form of a sector in sq. cms. is

1) 20 2)25 3) 30 4) 15

A straight line segment through the point (3,
4) in the first quadrant meets the coordinate
axes in A and B. The minimum area of Ap0B
is

1)42 2) 64 3) 48 4) 24

P@3, 4), Q(-7, 6). The point A on x-axis for
which PA + AQ is least is

D(2,0)  2)(-1,0) 3)(3,0) 4H(2,0)
The point on the curve x’ =2y which is

closest to the point (0,5)is [ EAM -2017]

1) (2v2,4) 2) (4,98)
3) (v2,1) 4) (2,2)

The area of the rectangle of maximum area

2 2

inscribed in the ellipse XY _qis

25 16
1)48 2)41 3) 40 4) 50
Arod AB of length 10 cms slides between two
perpendicular lines OX, OY. The maximum
area of the A0AB
1) 50 2)20 3)25 4) 60
The least intercept made by the coordinate

2 2

axes on a tangent to the ellipse i(a +Y s

49
1)40 2)30 3)15 4) 100
The longest distance of the point (4, 0) from

the curve 2x? + y? = 2x is

(EAMCET-2010)
I)1+a 2) |1 —dq|
3) J1-2a+24> 4) J1-2a+34>

The point on the parabola y=x?+7x + 2 which
is closest to the straight line y =3x -3 is

D (-1,-4) 2)(-2,-8)

3)(1, 10) 4) (0, 2)

If I, m, n are the direction cosines of a half
line OP then the maximum value of . m.n is

28

48.

49.

50.

I I
DE P V3

The fraction exceeds its P™ power by the

4)1/4

greatest number possible, where p>2 is

1 P-1 N |
DpP 2|5 Dpir
The total cost of producing x pocket radio sets

1
per day is Rs. (sz +35x+ 25) and the price

per set at which they may be sold is Rs.

X
(50 - Ej to obtain maximum profit the daily

out put should be .... radio sets

)10 2)5 3)15 4) 20

The point on the curve y = where the

1+ x?
tangent to the curve has the greatest slope is

() 2125 (22) v

KEY
03)3 04)1
09)3 10)2
15)1 16)4
21)1 22)3
27)4 28)2
33)2 34)1
39)4  40)2
45)3  46)2

01)3
07)2
13) 1
19) 1
25)2
311
37)2
43)3
49) 1

02) 1
08) 1
14) 1
20) 1
26) 3
32)2
38)2
44)3
50) 4

SOLUTIONS

05) 1
1)1
17)3
23)3
29) 4
35)2
411
47)2

06) 2
12)2
18) 2
24) 4
30) 4
36) 2
42)3
48) 3

f1(x)=

(x) ——
Ifx<0,xe (—oo,—2)
Ifx>7thenfl(x)>0

fl(x)>0:>(2x2+1)—\/1+x2 >0

<0

:>(2x2+1)2 2(1+x2)

= 4x* +3x° >0:>x2(4x2+3)>02>x>0



4. f(x) = x sin x + cosx + 7
. . sin 2
— fI(X) = XCOSX+ SHTX — SHTX — > X
sin2x
fi(x) = xcosx - 5 >0
f(x) = is in creasing in (O’Ej
1 4

5. 00 =1og(1+x)-f0) = 1oy (21 4)

4+x2+4x—4: x* +4x 50
(l-i-x)(Z-i-x)2 (1-1—x)(2-|—x)2

= X(x+4) > 0
X <-4 (or) x>0

('oo ’ -4) U(O, oo) and (-1, oo)
sinxjfl(x):xcosx—sinx

2
X

6. f(x) = <0

sinx 2

= <2000 > (), — >

7. Let f(x) =x""" : fis decreasing if x > ¢
fis increasingif x < e
e<3<4<5<6<7

f(e)>1(3)>1(4)>1(5)>r(6)>71(7)
<. f(3) is maximum = greatest number=3""

8. Onverﬁcationf'(x) <0

1
— Cc0Ss?x

9.

10.

I1.

12.

13.

14.

15.

17.

29

.  is not defined for x = 0,

fl(x)=0=x=2
fis not differentiable forx =1.
critical points are 0, 1, 2.

/' (x)=(logx)[logx+2]=0

logx=0 logx=-2
x=1 x=e”
S'(x)=0
x=0,2,-2

(0,1(0)), (2, (2)), (-2, f(-2))
fl(x):0:>x:0,l,3
f“(x)<0 atx=1 ;
f1(x)=0= (2x+1)(1-x+x" )= (2x=1)(1+x+x") =0
= x=+1& f"'(-1)>0
f1(-1)=0=>-a-2b+1=0

1! (X) >0 atx=3

f‘(2)=0:>%+4b+1:0
a+pf=a-2

aﬂz—(a+l)

f(a)=a*+p =(a-2) +2(a+1)
f'(a)=0

a=1

4 1

+ ; is least
l-sinx

a - .
sinx

da -4 1
—=|—+ : > |cosx =0
dx sin” x (l—Sll’l)C)
cosx#0=sinx=2/3

d*a
W:45>0 for sinx=2/3

4 1
a=—+ =
2/3 1-2/3

£ (x)=(x-2) (4-2)" (34~ 11x) =0

6+3=9




18.

19.

20.

21.

22.

23.

24.

25.

_34
11

AEE
dy ~(2xy-57)
de  (x*-2xp)

=X

=0

= y=2x
x(2x)(x—2x) =2a

x*=ad* 5 x=-a

For sinPx cos’x.

P q 172
The max value 15( Pprar” j

y=5-2x and substitute and derivative is zero and
substitute
f1(-3)=0,1(2)=0

f(-3)=10 f(2) = —g verify

fl(x)=0:>x=2i%; f(x)=6x-12

4 5 9

x+5 13—-x 18

f(x) ismaxaty =3

10x =155
t4
Let S= 2—21‘3 +4t*+7,  Acceleration

_d%s_

e 3t* —12t+8 for a is maximum or

. aismaximum at t=2

26. fl(x)=%+2,3x+1

27.

28.

29.

30.

31.

32.

33.

30

fl(-)=-a-28+1=0
f1(2)=%+4/3+1=o :>a=2,/3=_71
fl(x)=()

x=-1,2

Largest valueatx =4

f1(x)=0=x=x1
F(=1)=8,1(1)=-8,1(3)=(1)8-36="72
x+y =100

X

x*y’ is maximum when 23

Consid AP +A+1 A+1+1
nsiaer————————— = -
onsIce A A

A+1+l

A>1:>

2
A +A+123

A*+A+1)(B*+B+1
Hence A B

2 2
C+C+1) D" +D+1 S 3
C D

x-y=10

f(x)=x"-2)y" =4’ —2(x—10)2
fH(x)=0 ; x=20

Sum of the elements is 8
S(a+b+c+d)+(e+ f+g+h)=8

and (a+b+c+d)2+(e+f+g+h)2
ISminimum
sLa+b+c+d=e+f+g+h=4

.'.(a+b+c+d)2+(e+f+g+h)2 =32



34.

35.

36.

37.
38.

39.
40.

41.

42.
43.

44,

45.

46.

fM(x)>0 forx=”\/%

. Minimum value= 2n,/ pg
212

1 k-=2r
2r+r,9:k;area257”2( j:f(’")

r

fl(r):O:>k—4r:0

PC?+PD* =64+(10—x)" +64+x* = f(x)
The perimeter of a sector is C cm. The

2
. . C
maximum area of the sector is 16 square meter.

area=2x..y,
y=0, verify the distance

D _ . slope of (x.y) (0.5) is 2—
dx » Slope o (X9Y)( ’ )lS X

2ab

a?+b*=100 = a’=b"=50 =
a=b=5,/2 = area=25 Sq.units
(atb)

f(x)z(PA)2 = (x—a)2 +2x—2x°
fl(x):O ; x=(1—a)
PA=+1-2a+2d’

_‘x2+4x+5‘

f(x)= N

f1(x)=0=2x+4=0=x=-2

47. f

48.

49.

31

‘xz +4x+5\

(x)= N
f(x)=0=2x4+4=0=x=-2

Let y = x — x” where x is the fraction for maxima

1

d 1\t
or minima —y=0:>x:(—] . At
dx p
R
1\ d°
x:(—j ,—y<0 s,y 1s maximum at
p dx

L
( 1 ]pl
x=|—
P
If daily out put is x sets and p be the total point
then

p= x(SO—li—(lxz +35x—25)
2 4 ’

d
for maxima or minima d_[; =0=>x=10,



. The

EXERCISE - III

In(m+ x)
In(e+x)

function f(x)= is

1) Increasing on (0, )

2) Decreasing on (o0, )
. T
3) Increasing on ( 0, e—j ,
. T
decreasing on (:, o j
. T
4) Decreasing on ( 0, e—j ,

. . T
mcreasing on ( : >, 0 j

. The least value of (x + 100)> + (x + 99)* +
..... +(x+ 1)+ x*+ (x-1) + (x-2) + ...
+(x-100)? is

1)6767  2)67670 3) 676700 4) 767600
. The minimum value of
f(x)=2(10g83jcos2x 3(log§)sin2x is

1) 21710g8 B 2) 2log8 NG 3) 3logg 2 4) 21+10g8 NG

1 1
. The minimum value of (1+ — )(” . j
Sin X COS X

D(1+27) 2)[1+2;] 32 41

. Let f(x)=(x-3) (x+1)4 then
1)x=7/9 is apoint of maxima
2)x =3 isapoint of minimum

3)x=-1is apoint of maxima
4) fhas no point of maximum or minimum

. If the function

f(x)=x"+3(a—7)x*+3(a’~9)x~1 has a
positive point of maximum, then

1) a e(3,00)U(—o0,-3)
29
2)ae (—o0, —3)u(3,7j

3)(—,7)

12.

14.

32

|x, if 0 <|x|£2
If fix)= 1, if x=0 then at x=0 f'has
1) local maximum 2)local minimum
3) no extreme value 4) not determined

A window is in the shape of a rectangle
surmounted by a semi circle. If the perimeter
of the window is of fixed length /’ then the
maximum area of the window is

1’ § ? §
D 2n+4 2) n+8 3 2nvs Y 8n+4
A running track 440 ft. is to be laid out
enclosing foot ball field the shape of which a
rectangle with a semi circle at each end. If
the area of the rectangular position is to be
maximum then the dimensions of the
rectangle are
1) 100,70 2) 110,70 3) 100,80 4) 110,60

. A wire of length “a’ is cut into two parts which

are bent in the form of a square and a circle.
The least value of the sum of the areas thus
formed is

2 2 2 2

a a
2) n+a)d) nea)Y Hn+d)

n+4

1)

. The least perimeter of an isosceles traingle

in which a circle of radius r can be inscribed is

D4a3r 223 3D63r  D8S3r

The sum of the hypotenuse and a side of a
right angled triangle is constant. If the area
of the triangle is maximum then the angle
between the hypotenuse and the given side is

T T T T
1)5 2) 1 3)§ 4) 5
. The maximum distance from origin to any
2 2 2
pointon 3 yi =g’ is
l)a 2)a/2 3)2a 4) a??

A(0, a), B(0, b) be fixed points. P(x, 0) a
variable point. The angle /ApB is maximum

if
1)x*=ab 2)x =ba
3)x2=2ab 4)2x2=ab



15.

16.

17.

18.

19.

20.

21.

22.

The radius of a right circular cylinder of
maximum volume which can be inscribed in a

sphere of radius R, is
/2 /3
3) =R 4),=R
) 3 ) 2

The height of the cylinder of maximum curved
surface area that can be inscribed
in a sphere of radius ‘R’ is

R
R 25

D R HE

The volume of the greatest cylinder which can
be inscribed in a cone of height h and semi
vertical angle o is

R
1)5

47h®
1) = tan’a 2) 4nh*tan’a
47h® 2 47h? 3
tan tan
3) 9 o 4) > o

Height of the cylinder of maximum volume that
can be inscribed in a sphere of radius 12 cm is

1) 843 cm 2)8cm

3)124/3 cm 4)24 cm
The height of the cone of maximum volume

inscribed in a sphere of radius R is

R 2R
1)? 2) 3

4R
4) NG
An open rectangular tank with a square base
and 32c.c. of capacity has least surface area
in sq. cms. is
1) 48 2) 16 3)32 4)12
A box is made from a piece of metal sheet 24

4R
3)?

cms square by cutting equal small squares
from each corner and turning up the edges. If
the volume of the box is maximum then the
dimensions of the box are

1)16,16,4 2)9,9,6 3)8,8,8 4)9,9,8
A box without lid having maximum volume is
made out of square metal sheet of edge 60
cms by cutting equal square pieces from the
four corners and turning up the projecting
pieces to make the sides of the box. The
height of the box is
1) 60 2) 10

315 4H12

33

23.

24,

25.

26.

A box is made with square base and open top.
The area of the material used is 192 sq.cms.
If the volume of the box is maximum, the
dimensions of the box are
1)448 2)2,24 3)8,8,4 4)2,2,2

1
Given: f(X) = x;,(x > ()) has the maximum
value at x=e, then
De" <r°

De™>n° 2)e">n" 3e" =1

The point on the curve
4x* +a*y* =4a’,4<a’ <8 that is farthest

from the point (0,—2)
1) (0,2)  2)(2,0)

For points

3) (0,3)

on

4) (0,4)
the the circle

x> +y* —2x -2y +1=0 the sum of maximum

and minimum value of 4x +3y is

1)26/3  2)10 3)12 4) 14
KEY

01)2 02)3 03)4 04)2 05)3 06)2

07)1 08)3 09)2 10)4 11)3 12)3

13)1 14)1 153 16)2 17)1 18)1

19)3 20)1 21)1 22)2 23)3 24)1

25)1 26)4 27)2 28)3
SOLUTIONS

(e+x)1n(e+x)—(7r+x)ln(7r+x)
(m+ x)(e+x)(1n(e+ x))2

on (0,00) (~l<e<n)

1=

first derivative zero.
f(X) _ 210g8 3cos? x + 310g8 2sin’x
1 1 1
f(x)=l+—+——+———
sin"X cos'X cos' xsin"x
—ncosx nsinx

f'(x)=

( ) sinn+1X COSnHX

. -n-1 .
—n(sinx cos x) [cos2 X —sin? X:|
f! (X) =0=
n[sin2 X —c0s” X +sin"*? x — cos™*? x] =0

=sinx—cosx=0



a-2xr

f(x)x =1+ 1n+ 1n+ 1 _ dx+2zr=a=x= sum of areas
‘ (1) (1) (11j
2 2 V242 A:x2+ﬂr2,d—A:0:r=L
dr 2(7z+4)
n 2
:(sz] 11. S=AF+2BD
=r(coto+2tana+2seca)
f'(x)=(x-3)" (x+1)"(7x-9) by first ds 0T
Y o =—
derivative test x =—1 is a point of maxima da 6
fl(X)=3X2+6X(a—7)+3(32—9) 12. z+x=k s z+zsin@=k
L k
= ( Discriminant of fl(x):0) >0,f1(0)>0 Z:l+sin6'
and sum of the roots >0 .
9 Area= — Xy
:a<7,a<—3 org>3and <7 2
2 x> sin26
29 _Z g . fl)=——
33.6(—@,—3)&)(3,7) f(H)_ 4 sin 26 > ( ) 4 (1+Sil’19)2
\IT/ 11(0)=0=0=¢
) 0‘ 5 13. f(9)=\/a2(c0566’+sin60)
- = la’ l—ésin229
Clearly at x=0, fhas local maximum - 4
2x+2r+mr=1
1 f(e)max:a
A=2rx+—nr’ s s s s
2 PA”+ PB~ - AB x"+ab
14 cosf = = —
dA I ' 2PAPE [ vat) (x40
Aismaxormin —=0=>r=
dr 4+ dé )
ey Applying ——~=0=x"=ab
SAtr= —<0
T+ dr 3
2 2 h’ = th_h_
2x+27y=440= x+ 7y =220 15. R"=r o v=r 4
=x(2y) =(220- 2
Area x( y) ( ﬂy)( y) v 2R

i inima —=0=>"h=
f(y):440y_2ﬂ_y2 For maxima or minima dh \/g

_ _ _22 2R g% 2
"(»)=0=>440=47y=110="> == 47V = |2
f(J’) y 7y At h L dh2<0’ ..r—\/;R

= y=35 16. Letrbe the radius and h be the height of the culinder
. Letx be the side of a square and r be the radius of

the circle

34



17.

18.

19.

20.

21.

22.
23.

24.

h2 h2 25.
R’=r’+—=r1’=R>=— Let S=2nrh, S
4 4 26.
1S maximum or minimum
ds _ d2
—h= IR
dh
X r
tana:E:Z ; v=mr’H
(htana r)
tana

fl(x):O:>(htanoc—r)2 +x2(htana—r)=6

_htana

3

Let r be base radius and h be the height of the
cylinder

) dv
V=rw|144h— —=0=>h=8
[ 4] > dh \/_

d’v
Ath=83,==<0
an’
Let r be the radius and h be the height of the cone

=(h—R)2+r2 = r’ :Rz—(h—R)2
v=—nxr’h

v=§.7z(R2—(h—R)2)h:>

x*h=32

Verify the formula x*+4xy

1
f! (x) = xx Since x =e is a point of maxima

f(e)>f(x)

35

first derivative zero and Verify second derivative
Centre and radius=(1,1) and ‘1’
any point on the circle is (1 +cosd,1+sin 0)

maxi. value+mini. value of (4x+3y) =

maxi. of (7 +4cos 6 +3sin §)
+min. of (7+4cosf+3sinf)=2(7) =14



JEE MAINS QUESTIONS

1.Let mand M be respectively the minimum and
maximumvalues of

7 . .
COs™ x l+sin” x sin 2x
2 o B :
l+cos“x  sin“x sin 2x
2 23 :
COS™ X sin” x | +s51n2x

Then the ordered pair (m, M) is equal to :

(1) (=3,3)
G =4-1

2)(=3,-1
4)(,3)
2

Let AD and BC be two vertical poles at Aand B respectively
ona horizontal ground. IFAD=8m, BC=11 mandAB=10
m; then the distance (in meters) of a point M on AB from
the point A such that MD?+ MC? isminimumis .

The set of all real values of ), for which the function
. : T

f(x) :(l—cas2 xH{A+simx), xe 55 , has exactly

one maxima and exactly minima, is:

4.The area (in sq. units) of the largest rectangle
ABCD whosevertices A and B lie on the x-axis and

vertices C and D lieon the parabola y = X2 -1

below the x-axis, is :

2 1
D35 2 35

4 4
) 3 AN

5.Let f(x) be a polynomial of degree 3 such that f(—1)
=10,f(1)=-6, f(x) has a critical pointat x =—1 and f
¢(x) has acritical point at x = 1. Then f(x) has a local
minima at X =

6.Let f(x) be a polynomial of degree 5 such that x =
+1 are itscritical points. If=4, then which one of the
following isnot true ?

1) fisan odd function.

2) f(1)—4f(-1)=4.

3) x=11s apoint of maxima and x =—1 is a point
ofminima of f.

4)x =1 1is apoint of minima and x =—1 is a point of
maxima of f

KEY
D2 2)5 34
H4 53  6)4

36



SOLUTIONS

N R

2 l+sin"x
Let f(x)=]2

o
sin- X

l SIn” X

0 cos”0 —(2+sin2x)
=0 -sin"x
| sin"x l+sm2Zx

S x)==2cos2x=0

3n

i
=eps2y=0=Dx=—,—
47 4

SMx)=4smn2x

So, f"[%] —4>0

m=f(§]=-1-l=-3
-

M =,;'[%]=-z+| =1

SD'.' {m:l ""':f}z {"31- _I]

8 " '.r'r 11

sin 2x

sin2x
1 +5in2x
RR—-> R -2R;: Ry —> R, -2R,

—(2+s5m2x)|=-2—25in2x

{minima)

(maxima)

V7

=] e

Let AM =xm

(MDY + (MCY =64+ 3 +121+(10-x)* = f(x)
(say)

F(x)=2x=210-x)=0

=dx=2=x=>5

fx)=2-2(-1)>0

S f(x) is minimum at x = 5 m.

f(x)=(1-cos” x)(A +sin x) = sin” x(} + sin x)
= f(x)=Asin® x+sin’ x ...()
= f{x)=sinxcosx[2A +3sinx]=0
= siny=0 and sinx= -?‘Si =x=q(let)

So, f (x) will change its sign at x = 0, « because there 1s

; P . | ¢
EXEC“Y one maxima and one minima in [T, E]
= - ~ +
= 0 & 3
T 2
OR
- + - +
JE R W B
2 2
2),

Now, sinx=-——
= —Ipﬁ*_:l:;—igi.éi—%ﬂl
3 Z 2

Y A=0= f(x)=sin’ x (from (i)
Which 15 monotonic, then no maxima/minima

So, A E[-i, i] - {0}
37 5

.

37



Area of rectangle AB8CD
A=2x-(xF-1)=2¢"-2x
dA

— =6x -2
ey

B

For maximum area ——

1
=ll=r=+—
dx N
ﬂr- f

\.__.r
I
=

X

)

e .
{—J:.Il—ij {I,I—I.!

#

-.. /

o Maximum area =

2
ﬁ"ﬁ‘:ﬁ

Let ix)=ad + bx* + ex + d
fi-l)=10and {1)=—6

—a+b—-c+d=10 -1}
atb+c+d=-06 (1)
Solving equations (1) and (i), we get
g 5
4 4
b =£,c=-E
4 4
= fix)=alx-3xr-9)+d
f{r}—% 2x-3)=0

38

= §¥=5=1

| 2
|

=]
Local minima existatx =3

g ——

fx)=ax + bx*+ex

3 4 3
: ax” +bx" +ox
lim| 2+ =4
x=={} 3

X

= 2+c=4 = ¢=2
F(x)=5ax'+ 4bx’ + 657
=x(5ax” + 4bx + 6)
Since, x = £ | are the critical points,
S =0 = Sa+4b+6=10
f(-1)=0 = S5a-4b+6=10
From egns. (1) and (11),

6
b=10 and A=

S 42y
Jx)= 51’

Fx)=—6x' + 637 = 632 (x> + 1)
=—Ht{x+ 1) (x—-1)

= + =
!
T T

-1 |
Six) has minima at x =— | and maxima atx = |

st st skeoskoskookok



APPLICATION
OF DERIVATIVES

ADVANCED LEVEL QUESTIONS

SINGLE ANSWER TYPE
QEUESTIONS

1. The number of values of k for which the equa-
tion * _3x i =0has two distinct roots
lyingin the interval (0,1)is

A) three B) two
C) infinitely many D) zero
2.Let the function & : (—,%0) — (_g’gj be given
by g(u) = 2 tan'(e%) —g. Then, g is
[IIT 2008]

A) even and is strictly increasing in (0, ¥)
B) odd and is strictly decreasing in (-¥, ¥)
C) odd and is strictly increasing in (-¥, ¥)
D) neither even nor odd, but is strictly increasing
in (—o0, 00)
3.Let f, g and hbe real valued functions defined

on the interval [0,1] by f(x)zex2 tet,

g(x) —xe' e, h(x) —xe" +e . If a,
b and c denotes respectively, the absolute

maximum of f, g and h on [0,1] then
[1IT 2010]

A)a=bandc#b B)a=canda#b

C)a#bandc+#b D)a=b=c

|x|, for 0<|x[<2
4. Let f(x)= L f o then at
, or x=0
x =0, f has
A) alocal maximum
C)alocal minimum

[ADV 2020]
B)no local maximum
D) no extremum

5 .If a, b, ¢, d are real numbers such that

3a+2b+§_0Th th i
crd 270 en the equation
ax’+ bx?+cx +d =0 has.

A) atleast one root in [-2, 0]

B) at least one root in [0, 2]
C) at least two roots in [-2, 2]
D) No rootin [-2, 2]

6 . The triangle formed by the tangent to the
curve f(x) = x>+ bx — b at the point (1, 1) and
the coordinate axes, lies in the first quadrant.
If its area is 2, then the value of b is[IIT 2001]
A)-1 B)3 C)-3 D)1

7. If a variable tangent to the curve x%y = ¢?
makes intercepts a, b on x and y axis
respectively, then the value of a%b is

NS B )L p)ad
27 4 9

KEY
1.D 2.C 3.D 4.A
5B 6C 7.D

39



1.

f (x) =2x¢" —2xe” :2‘){6YZ

SOLUTIONS

Let there be a value of k for which
x° —3x + k = 0 has two distinct roots between
Oand 1.

Leta, betwo distinctroots of x* —3x 4 k = 0lying
between 0 and 1 such that a < b . Let
f(x)=x’-3x+k. Then f ( a ) =
f ( b ) =0. Since between any two roots of a
polynomial

f(x),there exists at least one root of its drvative

f(x). Therefore, f'(x)=3x" —3hasat

least one root betweenaand b. But /"'(x)=0has
two roots equal to 4+ 1 which do not lie between
a, b.

Hence : f( x ) =0 has no real roots lying between
0 and 1 for any value ofk.

g(w) = 2tgnu (e")-=

g'(u)= >0

Hence g(uj_ls increasing function
g(u)=tan"'(e")—cot'(e")

g(-u) =tany (e )~ got )
= tan —uj—CO ( =cot~ ( )—tan(e“)
e
=-g(u)
Hence g(u) is odd strictly increasing in (-¥,¥)

e’qZO Vxe[O,l]

g'(x)=e" +2x7e" —2xe™ >0Vx e[0,1]
h'(x)>0Vx €[0,1] hence f, g, h are increasing
functionsin [0,1]

Maximumof f = f (1),

and that of g(x) and /(x) and g(1) and /(1)

Hence f(l)zg(l)zh(l):e+é:>a:b:c
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4.

f(0) > (0 +h)
f(0)>f(0—h)
hence it is local maximum.

. P(x)=ax®*+bx*+cx+d

ax* bx’ cx’
+T+dx+e

f(x) =

given 6a+4b+3c+3d=0,
f(+2)=e=1(0) userolle’s theorem.

6. tangenttoy=x*+bx—bat (1, 1)is

b+1

+2
and y-intercept=—(b+ 1)

ATQ Ar(A) =2

1{b+1

=b-3

2 3

X —intercept =

.Xy=c¢

dy
2= 4 _ 5 _A2r
de Zxy Ojdx X

equation of tangent at (x,y)

2y
—y= —— (X —-x
Y-y x( )
3x
Y =0, gives, X—7 =a

and

Now alb=— 9x” 3y
4
T Tl
4777, ©

X=0,gives,Y=3y=b



MULTIPULE ANSWER TYPE
QUESTIONS

. If the line ax + by + ¢ = 0 is a normal to the
rectangular hyperbola xy =1, then

A)a>0,b>0 B)a>0,b<0
C)a<0,b>0 D)a< 0,b<0
. Let

f(x)=2sin’ x—3sin* x +12sinx+5,0< x < 77/2
Then f(x) is

A) decreasingin [0, /2]

B) increasing in [0, 7 /2]

C) increasing in [0, z/4] and decreasing in
[7/4, 712]

D) none of these

. Let f(x)= xz[xJi 1 ,1<x<3.9. []denotes the
greatest integer function. Then

A) f(x) is monotonically decreasing in[ 1, 3.9]

B) f(x) is monotonically increasing in [1, 3.9]

1
C) the greatest value of f(x) is 3% 16.21

D) the least value of f(x) is 2.

. Let h(x) =f(x) — (f(x))* + (f(x))? for every real
number x. Then [IIT 1998]
A) his increasing whenever fis increasing

B) his increasing whenever fis decreasing

C) his decreasing whenever fis decreasing

D) nothing can be said in general

. Let the parabolas y = x> + ax + b and
y =x(c¢ - x) touch each other at a point (1, 0).
Then

A)a= -3 B)b=1

C)c=2 D)b+c=3

. Let f(x)=x3+ax?+bx + 5 sin’x be an increasing
function in the set of real numbers R. Thenaand b
satisfy the condition

A)a>-3b-15<0 B)a>-3b+15>0
C)a’-3b+15<0 D)a>0andb>0

. If f(x)=sinx,—-7/2<x<7/2 ,then

10.

11.

12.

13.

14.
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A) f(x)is increasing in the interval [~ z/2,7/2]
B) f{f(x)} is increasing in the interval [ /2, 7z /2]
C) f{f(x)} is decreasing in [- 7/ 2,0] and increasing
in [0,7/2]

D) f{f(x)} isinvertible in [~ z/2, 7z /2]

The function

f(x)= f t(e' =Dt —1)(t—2)(t—3)’ dt has a

local minimum atx =
A)0 B)1 0)2 D)3
oo
The critical point(s) of /(x) =—— is/are
X
A)x=0 B)x=2 COC)x=4 D)x=1

The value of x for which the function
f(x)= Jox(l —tz)e”z/ 2dt has an extremum is

A)0 B) 1 Q) -1 (D)2

A tangent to the curve y= _[:|t|dt , which is
parallel to the line y = x, cuts off an intercept
from the y-axis equals to

A)l B)-12 C)12 D)-1

The number of values of x where the function
f(x) =cos x + cos (\/EX) attains its maximum
is [AD 2019]
A)0 B)1 )2 D) infinite

f(x) is cubic polynomial with f(2) =18 and f(1)
=—1. Also f(x) has local maxima at

x=-1and f'(x) haslocal minima at x =0,

then [IIT - 2018]
A) the distance between (-1, 2), and (a,f(a)),

where x = a is the point of local minima is 2+/5
B) f(x) is increasing for x €[1,2+/5]

C) f(x) has local minima atx =1
D) the value of f(0) =15

If f()c)zJje’2 (t—2)(¢t—3)dt forall
x €(0,0), then



A) fhas alocal maximum at x=2
B) fis decreasing on (2,3)
C) there exists some ce (O,oo) such that

/"(€)=0
D) fhas a local minimum at x=3
KEY

01)B,C 02)B 03)C,D
04)A,C 05)A.D 06) A,C
07)A,B,D 08)B,D 09)B,C
10)B,C 11)B,C 12)B
13) B,C 14)A,B,C.D

SOLUTIONdS

. Differentiating w.r.t. x, ¥+ x d—z =0

. the equation of the normal at (e, ) is

a

=B L@ or - py=a’ -

The given line is a normal at (a, p ) if

a__p_a’-p

a_ b_ —c

a p Aep 1 _
Ta b ab w CTHD

- a,barerealifab<0i.e.,a>0,b<0ora<o,
b>0.

f'(x) = 6 sin’ X cOsX - 6sinx cosx + 12 cosx

=6cosx {sin’x - sinx +2}

( . 1)2 7
— 6cosxs|sinx——| +—
e

T
- in [0’3} S'(x)20 So, f(X) is increasing in

s

. Here,f(x)=x>+1,1<x<2

x2+1

2<x<3

x2+1
3

J3<x<39

f' (x) > () in each of the intervals and so f(x) is
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increasing in each of the intervals.

5
s 2<f(x)<5inl< x<2; ES f(x)<5in

2 <x<3

10 1
?g f(x)ggx 16.21in3 <x < 3.9

Hence the least value is 2 and the greatest value is

1
3% 16.21

h'(x) =3 '(x)[{f(x)—1/3}* +2/9]
Note that
h'(x) <0 whenever f'(x)<0 and h'(x)>0

whenever f'(x) > 0, thus, h(x) increases
(decreases) whenever f(x) increases
(decreases).

(1, 0) is on both the curves.
So,0=1+a+band0=c-1

d
For the first parabola, d_i: =2x+a

d
For the second parabola, d_J; =c—2x

dy
=c-2
/ o

~2+a=c-2and0=c-1
=c=1,a=-3 - 0=1+(-3)+borb=2

f'(x) =3x*+2ax +b + 5sin 2x
f(x) increases always,so f'(x) >0 V x eR

= 3x*+2ax+b+5sin2x>0

which will be true if 3x>+2ax +b-5>0, always
if D<0

We know that sinx is an increasing funciton of x

|
m=s5

f{f(x)} = sin(sin x);



10.

11.

d
- Af(f(x)} = cos(sin x) . cos x > 0 for

V4 V4
——<x<—

2 2

T T

-, f{f(x)} 1s increasing [—5,5}

% ='(x) = x(e* —)(x—1)(x—2)’(x—3)° =0
Critical points are 0, 1, 2, 3. Consider change of

dy
i —atx=3
sign of i

x<3,ﬂ:—ve and X>3,ﬂ:+ve
dx dx

Change is from —ve to +ve,

Hence minimum atx = 3.

Again minimum and maximum occur alternately.
- 2ndminimumis atx = 1.

Obviously, atx =0, f(x) = «

- f"(0) does not exist.

So, x =01s a critical point

2—-x x-=2
7O<X<27 X2 7X22

Now, f(x)=

2
X
Atx =2, 4 the function f(x) is not
differentiable. So, they are critical points.

f1@ ==
For extremum, (1-x)e /2 =0,iex=1,-1.

b _

i x| =1 because the

Differentiating w.r.t. X,

slope ofy=x1s 1

Cat@p, D=1l a=1-

- when a=1,8= I;|t|dt = Jitdt =% and

when @ =-19= ] ar==[ = [ar=-

the points where the tangents are parallel to the line
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1 1
= 1’_ _1,__
y=xare (13| -1-3]

1 1
The tangent at (1,5) is ¥ ) =1(x-1),

Le.2x-2y=1

1 1
The tangent at (— 1’_§J is y+§= I(x+1),1.e.

2x-2y+1=0

. The maximum value of f(x) = cos x + cos (\/Ex)

1s 2 which occurs at x =0.

Also, there is no value of x for which this value will
be attained again.

f(2)=18=8a+4b+2c+d=18 ... (1)
f()=—1=a+b+c+d=-1 ...(11)
f(x) has local max. at x =—1
=3a-2b+c=0 .. (iii)

f'(x) haslocalmin.atx=0 = b=0.....(1v)

Solving (1), (i1), (iii) and (iv), we get result.

:>f(x)=%(l9x3—57x+34)

14. f'(x)=e€" (x-2)(x-3)




MATRIXMATCHING TYPE D) f(x)= 4x - strictly ~ S) (-L1)
QUESTIONS ; o
ecreases on
1. Letf(x)=(2"—1) (2*~2) and T) (—o0,)
g(x) =2 sin x + cos 2x in [0, 7] 4. Match the max/ min value of functionin
Column-I Column-II Col - I with corresponding values in Col - I1
A) fincreases on P) (log,(3/2), ) Column -1 Column - IT
B) fdecreases on Q) (-0, log,(3/2)) 18
. A) Greatest value of P) —
C) g decreases on R) ( 0, EJ €
X
57 f(x):—z on [0,) is
D) g increases on S) <" 4+ x+x
2. Colu.n.ln - I gives function.s wl.lich satisfy B) Maximum value of Q) —
conditions of CMVT an specified interval and e

Column - II gives value of ‘C’ for which LMVT Inx
is satisfied — in [2,0) is
Column -1 Column - I

5 C)Let x>0,y>0 & R) e
A) f(x)=x(x-2)in [1,2] P) 6 xy =1 then minimum value of
) 1
B) f(x)=x(2-x) in[0.1] Q) 3 %x+27ey is
e
O f(x)=x’-2x*-x+3in  R)3
D) Perimeter of a sector is 4¢. S) g
[0’ 1] The area of sector is maximum
7 when its radius is T)An
D) f(x)=(x=1)(x=2)(x=3) )¢ irrational
) number
mn [1,4] KEY
T)tA | 01) A—P.B—0.C—~S.D—R
fationa 02)A-S,T,B-P, T,C-Q, T, D-R, T
number

03)A-PQ,R,S,T,B-S,C-Q,R,P,D-P

3. Match the following 04)A-S,B-Q,T,C-P,T, D-R, T

Column - I Column - IT
A) f(x)=sinx+cosx+2x P) (3,)
strictly increases on

2
B) /() =;c2+—x-+’_1 strictly Q) (1,0)

increases on

2

I

C) /(%) =xz+—xil strictly R) (~o0,~1)
X —X

decreases on
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SOLUTIONS

1. A 1 (x) >0VxeR= f (x) is an increasing
function.
Now g (x)=-/ (4-x)+ f (2+x)
If g(x) >0=>f" (2+x) >f (4—x) =2+x>4—x o x>1
B) f(x) :3(x—1)(x+1) = f (x) =0
has roots x=-1, 1

f(x) =0 will have exactly one real root if f(-1) f(1)
>0

:>(a+2)(a—2)>0:>a<—2 or a>?2
C) f(x)=-sinx+a’>0VxeR
= a’ >sinxVxeR

PP (g 1
D) f(x)—2e +ae”™ +2a+1=2¢ (e +a)(é'+2)

f(x) increases forall x if /" (x)>0VxeR

Lef+a>0VxeR=a20

2. f'(c)zw for LMVT
f'(C) Z% for ‘a’

L 1-3
S(Q)="F =3 —4e-1=2

3¢ _de+1=0=c=1
3c(c—1)—1(c—1):0

1
c=3 sce[0,1]

6
r(e)=3 —3c2-12¢+11=2
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=2 —4c+3=05 c=3 ce[l4]
3. A f(x):sinx+cosx+2x
f'(x)=cosx—sinx+2>0

. Strictly increases on (—o0,)

2
x“+x+1
B. f(x)==
x“—x+1
' _(2x+1)(x2—x+1)—(x2+x+1)(2x—1)
f(x)— ) 2
(x —x+1)
At 422Xt 0
- 2 2 2 2>
(x —x+1) (x —x+l)
:>xe(—1,1)
2 +x+1
C. f(x)== striclty decreases on
x“—x+1
(—oo,—l)u(l,oo)
3
X
D. =
f(x) xt+27
4 2 3 3
X +27) 3x“)—x 4x)
e
4
(x +27)
_ 81x? —x°

(o =0

= x €(3,00)U(-0,-3)

X

4. A f(x)=

arxes? O 1)

f'(x): (4+x+x2)—x(2x+1) o

2
(4+x+x2)

X2 x+4-2x2—x=0



4=x2,x:i2

2 2
- _2_
_nN = = —=
Tx=2=7572"10 /5
)
—2_
x=-2=" A

f'(x)zl_lznx>0
x

Inx<1l x<e

) Inx 1
. Maximum value of 7 ==

e
3 27e
S VSN L
y A e3x X
, 3 27
S'(¥)==5-==F=0, y40
e X

x=3e2

54e 3

) — 2 1
f (x)—+x—3:>e—3><3e +27xex—

9 9 18
=t —=—
e e e
RO+2R=4e

1

1 2
=—LR.—R°0
Area > >

_AR-2R | l(4eR—2RZ)
R 2

=2eR—R*= f(R)
f'(R)=2e-2R=0 R=¢

0
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. If the curves

INTEGER TYPE QUESTIONS

. If the chord joining the points wherex=p, x

=- p on the curve y = ax’ + bx + cis parallel
to the tangent drawn to the curve at

(o, ) then « is

. Area of the triangle formed by the tangent ,

normal at (1,1) on the curve \/; + \/; =2and
the y - axis is

ax’ + by’ =1and
ax’+by*=1may cut each other
orthogonally such that

1 1 11 :
a a b b then j is equal to

. The number of non - zero integral values ‘a’

for which the function

3 2
f(x)=x"+ax’ +%+1 is concave upward

along the entire real line is

. LetCbeacurve defined by , — ea+bx2 . The

curve C passes trhoug the point P(l,l) and

the slope of the curve tan gent at P is
—2.Then the value of 24 —3p is

. Atapoint p(a,an) on the graph of j = "

in the first quadrant a normal is drawn.
The normal intersets the line y-

1
is at th int (0,0). If limb=—
axis a e pOlIl ( ) 250 2

then 1 =

. Equation of the normal to the curve

y=(1+x)" +sin”'(sin” x) atx=0isx+y =Kk,
then k is

. If the function f(x) = x* + e¥? and

g(x)=f7'(x), then the value of g'(1) is
(2009)



10.

The number of distinct real roots of
x'—4x* +12x7 +x—-1=0is (2011)
Let p(x) be a real polynomial of least degree
which has a local maximum at x=1 and a local

minimum at x=3.If p(1)=6 and p(3)=2,
then p'(0) is
KEY

01)0 02)1 03)1 04)3 05)5 06)2
07)1 08)2 09)2 10)9

SOLUTIONS

. Points are

(p,ap2 +bp+0), (—p,ap2 —bp+c)

2bp
slope of the line joining the point = E =b

dy

dx

(ﬂj =2aa+b
dx (a,ﬂ)

2aa+b=b=a=0

Find equation of tangent and normal & then put x
=0 to evaluate vertices of triangle. Then find area
of triangle.

Solve the curves simultaneously and apply

LA
dx 1st dx 2nd
Soluiton : 3

f"(x):l?.x2 +6ax+3>0VxeR

2ax+b

=360 —144<0 = a€c(-2,2)
= Number of non - zero integral values of ‘a’ is 3

y= ea+bx2

1 = ¢%th (- itpassesthrough 1, 1)
a+b=0

(i)™

2 . atb —
AT o= 93 €T72b(1)=-2
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10.

b=-la=1 2a-3b=5

slope ofnormal =~
na

equation of normal

n 1.

=y—a

(x=1)

Put x = () to get y-intercept

n—1
na

1
n
y=a +
nan—Z
b=ad"+ 12
na”

0 if n<2
limb= l if n=2
a—0 2

o if n>2
Atx=0,y=1

dy

Evaluate —,_
dx atx=0& y=1

Find equation of tangentatx =0 and y=1.

FO=1 £100=35" +2¢" 5 Ple(0) £ ()1

1
putx=0 = g’(1)= mﬂ-
f(x):x4—4x3+12x2+x—1
clearly f(0)=—1<0 = at least two real roots

f’(x) = 4x()c2 —3x+ 7) dont have all real roots
. f(x)=0 has only two real roots.

p'(x)=3k{(x=1)(x-3)}

=3k{x2—4x+3}



p(x)zk{x3—6x2+9x}+c
p(l)=6:>4k+c:6, p(3)=2:>c=2

—k=1 - p'(0)=9%=9

sk sk sk sk s s ok ok skok ke skeok
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SEQUENCE & SERIE

J

SYNOPSIS

Sequence :
A set of numbers is arranged in a definite order
according to some definite rule is called a
sequence. e.g. 2,4, 6, §, ....., is a sequence

= A sequence is a function whose domain is a set
of natural numbers. If the range of a sequence
is a subset of real numbers (or complex
numbers), then it is called a real sequence (or
complex sequence)

Series :
The sum of the terms of a sequence is called a
series.

> If a,a,,a,,..... is a sequence, then the

expression @, +a, +a, +...... 1s a series

= A series is called finite series, if it has finite
number of terms. Otherwise it is called infinite
series.

e.g.1) 1+3+5+ ... +21 is a finite series.
i1) 2+4+6+8+....... is an infinite series.

= Sequences following specific patterns are called
progressions.

Arithmetic progression (A.P) :-

= A sequence is called an arithmetic progression,
if the difference between any two consecutive
terms is the same.

> A.P is of the form a,a+d,a+2d,a+3d .....
where ¢ is 1*'term and 4 is common difference

General term of an A.P:
= Let ‘@’ be the first term and ‘d’ be common
difference of an A.P, then its genaral term (or)

n"termis 7, =a+(n—-1)d
= If ‘7’ be the last term and ‘d’ be common

difference of an A.P, then ,;” term from the

end 7, = [-(m-1)d

> m" term from the end = (n-m+1)" term from
the beginning.
Sum to » terms of an A.P:
n n
S,==la+l| ==|2a+(n-1)d
= 2fa+1] =220+ (n-1)a]

where g = first term, ] = last term

d = common difference
= Ifthe sum of »n terms of asequence S, is given,
then its »* term 7, can be determined by
T,=5,-S,
Properties of A.P :-

»  a,b,c areinAP < 2h=qg+c

= In a finite A.P, the sum of the terms equidistant
from the begining and the end is always same
and is equal to the sum of the first and last term

le., a,+a, =a,+a, ,=a,+a, ;=a +a,
> (a+a,+a;+....+a,)

nx(middleterm), if 7 isodd

gx(sumof twomiddleterms) , if  iseven

> Ifa,a,a........ a, are in A.P then

a) a,,d, ...

a,+A are in
A.P (where J e R)

c) Aa, Aa,, Aa;....... Aa, are in A.P
(where L € R—{0})

> p” term of an A.P. is ‘q’ and ¢” term is ‘p’,
then 7,, =0

> If ;" term of an A.P. is ‘n’and ;,* termis ‘m’

then p” termis ‘m+n-p’



-

If S,=qgand S,=p for an A.P., then

Sp+q = _(p +q)

Selection of terms in an A.P :

Number Terms c.d
of terms
3 a—d. a, a+d d
4 a—3d.a—d.at+d.a+3d 2d
g a—2d.a—d.aatd.at2d d
B a—5d.a—3d a—d atd at+3.a+5d | 24

Some Facts about A.P :-

,.)

a)

b)

If a,,a,,a,........ a,
and b,,b,,b,........ b, are two A.P’s then
a, b, a,tb,,....... are in AP
al aZ a3
ab,, a,b,,a.b;......... and b_l’Z’bT ~~~~~~~~~~ are
not in A.P

If the terms of an A.P. are chosen at regular
intervals, then they form an A.P

If a constant ‘k’ is added to each term of A.P.,
with common difference ‘d’, then the resulting
sequence also will be in A.P., with common

difference (d+k).

If every term is multiplied by a constant ‘k’,
then the resulting sequence will also be in A.P.,
with the first term ‘ka’ and common difference
‘kd’.

If » ™ term of the sequence

T = An+ B (i.e) [Linear expression in 7 ]

then the sequence is A.P with first term is ‘A+B’
and common difference 4 (coeﬁicienl of n)
If sum of n terms of a sequence is
S = An® + Bn+ C (i.e.Quadratic exprssion in

n) then the sequence is A.P with first term is
3A+B and common difference is 2A. Also in

this sequence ;" term 7, = 2An + (A+B)

» Ifthe ratio of the sums of n terms of two A.P.’s is
given then the ratio of their ,* terms may be

obtained by replacing n with (Zn—l) in the
given ratio.

= If the ratio of ,” terms of two A.P.’s is given,
then the ratio of the sums of their »n terms may

n+l1
be obtained by replacing n with BN in the

given ratio
= Sum of the interior angles of a polygon of ‘n’

sides is (n—2)180"

= The ;” common term of two Arithmetic Series

is ( L.C.M of common difference of 1st series
and 2nd series )( n-1)+ 1st common term of
both series

Arithmetic mean (A.M) :
The Arithmetic mean A of any two numbers a

a+b
2

and p is given by , where a, 4,b are in

AP
> If a,,a,,a,..a,are n numbers then

Arithmetic mean 4 of these numbers is given
1
by A=—[a,+a,+....+a,]
n
= The n numbers 4,,4,, 4;.......A, are said to be

Arithmetic means betweengand p if

a, 4,4, 4......... A,,b are in AP

Here a = First term
b=(n+2)th term =a+(n+1)d
b—
then, d="""
n+l
Al—a+b_a
n+l
2(b-
AZ:a+( a), .....
n+l1
b—
An:a+n( a)
n+l




Geometric Progression (G.P):- A Sequence is
called a Geometric progression, if the ratio of
any two consecutive terms is the same

G.Pisofthe form a, ar, ar’, ar........ , Where

a s the first term and 5 is the common ratio
Genaral term of G.P:- If ‘a’ be the first term
and ‘r’ be the common ratio, then general term

(or) p* term of G.Pis T, = ar"”
The ,* term from the end of a finite G.P
consisting of m terms = ;7"

The ,” term from the end of a finite G.P with

n—1
l
last term / and common ratio » is / ( —j
r

Sum to n terms of a G.P :

>

b)

a) sum of n terms

-
_ 2 n—-1 __ .
S, =a+ar+ar’ +..+ar —a(— ,ifr<1

—r
r"—1

=a
r—1

If 7 be the last term of the G.P., then j=g¢™!,

ja ifr>1 =pa, ifr=1

a-1Ilr | Ir—a
Snzl_r’lf r<l = >
If the number of terms are infinite, then the sum
of G..P. is
S =a+ar+ar’ +..... zliif|r|<1
—r

Selection of terms in G.P :

No.of Terms Comimon terms
ratio
3 —, d, ar P
r
a 3
4 — . =, ar,ar 2
»
P
b a
G5 T o, o, Qi r
2
i o o 3 5
G — — —, aF, ar,ar a
r
FHi 2P

Properties of G.P :-
> a,b,carcinG.P < p2 =y

= In a finite G.P, the product of the terms
equidistant from the begining and end is always
same and is equal to the product of the first and

last terms
(ie) aya, ,=aa, ,=a,a, ,....... =aa,
Y a.a,.a;....... a, =(middle term)" ,if n is odd

=(Product of two middle terms)"?, if » is even

» Ifa,a,,a,...a, are in GP

a) A0, |0, e a, are in G.P

b) Aa,,la,,Aa;,........ ,Aa, are in G.P
(e R-{0})

c) a,ay,a;,....a, areinGPfor peR
1 1 1 1

d) a—l,a—z,a—3 ........ Z are in G.P

> If a,a,,a;....q,

negative terms then

loga,, loga,,loga,....... loga, arein A.P and

vice versa

Some facts about G.P :-

> If a,,a,,a,,....a, and b,b,,b,,....b, are two

G.P’s with common ratio r, and r, respetively,

then

a) a,tb,a,tb,,a,th,...... a,tb are notin
GP

b) ab, a,b,, ab;,......... ab, are in G..P with

common ratio L7,

a. a4, 4, a, i )
C) b_’b_’b_ ------------- b_ are in G.P with common
1 2 3 n
L
ratio I

Increasing and decreasing G.P:
= Leta,ar, ar, ....... be G..P

a) If a >0;r>1 then itis an increasing G..P

b) If @ >0; 0<r <1 thenitis decreasing G..P

is a G.P of non zero, non



c) Ifa<0;r>1 thenitisdecreasing GP

d) If a <0;0<r <1 thenitisan increasing G.P

Geometric mean (G.M):- The geometric mean
G of any two numbers ‘a’ and ‘b’ is given by

Jab where a, G, b are in G.P

> If a,a,,a,,....a, be n numbers then

geometric mean of these numbers is

= The n numbers G,,G,,G,,.....G, are said to
be geometric means between ‘a’ and ‘b’. If
a,G,,G,,G,,........ ,G,,barein GP

Here g = First term ; b:(n+2)th term

1 1

then r = (ﬁj"“ ; G = a(éjm ;
a a

2 n
G2 = a(éjnﬂ ........ ; Gn = a(é]”“
a a

G, G, Gy........G, =(Nab) = (GM of a,b)

n

= If‘a’ and ‘b’ are two numbers of opposite signs,
the GM. between them does not exist.

Arithmetico - Geometric progression
(A.G.P): A sequence is called an arithmerico-
geometric progression, if each term is the
product of the corresponding terms of an A.P.
and a GP.,

= If a, atd, at2d, a+3d,....... is an A.P and b, br,
br? seeeene. is in G.P. then ab, (a+d)br, (a+2d) p;-2,
............ isanA .G .P

= The general form of an A.G..P is a,
(atd)r,(at2d),2, ...........

Genaral term of A.G.P:

Genaral term of an A .G .Pis

T = I:a+(n —l)a’].r"’1 where a = first term, d

= common difference and r = common ratio.

Sum to n term of an A .G.P :

a (l—r"_l)_[a+(n—l)d]r”

+dr >
(l—r) 1-r

1-r
%[2a+(n—l)d] (when r =1)

(r;tl)

= Ifthe number of terms are infinite, then the sum

of A.G..P is
a dr
= 1
S, (1 7”)+(1—r)2 (when|r|< )
Eg. 21

Find the nth term of arithmetico- geometric

series | —3x+5x° —7x’ +......
Sol: The given arithmetico-geometric series is

1-3x+5x> = 7%+ The  A.P.
corresponding to this series is 1,3,5,7, .... and
the G.P. corresponding to this series

is 1,(—)6),(—)6)2 ,(—x)3 yerens

clearly, the nth term of the A.P.={1+(n-
1)(2)}=2n-1

and the nth term of

G.P= {1(—x)"_1} =(-1)" &

. the nth term of the given series

= 2n-1)(=1)"" %" =(=1)" (2n-1)x""
To Find nth term by Difference Method :

If 7},T,,....,T, are terms of any series and their

difference (I,-T1,),(-1),(I,-T5),......,

(T,, —TH) are either in A.P. or in G..P., then

T and S, of series may be found by the method

of differences. Let S, =7, +7, +....+T,

again S =7 +T,+...+T ,+T,

S, =S, =L +(L=T)+(L,=1)+...+(T, - T,,)-T,
T=T+(L =)+ (T =)+t (T,~T,.)

where ¢,t,,.......,t,, are terms of the new
series.



Harmonic Progression (H.P): A sequence is in
H.P, if the reciprocals of its terms form an A.P.

= Ingeneral H.P is of the form
1 1 1 1
a a+d a+2d a+(n—1)d
where a = first term, d=common difference in
A.P.
Properties of H.P :
2 1 1
» ab,c arein HP&—=—+—
a c
> Ifa,a,,a,,......... a, are in H.P then
@) a,,a, |y a,,a,,a, are in H.P
(b) Aa,,Aa,,Aa,,.......... Aa, are in H.P (1 €R)
4 4 4 L e in P wh
(©) PRI 5, arein H. where 1 £ 0
(d) Ifa, b are the first two terms of an H.P, then the
ab
n" =4 (1) (a-b)
(e) If ;5 term of H.P.is ‘n” and ,* term of H.P is
mn
‘m’, then 7, =—
r
> Ifa,a,,a....... a, be n numbers then H.M of
these numbers is 7 = : ri :
—t+—+—+..+—
a a, a a,
iy rr. 1
= T PR .
= The n numbers H,H,,H,........ H are said to

be harmonic means between a and b if
a,H,H, H,.... H ,b are in HP.

Here a = first term ; b= (n+2)h term

If D is common difference of AP

a-b 1 a-b

p=—420 L, 40
then _(n+l)ab; Hl_a (n+1)ab;

>

Xy

>

>

e
D

>

>

>

>

1, 2(a-D) 1 1 n(a=b)
Hz_a (n+1l)ab™ ;Hn_a (n+1)ab
11 1 1 n[l 1}
— t—t—F +—==|—+-
H,  H, H, H, 2la b

If x,,x,,x;,....x, are n-H.M’s between a and b,

ab(n+1)
X, =
then % =4 i 1)+ (a-b)

ab(n+1)

ab(n+1)
b(n+1)+n(a—b)

b(n+1)+2(a-b)> " "

Relations between A.M, GM, H.M:- Let
A,G,H be AM, GM and H.M between two
numbers a and b then

;G=\/£;H=

2ab
a+b

A=a+b

A>G>H

A,G,H arein GP (i.e) G* = 4H

The equation having a and b as its roots is
X' =24x+G* =0

If 4,G,H are AM, GM, H.M between three

numbers a,b, ¢ then the equation having a,b,c

3

G x-G =0

. . 3 2
as its roots is X —34x" +

n

a'+b
— Ty is the A M, GM & H.M between
a

n

1
aand b for n=1, 5 0 respectively

If A and G be the A.M. and G..M between two
positive numbers, then the numbers are

A+~ A -G

If the A.M. and G.M. between two numbers are
in the ratio m : n, then the numbers are in the

ratio m++'m* —n* :m—~m* —n’



Summation of some series of natural
numbers:

n

) Zl=21:1+1+ ............ +1(n terms)=n

k=1

> ik:1+2+3+...+n:%n(n+l)

k=1

y Zn:kz =12+22+ .. +n° =%n(n+1)(2n+1)
k=1

n ] :
> zk3 :13+23+,_,+1'13 :{;kj =(1+2+3+...+n)2

k=1

_ BH(HH)T = Lwi(n1)

n

¥ 1+3+5+..nterms =Y (2k-1)=n

k=1

n

¥ 2+4+6+..nterms =Y (2k)=n(n+1)

k=1

n

3 P43 45+ +n terms=2(2k—l)2

k=1
:%(4;12 -1)

n

3 24+ 446 .tnterms =Y (2k)

k=1
2
:En(n+l)(2n+1)

n

S P+3+5+...+n terms:Z:(Zk—l)3

k=1
=n’ (Zn2 - 1)

= Sum of n terms of series

+1
n(n ),ifnisodd

Po243—44+5 . |-n(n+1
%,ifniseven

Note: If |x| <1 then

1
=l+x+x 4+ 4.,

(1-x)
(1-x)7 =14+ 2x+3x% +4x" +.....
(1-x)7 =143x+6x> +10x +......
(l+x)71 =l-x+x" =% +.....
(1+x) 7 =1-2x+3x" —4x" +......
(1+x)7 =1-3x+6x> —10x" +......

General rule for finding the values of
recurring decimal : Let X denote the figure
which do not recur and assume they are / in
number. Let Y denote recurring period of
consisting of m figures. Let R denote the value
of recurring decimal then R=xyyy.. (or)

R=XY
~10'R = x.yYyy and 10" R = XY.YYY
XY -X
10[+m_101
s 623-6 617
. 0.623= =
E.g: 990 990

g 1243=14 20272

. Subtracting we get R =

|, 2411231
990 990 990

Sum of the products of two terms of a

sequence :

To obtain the sum z 48; | we use the identity

i<j
2Zaiaj =(a1 +a, +...+an)2 —(af +a; +...+ai)
i<j
Cauchy-Schwartz’s In equality If
a,,a,,a,,..a, and b,b,,.b are 2n real

numbers, then

2
(ab, +a,b, +...+a,b,) S(a12+a22+...+af)

(B7 +b; +...+b} ) with the equality holding if
donl .fﬂ_& _ 4
and only 1 b b, b

n



Eg.1
Find the first negative term of the sequence

20,191 181172
47727 4

Sol: The given sequence is an A.P in which first

term a=20 and common difference d=-3/4.
Let the n™ term of the given A.P. be the first

negative term. Then, a, <0
=a+(n-1)d <0=20+(n-1)(-3/4)<0

:>§—%”<0:> 83-31<0=>3n>83

:>n>27§ — =28

thus, 28th term of the given sequence is the first
negative term.

Eg.2
If 100 times the 100th term of an A.P with
non-zero common difference equals the 50
times of 50th term, then find 150th term of
this A.P. (AIEEE 2012)

Sol: 1007,,, =507, ; 100(a+99d)=50(a+49d)
2a+198d=a+49d ; a+149d=0
T, =a+149d =0

Eg.3

How many terms are to be added to make
the sum 52 in the series (-8)+(-6)+ (-4)+....7

n
Sol: S, =52 35[2(—8)+(n—1)2] =52
:>n(2n—18) =104

:>n(n—9):52:>n:13
Eg. 4

Let a,,a,,.....,a,be the terms of an A.P.

then

Sol:
§[2a1 +(p—l)d] :p_z
2

%[2@ +(q—l)d] 4

. [2a1 +(p—l)d] P

[2(11 +(q—l)d]

a, +(p2_1)d
:>—=£F0ra—6,p:11,q=41

a1+(q_l)d 9 %1
2

4 11
a, 41
Eg. 5

1 X X
If 1, log, (37 +2).,log, (4.3" ~1)arein AP,
then find x.

wn

ol: 1,%10&(31_*+2),10g3(4.3"—1) are in AP
= log, (3" +2) =1+log, (4.3 -1)
= log, (3" +2) =log,3+log, (43" 1)
= log, (3" +2) =log,3(43" - 1)
= (37 +2)=3(4.3"-1)
=337 +2=123"-3
=3 0123, (where t=3")
t
=3+2t=12t" -3t =12t> -5t-3=0

= (4t-3)(3t+1)=0
3 -1 3

St=",—=3==(3">0)
43 4
3
:>x=10g3(zj=l—log34
Eg. 6

If the sum of four numbers in A.P is 24 and
the sum of their squares is 164 then find those
numbers.

Sol: (a-3d)+(a-d)+(a+d)+(a+3d)=24

=4a=24=a=06
(a—3d)2 +(a—a’)2 +(a+d)2+(a+3d)2 =164

=2(a*+9d°)+2(a’ +d*) =164



=a’+5d° =41=36+5d> =41 = d =+1
required numbers are 3,5,7,9
Eg.7

Find the ,” term of the sequence
5,15,29,47,69,95,...

Sol: The given sequence is not an A.P. but the
successive differences between the various
terms

i.e. (15-5),(29-15),(47-29),(69-47),(95-69),....
1.e.10,14,18,22,26,..... are in A.P

Let ;7 term of the given sequence be
t,=an’ +bn+c —(1) Putting n=1,2,3 in
(1), we get

t=a+b+c=>a+b+c=5 —(2)

t,=4a+2b+c=4a+2b+c=15 —(3)

t;=9a+3b+c=9a+3b+c=29 —(4)
Solving (2),(3),(4), we get a=2,b=4,c=-1.
. the ,” term of the given sequence is
t,=2n"+4n-1
Eg. 8
The sum of the first n terms of two A.P’s are

in the ratio (2n+3):(3n-1). Find the ratio of
S5th terms of these A.P’s.

. S, _2n+3
Sol: Given that S 3n-1

The

t, 2(2n—l)+3 _4n+1
. 3(2n-1)-1 6n-4

ratio of nth terms

ty:t; =21:26

Eg. 9
The interior angles of a polygon are in A.P.
the smallest angle is 120’ and the common
difference is 5°. Find the number of sides of
the polygon .

Sol: Given a=120°, d= 5°
Sum of the interior angles of a polygon of n

sides is (n-2)180"

%[2(120)+(n ~1)5]=(n-2)180

= n[5n+235]=(n-2)360

= 5n(n+47)=(n-2)360

= n’+47n=(n-2)72

= n’-25n+144=0=(n-9)(n-16)=0

= n=9o0r16

(Since neglecting n=16, Since that case largest
angle is [ 120+(15)5]=195, which is not possible
no longer angle of a polygon is more than 180)
- 0=9

Eg. 10
Find 12" common term of two Arithmetic
Series 7+10+13+..... and 4+11+18+......... .

Sol: The ;7 common term of between two series

= ( L.C.M of common difference of 1st series
and 2nd series )( n-1) + 1st common term of
both series.

=(L.C.M of 3,7) (12-1)+25 =21(11)+25 =256

Eg. 11

Find the number of common terms to the two
sequences 17,21,25,...,417 and
16,21,26....,466.

series 17,21,25,.,417 has common difference4
series 16,21,26,...,466 has common difference5
LCM of 4 and 5 is 20, the first common term
is 21. Hence, the series is 21,41,61,...,401;
which has 20 terms.

Eg. 12

If n arithmetic means are inserted between
2 and 38, then the sum of the resulting series
is obatined as 200, then find the value of n.
We have

n+2

Sol:

Sol:

(2+38)=200=n+2=10=n=8

Let

a,,a,,...a,be n positive real number (not all

Arithmetic mean of the m™ power :



equal) & let m be real number
a’'+a, +....+a
then
n
(a1+a2+ ..... +anj vm e R=[0,1]
n
(a1+a2+ anj vme(0,1)
n
=(a1+a2+...+anj vme{o,1}
n
Eg. 13
n+l

Prove that \/I+\/§+ ..... +n<n

1
42+ ++/n 142434+...4n )2
Sol: <

n

(n+1 2 1
n 2
A2 <((”+1)]
n 2
T2 i < |

Eg. 14

If the third term of G.P is 4, then find the

product of first Sterms.
Sol: Given ¢, =ar’ =4

Product of first 5 terms =

(a)(ar)(ozrz)(ar3 )(ar4) =a’r’ = (ar2 )5 =4=1024

Eg. 15

If
(10) +2(11) (10) +3(11) (10) +.....+10(11) =k (10)",
then find k. [JEE MAIN 2014]
Sol:

k(10) =10" +2(11) (10)" +3(11)" (10)" +....+10(11)’

2 9
3k=1+2(£J+3(£j +....+10(£J —(1)
10 10 10

1k _11
10 10

)-@)=-L. (1]

2 3 10
+2 L +3 11 +...+10 L —(2)
10 10 10
(11)° [11)‘“
4 — | =10] —
10 10
11 10
— | -1
(10) 11 10 11 10 11 10
=10 —| =10 — | -10-10| —
o 10 10 10

10

10 10 \10

.'._—k=—10:>k=100
10

Eg. 16

Three Possitive numbers from an increasing
G.P. If the middle term in this G.P is doubled,
the new number are in A.P Then find the

common ratio of the G.P. [JEE-2014]
Sol: Let a,ar, arz be in GP and r>1.
Given g4, 2qr,a* are in AP .
:>2(2ar) =a+ar’ =>r’—4r+1=0
4+416—-4
r :TZZi\E .'.r>l:r=2+\/§
Eg. 17

Sol:

Three numbers are in G.P. Whose sum is 70,
if the extremes be each multiplied by 4 and

the mean by 5, they will be in A.P. then find
the sum of numbers.

Let the numbers be 4, 47, or* and sum=70
:>a(1+r+r2):70—>(1)

it is given that 44 54r, 447> are in A.P

= 2(5ar) =4a+4ar’ = 5r=2+2r"

=2 =5r+2=0=(2r-1)(r-2)=0
1
=>r= 2,5 put r=2 in (1), then a=10

1
put r = 5 in (1), then a=40

-. The numbers are 10,20,40 or 40,20,10.
. Sum of the numbers =70



Eg.18
If the sides of a triangle are in G.P and it’s
larger angle is twice the smallest, then find
the common ratio r satisfies the inequality.
Let the sides of a triangle be a/r,a and ar,
with a>0 and r>1. let ¢ be the smallest angle.
So that the largest angle is 2 ¢ . then o is
opossite to the side a/r, and 2 ¢ is positive to
the side ar. Applying sine rule, we get

Sol:

alr ar

sina sin2a

sin2a

= =7 =2cosa<?2

sina
=2 <2=r<2

.'.1<r<\/§

Eg. 19
Find the geometric mean between -9 and
-16-
Sol:
Required G.M = -9 x 16 = (3i)(4i) = 12
Eg. 20

If we insert two numbers between 3 and 81
so that the resulting sequence is G.P then find
the numbers.

Sol: Let the two numbers be a and b, then 3,a,b,81
are in G.P.

-nthterm T, = AR"™" ; g1=3g*"
; 81 3 _ 43
:>R =?=27:>R =3’=R=3

s a=AR=3x3=9,b=AR* =3x3* =27

Eg. 21
Find the sum of upto n terms of series :
5+7+13+31+85+....

Sol: The difference between the successive terms
are 2,6,18,54,.....Clearly it is a G..P. Let
T, be the n™ term of the given series and S, be

the sum of its n terms, then

S,=5+7+13+31+..+T, - (1)

S =

n

547413+ .. +T,, +T, > (2)
Subtracting (2) from (1)

0=5+[2+6+18+54+..+(T,~T_)]-T

n-1

=0=5+2

~T, =T, =5+(3"-1)=4+3""

n

5, =37, = > (4+37) —3 4433
k=1 k=1 k=1

k=1

=4n+(1+3+32 +....+3"‘l)=4n+1[3 _lj

Eg. 22

l+=—+—+—+—+.... is [AIEEE 2009]

ot L 5124610 13
ol Le 33 3 3

303 e )

Subtracting (2) from (1)

+ooe (1)

Eg. 23
Find the sum of the infinite series

4 9 16
l+—+—2+—3+....00 .
3 3 3
Sol: This is clearly not an AG.P Series, since
1,4,9,16.... are not in A.P. However their
successive differences 4-1=3,9-4=5,16-9=7, ...
are in A.P.

-1

Let S —1+i+2+2+ 0
e T TR T

10



g 1,49
37 3 3 3
Subtracting (2) from (1)

— +=+.0  (2)

Eg. 24

1
The S5th and 11th terms of an H.P are E

1
and © respectively, then find 16th term .

Sol: The 5th and 11th terms of the corresponding
A.P. are 45 and 69 respectively. Let a be the
first term and d be the common difference of

the corresponding A.P then,5th term =

and 11th term = a+10d=69......(i1)

solving equations (i) and (ii), we get a=29, d=4
- the 16th term of the A.P
=a+15d=29+15(4)=89

hence, the 16th term of the H.P=1/89
Harmonic Mean (H.M):- The harmonic mean
H of any two numbers a and b is given by

2ab
a+b’

H = where a, H,b are in H.P.

Eg. 25
Find two H.M’s between 1/2,4/17.

Sol: Letx, andx, be two H.M’s between1/2,4/17

4

1
. a=— b:— —_
. 2 » 17 > n=2

ab(2+1) 3ab 3(;)(147) _4

Tb(240)+1(a-b) at2b :(

.- ab(2+1) _ 3ab _ 3 ;)(147) 2
*ob(2+1)+2(a-b) 2a+b 2(;}(147) 7

Eg. 26

Let two numbers have arithmetic mean 9 and
geometric mean 4. then find the numbers are
the roots of the quadratic equation.

The A.M. of the two numbers is A=9 and the
G.M of two numbers is G=4

The quadratic equation whose roots are the
numbers having A.M and G M. are A,G

Sol:

respectively 1sx? —24x+G? =0-S0, the
required quadratic equation 1S
x*—18x+16=0

Eg. 27

Find two numbers whose arithmetic mean
is 34 and geometric mean is 16.

b
Sol: Let the two numbers be a and b then =34

and \[zp =16
= atb=68 and ab=256
= (a —b)2 =(a +b)2 —4ab

2

(68)" —4(256)=3600 =>a-b=60

on solving a+b=68 and a-b=60, we get a=64,
and b=4. thus, the required numbers are 64 and
4,

Eg. 28
The H.M. between two numbers is 16/5, their
A.M. is A and GM. is G. If 2A+G?=26 then
find the numbers.

. . 2ab 16
Sol: Given HM ofaand b is =—
at+tb 5

:>a+b:% S (1)

11



a+b

Sab
:(a+b)+ab=26:%+ab:263ab=16

From (1), a+b:§(16):> a+b=10 —(2)

c(a=b) =(a+b) —4ab=100-64=36

~(a=b)=6 —(3)Solving (2) and (3)
- a=8,b=2
Weighted Means: Let a,,q,,...a, be n positive

real numbers and m,,m,,m,...m, be n positive
rational numbers. Then we have weighted
Arithmetic mean A, Weighted geometric mean
G and weighted harmonic mean H as

qomatma,t....+ma,

m, +my +m; +....+m

G — (alml a;”z ..... amn )ml+mz+ AAAAAAAA +m,
n

A> G > H .- Moreover equality hold at either

place < a,=a,=...=a
Eg. 29

If 2p+3q+4r=15, then find the maximum

n

value of p3q5r7.

Sol: Since

2p 2p 2p 3q 3q 4r 4r
— |+ (Stimes)+ — 4t (7times)
3 3 3 S S 7 7

15

A2 () (%) 6wz

2°3°47 577
3 3
q5r7 T57 <l=p q5r7 S—233247

12

Eg. 30

P=2+3 -4+ . +9° =

Sol: * —2°+3° -4+ .+9° =

=(P+2°+..49")-2(2 +4°+..8")

2
{M} —2x2 (' +2°+3°+4)
2
=2025-1600 = 425

EXERCISE - I

. If the first term of an A.Pis —1 and common

difference is — 3, then 12th term is
1) 34 2)32 3)-32 4)-34

. If the sum to n terms of an A.P. is

3n” + 5n While T _=164, then value of m is
1)25 2) 26 3)27 4) 28

. Let T _be the rth term of an AP for r=1, 2, ...

If for some positive integers m and n we have
T =1mand T =1/m,the T =

1)— 1/mn 2) I/m+ 1/n

31 4)0

. The interior angles of a polygon are in A.P.

If the smallest angle is 100° and the common
difference is 4°, then the number of sides is
)5 2)7 3) 36 4) 44

. Ifa,b,c,d, e, fareinA.P., then e—c is equal

to
1)2(c—2)2)2(d-c)3)f-e 4)d—c

. If the ratio between the sums of » terms of

two A.P.’s is 34 +8:7n+15, then the ratio

between their 12th terms is
)16:7 2)7:16 3)74:1694)169 :74

. If the sum of the first ten terms of an A.P is

four times the sum of its first five terms, then
ratio of the first term to the common
difference is

H1:2 2)2:1 3)1:4 4H4:1

. If S, denotes the sum of n terms of an A.P.,

then Sn+3 - 3Sn+2 + 3Sn+l_ Sn=
1)0 2)1 3)3 4)2

. Inan A.P of 99 terms, the sum of all the odd

numbered terms is 2550. Then the sum of all
99 terms is
1) 5039 2) 5029 3) 5019 4) 5049



10.

11.

12.

13.

14.

15.

16.

17.

18.

If the first, second and the last terms of an
A.P. are a,b,c respectively, then the sum of
the A.P. is

(a+b)(a+c—2b) (b+c)(a+b—20)

D™ 2k=a) P 2(b-a)
(a+c)(b+c—2a) (a+2c)(b+c+20)
37 2(b-a) Y 2(b-a)

Four numbers are in arithmetic progression.
The sum of first and last terms is 8 and the
product of both middle terms is 15. The least
number of the series is.

1)4 2)3 3)2 41

If n arthmetic means are inserted between 2
and 38, then the sum of the resulting series
is obtained as 200, then the value of n is
1)6 2)8 3)9 4) 10

If >1 and 5 e N then

1" +2" +...+n" (’Hljm
1. >

n 2
1" +2" +...+n" (nHJm
2. <
n 2
3.1 +2" +...+n 51 .1 +2" +...+n <1
n n

Sum of the series

1 1 1
S=1+=-(1+2)+-(1+2+3)+—(1+2+3+4)+....

2( ) 3( ) 4( )+.... upto
20 terms is

1) 110 2) 111 3) 115 4) 116
The first and second terms of a G.P are

and " respectively. If 2 is the eighth term
of the same progression, then » is equal to
1) 13 2)4 3)5 4)3

How many terms of the series 1+3+9+... sum
to 364?

15 2) 6 3) 4 4)3
b—a b+a

If a, b and ¢ are in G.P., then + =
b—c b+c

)b*—c* 2)ac 3) ab 4)0

If x, y, z are the three geometric means
between 6, 54, then z =

Doz 218 3) 183 427

13

19.

20.

21.

22,

H,H, are 2 H.M.’s between a, b then

H,+H,
H.H, ~

ab a+b a—b ab
D a+b ) ab 3) ab 4)a—b

If H,, H,,....., H are n harmonic means
between a and b(=a), then the value of

H +a H +b
H,-a H, -b
HDn+1 2)n—-1 3)2n 4)2n+3
If1+1+1+ooﬂ4th
—+—+—+...00=—, then
o2t 3 90
1 1 .
1—4+3—4+5—4+-~-00 is equal to
r’ 7 r’ 7
1) — 2) — 3) —— 4) —
) 36 ) 48 ) 72 ) 96

The rational number which is equal to the

number 7 357 with recurring decimal is

i 2355 2370 2355 2359
) 1001 999 999 991
KEY

D4 2)3 33 4H1 52  6)2

1 81 94 10)3 11)4 12)2

13)1 14)3 152 16)2 17)4 18)3

19)2 20)3 21)4 22)3
SOLUTIONS

t, =a+(12-1)d

Tm = Sm - Sm—l

1

Tm=a+(m—1)d:l T =a+(n-1)d=—
n m

2

1 1 1
T,-T,=———,find d = ——, using
nom mn

T,,findaand T,
Sum of interior angles of a polygon of n sides

:ﬁkalgngpam»+m—uﬂ

Let A be first term and D be c.d

e=A+4D,c=A+2D - e-c=2D,check with option



3n+8
Tn+15

6. Ratio of the sums of n terms =

. Ratio of ,” terms Replace n with (2n-1)

3(2n—1)+8 _ 6n+5
7(2n—1)+15 14n+8

6x12+5 77

— Ratio of 1% terms =

7. S, =4S,
8' (Sn+3_Sn+2)_2(Sn+2_Sn+1)+(Sn+1_Sn)
=d-2d+d=0

50
9. 7(6114'6199):2550 = a, +dy, =102

99
sum of all the terms = ?[al + a99] =5049

10. Let there be n terms in the A.P. Then,
b+c-2a
" b-a
b+c—2a)(a+c)
2(b—a)
Take A.Pas (a—3d),a—d, atd,a+ 3d
Total no. of terms in A.Pis n + 2

c=a+(n-1)(b-a) =n

.'.Sumofnten‘ns=g(a+c) =(

I1.
12.

n+2

given that ( ](2 + 38) =200

13.

1" +2" +...+n" (1+2+3+...+njm (n+l
> >

n n 2

" S:Zn(n+1) :Z(n+lj

2n 2
15. The common ratio of the GP.’s .+

. x> =Eighth term

=x7=x" (x”+4)7 =Tn=28 =>n=4

13" = 1)
3-1

b? = ac and simplifying the given

a=o, ar4=54:>r:\/§

16. =364 findn

17.
18.

7

14x12+8 176 16

jm

19.

20.

21. —

22.

14

RN L_ﬁ(l 1)
H, H, H 2\la b
N N L_ﬁ(l 1]
Use g "u, " m 2\a b)
b
— and —
find 1 H
1* 2 37 907

(1 1o ) 1 (nj P I
—t+—+—+. .0 |+— =
P35 16\ 90 ) 9o *SMPLY

let x=2.357357357....
1000x = 2357.357357; subtract

EXERCISE - 11

. Letthesequence a,,qa,,a,,.....a, formanA.P

2 2 2 2 2 2 .
a’—a +a —a,+..+a,,,—a,, is equal to

Dy (4 -as,)

1 2 2
2n+1(a1 ~a,)
The sum to 101 terms of an A.P.is 1212. The
middle term is
1)6 2)12 3)24 4)26
If log?2, log(2x —l)and log(2" + 3) are in AP,

then the value of x is given by

3) (al+dl,) 4)

5
1) 5 2) log,5 3)logs5 4)log,3

Ifin AP, a, =9 and if q,.a,.a, is least, then
common difference is

NE
)10

o 32
)33

33

) 30 ) 20



10.

11.

12

1
. The sum to infinity of = +—+—+

The number of common terms in two A.P’s

2,7,12,17........... 500 terms and 1,8,15,22,.

300 terms is
2) 60

1) 58 3) 61 4) 63
InGP. (p+ q)’h term is m, (p —q)’h term is
n, then p” term is

2)\/@ 4) ym/n

If a,a,,a, are three positive consecutive

1) nm 3) m/n

terms of a GP with common ratio K. then
all values of K for which the in equality

a, > 4a, —3a,, is satisfies

D (1.3) 2) (~o0,1)U(3,00)
3) (—o0,0) 4) (0,0)
The series

2x +( 2x J2+( 2x j3+ to o ill
x+3 \x+3 x+3) 7 wi

have a definite sum when

1) —-1<x<3 2) 0<x<l

3)x=0 4) x>3

If a,b,c,d,x are real and the roots of equation

(a2 +b’ +c2)x2 —2(ab+bc+cd)x+

(b2 +ct+d? ) = O real and equal, then a,b,c,d

are in
1)A.P 2) GP 3) H.P 4) None of these
(666.... ndigits)* + (888.....n digits) =

4 4
—(10" -1 —(10™" -1
1) 9( ) 2) 9( )
4 4 2
—(10" -1)* —(10" -1
3) 510" =) 4) 5(107-1)
Let a = 111....1(55 digits),
b=1+10+10" +....+10*

c=1410°+10"+10" +....+ 10, then
lI)a=b+c 2)a=bc3)b=ac 4) c =ab
2
7—4+...
4)3/16

2t is

D15  2)724  3)5/48

15

13.

14.

15.

16.

17.

19.

20.

If each term of an infinite G.Pis twice the sum
of the terms following it , then the common
ratio of GPis

1 1 3
1) > 3) 3 4) )
Sum of infinite No.of terms in G.P is 20 and

sum of their squares is 100, then the common
ratio of G.P.is

2
2)5

1 4 2 3
l)g 2)g 3)§ 4)g

If s’ is the sum to infinite terms of a G.P.
whose first term is 1, then the sum of n terms
is

8)
3) 1‘@‘% K H(l_g

If ,>1and x=a+a/r+al/r +....,
y=b+b/r+b/r’ +....,

And z=c+c/r+c/r+...,

Then value of xy/z* is

D) ab/c* 2) abric 3) ab/c*r 4)ab/c
If the A.M. and G:M. of two numbers are 13
and 12 respectively then the two numbers
are
1)8,12

2)8,18  3)10,18 4)12,18

. If n!, 3(n!) and (n+1)! are in G.P., then n!,

5(n!) and (n+1)! are in

1)A.P. 2) GP. 3) H.P. 4) None

If G, and G, are two geometric means and A is
the arithmetic mean inserted between two

2 2
positive numbers then the value of G—l + EZ is
2 1
A2  2)A 3)2A  4)3A
If x, >0, i=1,2,3,..50 and

X +x,+x;+...+x,=50 and minimum

1 1 1 1

valueof —t "ttt —is 4 then 4 =
X X X Xs0

1) 50 2) 60 3) 40 4) 202.



21.

22,

23.

24.

25.

26.

27

If 4,4,,4,,.... belongs to A.P such that
A+A4,+4 +..+4,=140 then maximum
valueof 4,.4,....4,; is

Do»  2)7%  3)(14)"  4)(28)"
Let a,b and c be the real numbers such that
a+b+c =6 then, the range of ;p2.° is

1)(0,0) 2)(0,1)

3)(0,108] 4)(6,108]

If none of b.,b,..bis zero then
2

(2+Z§+... +b—j is

4)<(a12+a22+... ...+b”’2)

If a,b,c be the p™, q™ and r™ terms
respectively of a G.P., then the equation

a’b’c’x* + pgrx+a’b’c? =0 has

1) both roots zero

2) at least one root zero

3) no root zero 4) both roots unity
If-1<a,b,c<1 and a, b, ¢ are in A.P. and

o0 o0
XzZa“, ysz“,z
n=0 n=0

o0
n
= Z C thenx,y,zare
n=0

in
1)A.P. 2) GP. 3)H.P. 4)A.G.P
If a,,a,,a,,....a, are in H.P then

4 a, a4,

2 5 2
a,+a,+..a, a+a,+..a, a+a,+..q,

a

n

a,+a,+..a,

1)A.P. 2) GP. 3)H.P. 4)A.G.P
Ifa,8,bareinA.P;a,4,b arein GP;a,x, b
are in H.P then x =
1)2 2)1

3) 4 416

16

28.

29.

30.

31. If

2.

Number of positive integral ordered pairs of
(a,b) such that 6,a,b are in H.P is
1) 5 2) 6 3) 7 4) 8

atc

If a, b, ¢ are in H.P, then the value of is

a-—c
: a a->b 3 2 4 a
) a-b a ) a ) a+b
If x>Ly>lz>1
1 1 1
1+10gx’1+logy’1+logz
1) AP 2) GP 3) HP

a=3 b=

=1 r

are in G.P then

are in

4) AGP

1
(2r_ )2 > then

1M:

@l:;

2) 4)

(NN

3 4 3
D3 3 37

KEY
32 4)4
92 10)2
15)1 16)1
21)3 22)3
27)1 28)3

1
72

13)3
19)3
25)3
31)2

2)2
8) 1

14) 4
20) 1
26) 3

552 6)2

11)2 12)4
17)2 18)1
23)2 24)3
29)1 30)3

SOLUTIONS
—d(a,+a,+a,+...+a,,)

S =1212 = 4+50d =12, middle

term= TL”
2

t is given that

log2log(2"— ,lo (2*+3) are in A.P.

=(2-1)
= (2] -4(2

= (2”

)

= 2log(2" —1)=log2+1log(2"+3)
=2(2+ )
)=

-5)(2°+1)=0=>2"=5=x=log, 5



4. a,=9=a,+6d=9; D=aa,a, 1 1 1 j (2 2 2 j
12. —+—3+—5+ ...... + _2+_4+_6+ ......
) 777 77T
33 9
—(9— _ =270||d—— | —— S =all-r
13. a, :2[an+1+a”+2+an+3+ ........ oo],V neN
. 33 n-1 __ n n+l n+2 .
1S least for d:ﬁ ar — 2 I:al" + a.r + a.r + ..... ] s
5. 2,7,12,17.......500 terms g = 2ar” Dr:%
Ty =2+(500-1)5 = 2497 I=r )
1,8,15,22........300 terms 14 atar+ar’ +..0=20 27,720 ...
7300:1+(300_1)7:2094 A’ +a’r + @’ e 00 =100
The common difference of common terms = a’ )
5x7-35 =17 =100
Common terms are 22,57,92............ 3
Let last term <2094 from 1 and 2 we get ¥ Zg
= n<60.2 5. Szl_rjrz(l_ﬂ
6. arP*! —mand 4,791 =5, find mn sum to n
a a 1Y
7. —=—=K From the given in equality 1(1_(1_S]J Y
a4 4 N A I I
terms= (1 1] g
K’a, >4aK —3a,>0 = K2 —4K-3>0 s
. . 2x ar br cr
8. Common ratio of given G.P = 16. wehave X=—— y=—— Z=——
x+3 r—1 r—1 r—1
X
For definite sum of infinite GP.,—1 < <l |7 ath =13
x+3 2
= 2x +1>0and 2x -1<0 =_1<x<3 @:12
x+3 x+3 18, 9(n!V = (q! N
9. Roots are real and equal ’ (n) —(n.)(n+ ) —n=8
19. from synopsis
:>(a2+b2+cz)(b2+cz+d2)—(ab+bc+cd)2 =0 ynop
b \r+t n(b—a)
=b>=ac,c’ =bd,ac =bd G,=a|—| ; 4,=a+
a n+1

=a,b,c,d areinG.P

X +X, +..t+x L
L= 0> (xx5....%, )% (1)

10. (6+6(10)+....+6(10)"’1)2+[8+8(10)+ ..... 8(10)" ] 20 S0
2 1 1 1
(2o S0 e
50 X, X, Xy
Il g=1+10+10"+..+10*
10 -1_10°-110°-1_, L v ss0ma=50
10-1  10°—110-1 % 50

17



21.

22.

23.

24.

25.

26.

27.

28.

A+A,+A4 +...+ A4, =140
A+Ay=A4A+4=....=A,+ A4,
5(A4 + Ay ) =140 = 4 + A4,, =28

A+ A, +.. Ay
28
AM > GM

=14

Product of roots = 47 4pr"c47? =12 ()
no root is equal to zero.

e 1 1 S 1
a1 T

find a, b, ¢

given a, b, c are in A.P.

1 1 1

— T eeeeeaas in AP

a, a, a,

qtata+t..tq qratat.ta  atatat..taq

a 4 4a,
are in AP
2 1 1
a+b=16andab=16 and —=—+—
x a b
. 111 )
6,abarein HP = —,—,— arcin AP
6 ab
g:l+l:>b: ba
a 6 b 12—a
a€{3,4,6,8,9,10,11}

29.

30.

31.

18

1 11 ) 2 1 1 a+c
——,—aremAP.—=—+—=
a b c b ¢ a ac
2
a+c _ 2ac _ p
a—c b(a-c) 1_1
c a

y* =zx = 1+logx,1+log y,1+log z arein AP

a—l+i+.d{i+L+j
Fry ety pta e

4
3

EXERCISE - III

The series of natural numbers are arranged

1
& 3
4 5 g
as follow. 5. g 9 10 The
sum of numbers in the nth row is
nin+1
)
2

5 n(n2 +1) 3 n’ (n+1) " n’ (n2 +1)
2 2 2
If a,b,c,d are distinct integers in A.P. such
that 7 = 4> +p> + >, then g+ pyc+d =
1)0 2)1 3)2 4)4

. Apersonis to count 4500 currency notes. Let

a, denote the number of notes he counts in

the ,” minute.

Ifa,=a,=..=a,=150 and 4y, q,,,..., arein
A.P. with common difference -2, then the
time taken by him to count all notes is

1) 135mins 2) 24mins 3) 34mins 4) 125mins



4. A man saves Rs. 200 in each of the first 3 10 The value of x satisfying the equation
months of his service. In each of the o
. .. 11089
subsequent months his saving increases by 3 1_l+l
Rs. 40 more than the saving of immediately
previous month. His total saving from the

start of service will be Rs 11040 after. 1 1 log, 10

[AIEEE 2011] :|:20(1——+1— ..... o0 :| is
1) 21 months 2) 18 months 1 1
3) 19 months 4) 20 months 1) 100 2) 10 3) 1000 4) 10

5. The sum of first 20 terms of the sequence 1. If

in? x +sin* X +sin® x +...upto o0) log_ 2
0.7,0.77,0.777,.... is.  [MAINS-2013] exp | (sin’ x+sin’ x +sin’ x +...upto o) log, 2|

satisfies the equation x*> — 17x + 16 = 0 then

7 _ 7 _
1) _(179_10 20) 2) _(99_1020) the value of 20¢(0<x<rt/2)is
81 9 sin X +2cos x
- . 1)1/2 2)3/2 3)5 4)2/3
3) —(179 +10*2°) 4) —(99 + 10’20) 12. The length of the side of square is ' ;' metre.
81 9 . C .
) A second square is formed by joining the
6 Sum of n terms of the series middle points of the sides of the squares.
1,3,7,15,31..... is Then a third square is formed by joininig
1) 2 _py_2 2) 2" _p_n the middle points of the sides of the second
squares and so on. Then the sum of the area
3) 2™ +n+2 4) 2" —1 of squares which carried upto infinity is
7. The three successive terms of a GP will form 1) 42 2) 247 3) 342 4) 44>

the sides of a triangle if the common ratio

a+be’ b+ce’ c+de’
satisfies the inequality (r > 1) 13. If b’ hece  o—deo’ then a,b,c,d are

in
1)) (1,\/54_1} 2) (—oo,\/g_lJu(\/g+l,ooJ 1)A.P. 2) GP. 3)H.P. 4)A.G.P
2

2 2 14. Ifa,b,c,d are positive real numbers such that
a+b+c+d=2,then

M =(a+b)(c+d)satisfies the relation

3) [V5.45] 4) (—5.45)

8. If a,b,c be respectively the p” ¢” and Do<M<1 ) 1<M<2
i logh 1 3) 2<M <3 4)3<M <4
oga 108 98¢ 15. If n be the number of sequence a,b,c,d,e
terms of G.P then A=| p q r satisfying the conditions
1 1 1 (i) a,b,c,d,e are in A.P and G.P. both,
(ii) ¢= 3,7 then ‘n’= -——---
equals to 1 2)2 3)5 4)10
D1 2)0 3)-1 4)2 16. If p™,q™,r™ terms of an A.P are in G.P. whose
100 100 common ratio is k, then the root of
9. If, _3, -5 then Dt =321, +1= . )
s My =242 3 e T equation(g—r)x*+(r—p)x+(p—q)=0 other
than unity is
2101 +1 2101 _1 2201 _1 2201 +1 l
1) 100 2) 5100 3) 5100 4) i )k 2) 2k 3) K2 4+

19



17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

If the sum to infinity of the series

is — thenx =

2 3
1+4x+7x" +10x" +..... 16

1 2 3 1
D3 25 3) 5 45
The value of 2"* 48 816 1632 ... is
1)2 2)3/2 3)1 4)1/2
Let x be the arithmetic mean and y,z be the
two geometric means between any two

y3+23

positive numbers. Then value of is
1)2 2)3 3)1/2 4)3/2

If a, b, ¢ are in G.P., then the equations ax’
+ 2bx + ¢ = 0 and dx* + 2ex + f =0 have a
common root if a/d, b/e, ¢/f are in

1)A.P. 2) GP. 3)H.P. 4)A.G.P
n/4
Let L, = I tan"xdx  Then
0
L+1,, L+L, I+, I, +1,... are in
1)A.P. 2) GP. 3)H.P. 4)A.GP

Leta,a,..a beinA.P. and h, h,,...h  be
in H.P.Ifa =h, =2 and a, =h =3, thenah,
is

1)2 2)3 3)5 4)6

If the sytem of linear equations x + 2ay + az
=0,x+3by+bz=0,x+4cy+cz=0has a
non-zero solution, then a, b, ¢ are in

1) GP. 2) H.P.

3) Satisfya+2b+3c=0 4) A.P.

If cos(x—y), cos x and cos (x+y) are in H.P,
then value of cos x sec (y/2) is

D2 2D+3 32 4+l
If a, b, ¢ are real and in A.P. and a%, b?, ¢* are
in H.P., then

l)a=b=c 2)2b=3a+c
3) b’ =+ac/8 4) ab=c

If 9A.M.’s and 9 H.M’s be inserted between
2 and 3 and A be any A.M. and H be the
corresponding H.M., then H(5-A) =

1) 10 2)6 3)-6 4)-10

27.

28.

29.

30.

31.

32.

20

Suppose ‘a’ is a fixed real number such that

a-x a-y a-—z
= = if p,q, r are in AP then

px qy rz
x,Y,Z all are in
1)A.P. 2) GP. 3) H.P. 4) A.GP.

a,b,c are in A.P; b,c,d are in G.P and c,d,e
are in H.P. If a=2 and e=18, then the sum of
all possible values of c is

1)-6 2)6 3)12 4)0

If an A.P., a G.P. and a H.P. have the same

first term and same (Zn + 1) th term and their

(n+1)" terms are a,b,c, respectively, then the
radius of the circle.

x* + > +2bx+2ky+ac=01is

1) k Dk D pr—ac b
If a,a,,a,,a,,a,,.......,a,,, b are in A.P and

A, 81,8783 84s-sZa,,0 arein GPand

is the H.M of a and b then
a+a,, a,ta,._ a,ta,.,
+ +o 1
8182 8287111 £.,8..1 15 equa
to
1)2n/h 2)2nh  3)nh 4) n/h

If f(x)=x"—(a+b)x+aband A and H be

the A.M. and H.M. between two quantities a
and b, then

1) Af (A)=Hf (H)
2) Af (H)=Hf (A)
3) A+ f(A)=H+ f(H)

4) f(A)+H=f(H)+4

If positive numbers a,b,c be in H.P. , then
equation

X —hkx+ 20" —a' = = O(k € R) has

1) both roots positive

2) both roots negative

3) one positive & one negative root
4) both roots imaginary



33.

34.

35.

36.

37.

38.

39.

1242224324242 +5 +2.6*+......1s

10

The value of fodx is

n=l o
1) an even integer
3) a rational number

2) an irrational number
4) an irrational number

Let 2. r' =f(n) then 2, (2r—1" is equal to
r=1 r=1

1) f(2n) — 16f(n) 2) f(2n) — 7(n)

3) f(2n—a) — 8f(n) 4) f(2n—a) — 7f(n)

For x c R let [x] denote the greatest integer
< x. Largest natural number n for which

3l e+l s
E=|—|+| —+=|+| —+—|...+| —+—| <43,
2 100 2 100 2 100 2 is

1)41 2)42 3)43 4) 97
The sum to n terms of the series
P 1P+2° 1P+2°+3°

6n 9n 12n 3n
Do n+l n+l n+l

Let ,# term of a series be given by

”' n
T:— Lt ]:,:
T3+ then ’H”rzﬂ:

N N
) 2 ) 2 ) 2 ) 2

The sum of the first n terms of the series

when n is even. When n is odd the sum is

N 3n(r; +1) ” {n(n;. 1)}2
3 n(n:l)2 4 nz(I;-i-l)

Sum to n terms of the series

tan”' (%j +tan’ (%j +tan”’ (%) +... is
1) tan™ ( 1 j 2) tan™ ( 2n -1 j
n+2 2n+2

tan™' (Lj tan ™' (Lj
3) 3n 4) n+1

40.

41.

The sum of the series

1 1 1 1

+ + + S RPN 0 i
311 442 543 644 18
) 36 )33 ) 36 ) 36

n

;n(l—a)(l—2a)(1—3a)....{1—(n—1)a} -
1) 1-(1-a)(1-2a)(1-3a)....(1-na)

2) a[l—(l—a)(l—2a)....(1—na)]
3) %[l—(l—a)(l—Za)....(l—na)]

4) é[l—(l—a)(l—2a)(1—3a)....{1—(n—1)a}]

42.

21

n n k n 1
If Zz‘r =2222,then2—=
r=1

k=1 j=1 =1 = L,
{ n+1 5 n 3 n—1 4 n
) n )I’l+1 ) n )n—]
. Sn=§m,then S,0-Sho

[y 110 211 5, 110 111

111 421 421112

110 420 55 210

111 421 111 421

L If bi:l_ai’na:zaﬂnb:zbi, then
=) =)

Zn: ab, +Zn:(al. - a)2
i=1 i=1

1) ab 2)-nab  3)nab 4) (n+1)ab

LA +3+ 5L Ap) A +H3+H5H =1+

3+5+....+r) where each set of parentheses
contains the sum of consecutive odd integers
as shown, the smallest possible value of p +
q+r, (where p>6) is
1)12 2)21

3) 45 4) 54



46.

47.

48.

49.

50.

The largest term of the sequence

1 4 9 16

503°524°581°692°

1£ 48 ; 49 A 64
)16 1509 )1529 )1509

Consecutive odd integers whose sum is
252-112 are

1) 23,25,27,....,49
3) 21,23,25,....,49

2)25,27,29,....,51
4) 19,21,23,.....,47

Z sin® mx a, ds 4y
a,=|— dx,then|a, a5, a
If '([ Sln2 X 2 52 102
a; ds; Gy

1)1 2)0 3)-1 4)2
Consider the sequence
1,2,2,4,4,4,4,8,8,8,8,8,8,8,8,..... then 1025"
term will be
1) 29 2) 211 3) 210 4) 212

If set of two numbers

(tan’1 x,tan”' y,tan”' z) and (x,y,z) are in
A.P such that y does not belong to the set
{0,—1,1} then

Xy z
1) set {—,—,—}EGP

y z x

xXyz
2) set of numbers {—,—,—}éAG.P
Vv zx

3) set of numbers are not identical
4) sum of squares of their differences taken
pairwise is not equal to zero

KEY

)3 3)3 41
82 93  10)1
14)1 15)2 16)4
2003 21)3 22)4
26)2 27)3 28)4
32)3 33)3 34)1
38)4 39)1 40)1
44)345)2  46)3
50) 1

1)2

7)1

13)2
19) 1
25) 1
31)2
37)3
43) 4
49) 3

5)3

1)1
17) 1
23)2
29) 2
35) 1
41)3
47) 1

6) 1

12)2
18) 1
24) 1
30) 1
36) 1
42)2
48) 2

1.

22

SOLUTIONS
S=14+24+44+T+11+...+x,...>0)
S= 14+2444+7+.....+x, _, +x,...(i1)

()= (i) = 0=1+[1+2+3+4+...+(n-1)]-x,

— 2 —

x :1+(n Dn _n n+2

2 2

The nth row contains n consecutive numbers

2

..o n"—n+2
with T as the first term,

Sum:%{z(#}(;@—l).l}

a+3k=a’ +(a+k)2 +(a+2k)2,
Where k=c.dof AP
=5k* +3(2a—1)k+3a2 —a=0..(%)

using A >( then a=0 or -1
From (i), when a =0, 5k-3k =0
then k does not exist,

if a=-1,5k*-9% +4=0

4
=k= Lg =k =1(-sk is an integer)

La=-1,b=0,c=1,d=2=a+b+c+d =2
Till 19" minute, the number of counted notes
is 1500.

3000 = 2[2(148)+(n —1)(=2)] = n[148 - n+1]

= n* —149n+3000 =0

Since n=125 is not possible, total time required
is 24+10=34 minutes.

Total saving = 200+200+200+240+280+.... to
n months= 11040

n—

2
: [ 400+ (n—3)40]=11040

= 400 +

=(n-21)(n+26)=0=n=21
0.7+0.77+0.777 +...+ 0.777...7



= %[(1—0.1)+(1 —0.01) +....+(1-0.000....1)]

7 )
25(179“0 20)

6. Let S=1+3+7+15+31+...+7T,
§S=0+1+3+7+15+...+T +T,

1(2"—1)
()-2)=L= (2_1) =

7. Sum of two sides of a triangle > third side

a—+ar > Cll"z
8. Let A be the first term and R be the common
ratio of the G..P. Then,

a=AR"" =loga=logA+(p-1)logR...(i)
b=AR"" = logb=log A+(q—1)logR....(ii)
c=AR" =logc =log A+(r—1)logR....(iii)

Multiplying (i), (ii) and (iii) by (¢ —7),(r - p)

and ( p— q) respectively and adding, we get

(g—r)loga+(r—p)logb+(p—gq)logc=0
=>A=0

100 100 100 100

AW NI YA’
r=1 r=1 r=1 r=1

100

1
:2101 _2+1_W+3Zt”
r=I1

9201 _q 100
:W—l'i'?)z_l:tr
log, (x log!0
1 20
3—— = —-
10.
1+l 1+l
4
log,
2'°8I0% (24) 0 log,, x = 4
log,, x

1
Slog, x=42=x=100 or x =——
Eio 100

23

11.

12.

13.

14.

15.

16.

;Jﬁa+bxc+dﬂg(

G

— o —>

side of second square is 2 side of third

2a—(a—bey) _2b—(b—cey)
a-be’  b—ce

2c— (c —de’ ) )
= by law of proportion

c—de

(a—bey) (b—cey) (c—dey)

=

b c
=a,b,c,d, are in G.P.
Since GM. <A.M.

a

a+b)+(c+d)
2

Also a,b,c,d>0 ..M >0Thus 0<M<1.

a,b,c,d,e are in A.P. and G.P both

=a=b=c=d=e=3,7

= Required sequences are 3,3,3,3,3 and

7,171,717 =n=2

2
2

+(g—1
Given k:z (6]




17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

11 3 1 1 2 3 4
Sttt

242401608 T 92 0y

) a+b
Given that X =

> and a, y, z, b are in G.P.

2 2
2_ 2_ 3+Z3=‘y_+Z_
vy =az,z =by,V ¥z xy

ax’ +2bx+c=0= (vJax+/c)* =0
c .
x=—\/£,use in dx’ +2ex+ f=0

1
We know that I, +1,, = 1 from integration

let ‘d’ is common difference of A.P

f3—a,=2+9d =>d =+
9

1 1
let ‘D’ is common differnce of h_l’h_z’"" h

-1

54

2 1 1

= +
cosx cos(x+y) cos(x—vy)

2a’c?

a’+c¢’

2b=a+c&b’=

simplify, we geta=3 - a=b=c

Let A be the ” A.M., then H will be the ;*

_20+k
10

H.M Now, 4=2+kd =2+k(31_02j

11
gLl \3 2) 30-k
60

2 10

.'.A+£=5:>H(5—A)=6
H

24

27.

30.

31.

32.

—
|

1 1
by law of proportion x vy v z

B 2ce

2 ct+e

=c*=ae=36;c=60r —6

. let A be the first term, D be the common

difference and B be the (2n+1)" term of A.P.

then B=A+2nD=D=2-%
2n
a=A+(n+1—1)D:A;B
2AB
imi b=~AB and c=
similarly 15
-.b* =ac then find r.
a+b=a,+a, =a,+a,,  =.... and
h— 2ab
ab=gg,, = 8,8, - and 1= ath

SA)
We have to calculate 7(H) and f(A)— f(H)

a+b’H: 2ab Jlatb) 4
2 a+b’  4ab H

a,b,care in HP = H.M.of aand cisb

(a +b)2 A

Here 4=

=A+ac >b['.' GM >H.M]
Since A.M

>GM.a" +¢ > 2(Vac )lOl S 2B

f(x)=x2 e+ 2b\0 _ g0t _ ot



33.

34.

35.

36.

37.

38.

39.

40.

41.

Then f (—0) > >0,

f(()) —op\0 g0 _ 10l

Hence equation f(x) = 0 has one root in
(—o0,0)and other in (0,)

Y 18, a(n+1)(2n+1)

Z( 2 ]O BE2 T

n=1 n=1

1s rational number

Z (2r—1)" =Total sum - Even sum=

r=1

ir“ - Zn:(Zr)4 =f(2n)—16f(n)

r=1
T
Since 3.14 < n<3.142, 1-57<E<1.571

T n

.‘. _+_ :1 =
[2 100} forn=0,1,2, ..., 42

the largest possible number n for which
E <43 is41.

(2n+1)6 6(1 1 J

"Ta(n+)(2n+1) \n o+l
6n
S, =31 ="
" z” n+1
T-——" =l[ b1 }
To(r=1) = 2Lt ==l el
2
Ifnis odd; S, ., =w+(2m+l)z
tanl(z_ j+tanl(3_2j '
1412 1123 Verily
r—— 1 1
" +(n-2) (n+2)(n 1),where
=1 1 1 13
_ S.=2 = 5e
n=345,... . ;S{n_l n+2} 36

n

a

1 {(1—a)(l—2a)....{1—(n—1)a}}
_(l_a)(l—za)....(l—na)

Put n=1,2,3,...n and add.

n k j n n
4. 2 2D2= 2j
k=1 j=1 i=l k=1 j=1
_n(n+1)(2n+1)+n(n+l)
N 6 2
_n(n+1)(2n+1)
" 3
:nr:S"_SH:r(r+1)(r+2)_(r—1)(r+1)
3 3
1 1 n
.'.Z—: - =

n+l1

L n2 =S -1 1- !
43. (1+n2) -n’ " l+n+n’

g Lot |_210
and =220 =5 1 0T | T 401

44. Zaibl. :Zai(l—al.) :na—Z:ai2
=na-Y (g, —a)2 > a*-2a) (a,-a)
= > ab+Y (a,~a) =nab
(- 2b=X"1-"a,,.nb=n—na(or)a+b=1)

45. Sum of first n odd natural numbers = n?

) (p+1j2+(q+lj2 _(r+lj2
L2 2 2
Sp+1=8,q+1=6,r+1=10

2

46. T,=————;
500+3n
ar.  n(1000-3n")

dn(500+3n°)

1

1
n= (@T between 6 and 7

Hence 7, is largest term
47. Let the n consecutive odd integers be
2k +1,2k+3,2k +5,....+ 2k +2n—1

(n+k) —k*=25-112
Sk=1Ln+k=25=>n=14

Given

25



48.

an+2 + an - 2an+1 = O

a, +ay, =2as,,a, + a4, = 2a;.

49. In the given Sequence | term is 1.

50.

The first 2 is in term 2

The first 4 is in term 4

The first 8 is in term 8

The sequence is doubling the first number and
putting that number in the sequence for however
many terms it is worth, i.e 8 is in the sequence
8 times, 4 is in the sequence 4 times, because
we double the number each time, we know the
pattern will go
1,2,4,8,16,32,64,128,256,512,1024,.....

So that means the number 1024 will start from

1024™ term
- 1025 term is also 1024 = 21°

1

tan”' y—tan”' x=tan"' z—tan"' y
ry-x_z7Yy

1+)C.y 1+Z)} .............. (1)
x,y,z are in AP

Y-XTZ-Y 2)

from (1) and (2) I+xy=1+zy
X=zZ JJX=y=Z..Xx,y,z arein A.P

26



JEE MAINS QUESTIONS

L.
The common difference ofthe A.P. b;, by, ..., b, 1s 2 more

than the common difference of A.P. a, a,, ., a,. If

(D81 (2)-127  (3)-81 (4)127

2. "
[f328n20-1 14 and 3%-252¢ gre the first three terms of an

AP for some o, then the sixth term of this A.P1s:
(166 (2)81 (3)65  (4)78
3

Let 4, a,,.....a, be a given A.P. whose common

difference 1s an integer and §, =a; +a,+...+q,. If

a,=1,a,=300 and 15<n <50, then the ordered pair
(8,4 a,4) 15equalto:

(1) (2490, 249)
(3) (2480, 248)

(2) (2480, 249)
(4) (2490, 248)

4. The number of terms common to the two A.P.’s 3,
7,11, ..,407 and 2, 9, 16, ..., 709 is )

5

Let f: R — R be such that forall x e R, (214 2“—‘),.{(;&(}-

and (3" +3)arein AP, then theminimum value off(x) is:

M2 @3 O (4) 4

6

LetS, denote the sum of the first # terms of an A.P. If 84 =16 j

and S, =-48 then S, is equal to :

(1)-260 (2)—410 (3)-320 (4)-380

7.

[fa),ay,a, ...... arein AP such that a, +a?+a|6=40,-
then the sum of the first 15 terms of thisA.P. is:

(1)200 (2)280 (3)120 (4)150

8.
Ifa,,a,,a,,....a aremAPanda, +a,+a,+... +a, =114

thena, +a, +a,, +a,,isequal to:

()98  (2)76  (3)38  (4)64

9.If the sum and product of the first three terms in an
A.P.are 33 and 1155, respectively, then a value of'its
11thtermis

(H-35 ()25

(3)-36 (4)-25

10.The sum of all natural numbers ‘n’ such that 100 <
n<200 and H.C.F. (91,n)> 1 is

(1)3203 (2)3303 (3)3221 (4)3121

11.If 19th term of a non-"ero A.P. is Zero, then its
(49th term) :(29th term) is

(H4:1 2)1:3 3)3:1 @)2:1

12.The sum of all two digit positive numbers which
whendivided by 7 yield 2 or 5 as remainder is:

13.

Leta, b, ¢, d and p be any non zero distinct real numbers
such that (¢* + b* + cz)p3 ~2(ab+betcdp+ (A +cH+
d®)=0. Then

(1)a,c,pareinA.P .
(3)a,b,c,darein GP.

(2)a,c,parein GP.
(4)a,b,c,darein A.P.

14.
Suppose that a function f: R—R satisfies f(x +v) = flx)f()

i
forallx, yeRandf(a)=3.If Zf[i) =363, then n is
i=]

equal to

27



13. . 20.If m arithmetic means (A.Ms) and three geometric
Let c.and f be the roots of ¥* - Jxt+p= 0 andyand6be means (GMs) are inserted between 3 and 243 such
that 4th A.M. is equal to 2nd G.M., then m is equal to

the roots of x* — 6x-+¢ =0, Ifa, B, 7, form a geometric
progression. Then ratio (2¢ + p): (2-p) is:

21.
)3:1 (2)9:7 (3)5:3  (4)33:31 [F1+(1-22 1)+ (142 3)+(1-6% 5) ... +(1-20%
19) = 0.—220, then an ordered pair (e, f§) 1sequalto:
16.
1 1 1 ; (1)(10,97)  (2)(11, 103)
The value of (U ]6)10g25( +3 +3 +...10 SCJ (3) (10, 103) (4) (11, 97)
equal to . .
17 Let f:R—R be a function which satisfies
Let a, be the n" term of a GP. of positive terms. - fx+y)=fx)+f(y),Yx,yeR If f (a) = 2 and

100 (n-1)

If Z”’ml =200 and .y, =100, then Z” Is equal - ()= Z f(k), neN, then the value of n, for which

n=l n=l n=l
k=l

0:

g(m)=20, 1s:
(1)300 (2)225 (3)175 (4)150
18. ()5 ()20 (3)4 4)9
. - ) H -
fx=Y (-1)" an®9and y=Y cos™8, for0<f< —,
n=0) n=l) 4 23.
1
Mx(1+y)=1 @)y(l-x)=1 nin+1)2n+1) .
Dyl i0=1 Wxl—y)=1 The sum, Z_}— is equal to
19. .
The greatest positive integer &, for which 49 + 1 isa
factor of the sum 49! + 49124+ +492 449 +] is: 24,
20
()32 (2)63 (3)60 (4)65 The sum Z{l+2+3+,-.+ﬁ:} 15
=

28



25..Some identical balls are arranged in rows to form
anequilateral triangle. The first row consists of one
ball, the second row consists of two balls and so on.
If 99 more identical balls are added to the total
number of balls used in forming the equilateral
triangle, then all these balls can be arranged in a
square whose each side contains exactly 2 balls less
than the number of balls each side of the triangle
contains. Then the number of balls used to form the
equilateral triangle is

(1)157  2)262(3)225  (4) 190

KEY
1.3 2.1 3.4 4.14 5.2
6.3 7.1 82 9.4 10.4
1.3 12.4 13.3 14.5 15.2
16.4 17.4 18.2 192 20.39
21.2 22,1 23.504 24.1540 25.4

SOLUTIONS

Let common difference of series

, by, B3yl DEA.
g =a+39d=-159  .()

From equations (1) and (11),

d=—4andal =-3

Since, the common difference of b, by, ....., b 152 more
than common difference ofa,, a, ...... @ .

. Common difference of b,, by, b, .....15(-2).
Vb =g

25 +99(-2)=(-3)+69(-4)

=5 =198-279= b =-8l

Given that 325in.'3|:u[—iT 141 34~25in2t1 arein AP

1 L P L, P
S‘l 3hs1n.ﬂ !+3-1 2sin2a 228

::»3 - 4 =8

3 32 sm2a

LE[ 325mlrx =

x 8l
:>l+—:28
X



— 3’ —84x+243=0 > x =81, x=3 = 23+(n—1)x28<407
= (n—1)x28<384

n*’:334+1
= = —_—
28

When x =81 = gin2q = 2 (Not possible)

T
Whenx=3 = o =—
en x 2

== r=<147]
na=3=1d=14-1=13 L
ag =a+5d =1+65= 66 >.
I£2'-+2" fix), 3*+3*arein AP, then
21+.‘:+21—X+3.T+3—I
J(x)=
Given that a, =1 anda =300and d € Z 2
S 300=14(n-1)d
I I
2f(x)=2| 2" +— |+| 3 +—
299 213 /) { 2—") ( 3-r]
BT
" Using AM >GM
-+ d 15 an Infeger 23
sn=1=130r23
= n=14 o4 (:15<n<50) ¢
—n=24 andd=13 Given, §,=16and S, =—48
ay =1+19x13=248 = 22at+3d=16=2a+3d=8 .(1)
And 3[2a+5d]=—-48 = 2a+5d=-16
.5'2{}:2—?(2+19x13):2490h = 2d=-24 [using equation (1)]
7 = d=-12anda=22

10
Sy 7 = (44+9C12))=-320

First common term of both the series is 23 and common
differenceis 7 x4=28
o Lastterm <407
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ifd=-4

, , T, =T, +10d=15+10(-4)=-25
Let the common difference of the A.P. 15 *d".

Given, a, +a,+a, =40

= a,ta+6d+a+15d=40 10.
= Ja+21d=40 2 91=13x7

40 Then, the required numbers are either divistble by 7 or 13.
= atld= EY =) *. Sum of such numbers = Sum of no. divisible by 7 +

sum of the no. divisible by 13 — Sum of the numbers
divisible by 91

Now, sum of first 15 terms of thisA_P. s,

15
5.~ ) [2a +14d]=15(a, +7d) =(105+112+...+196)+ (104 + 117+ ... +195)- 182
=2107+1196-182=3121
40 _
=13 5| =200 [Using (i)]
11.Let first term and common difference of AP be a
and d respectively, then
t =a+(n—-1)d
8+a+a.+..+a =114 s le=a+18d=0
= 3a+ay) =114 - a=-184
:}al+ﬂm:38 49 a+48d
N0w=al+aﬁ+gu+am:2(Hi+alh):2XEB:M I T a+28d
9. 184 +48d  30d
Let three termsof A.P. area-d a.a+d ~ —-184+28d 10d =3
Sumoftermsis, a-d+a+a+d=33= a=11 i Tt =321

Product of terms 1s, (a~d) a(a+d)=11(121 -F)=1135
> 121-d=105>d=+4

ifd=4

T, =T +10d=7+10(4)=47

31



12.

Two digit positive numbers which when divided by 7 P 303"-1) ” { ¢ _ alr" - ﬂ
yield 2 as remainder are 12 terms 1.¢,16,23, 30, ..., 93 Ay 5 e
Two digit positive numbers which when divided by 7 yreld
5as remainder are 13 terms 1.e,12, 19,26, ..., 96 T (o 363x2 =242
Byusing APsumof 16,23, ..., 93, we get
§,=16+23+30+...+93=654 ¥ = Mli=F =5

Byusing APsumof 12, 19,26, ..., 96, we get
§,=12+19+26+...+96=702

15.
.. tequired Sum=§, +§,=654+702= 1356 Lét a, B, v, 8 beinGP, then a5 =By
13. ' | o X . u—[_’»:}f—ﬁ
Rearrange given equation, we get B &  |a+PB| |y+d
{azpz—labp+b2)+{b3p2—2bcp+c2] ‘/— J—
- 36-4
Hc2p - 2edp+d*)=0 3 6
::’(ﬂp—b]3+(bp—[f]2+(fp—d)2:0 :}36—16}?"—'36—49':3(?:4}7
ap=b=bp-c=cp-d =0 2q+p _8p+p 9 9
2q-p 8p-p Tp 7
b ¢ d ;
D —=—=— . a,b ¢, dareinGP.
a b ¢ 6.
14.

logas| 7473
S+ =SS vxeR adfi)=3  (0.16) g [3 g
= f(x)=3" = f(i)=3 i
i '“Ez.s["‘}‘“}
=Y f(i)=363 016

=3+32 43+, +3" =363
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17.

1 1

18.

-
logs | — xX= = = 3
—0.16 -5[1..] I—{—tanzﬂj ol = ¥ cos 0
1 I | 1
-2 IDEE.:T[‘;J 1 2 y= — P=—
=(2.5) S (5) =4. sin” 0 o 1-x
y(l-x)=1
Let GP. bea,ar,ar .....
100 19.
_ = fl
. I I r-l
2,200
ar (r—" =1) 200 5 K=63
P 1
100 20
202"2.{13 @4 T +ﬂgﬂﬂ=l{}0 .
n=1 Let m arithmetic mean be 4,4, .4, and G, G,, G, be
200 geometric mean.
=, = (rj -1 =100 The A.P. formed by arithmetic mean 1s,
r-—1 34,454 A 243
From equations (1) and (1), =2 and | d_243_3_ 240
a,ta,*... +a3m+a:m:300 T mel mel
= Hat...¥a,,)= 300 The GP. formed by geometric mean
200 300 3,G,G, G, 243
= Y a,=—=150 L
n=1 ! : =(ﬁ]3+1 =81 =3
3
s 2 4 w4y =0,
y=1+cos0+cos’0+.....
1 i .8 :3+4(ﬂ] =3(3)"
=% P —=s5in“0 m+l
l—cos” 0 v .
960
I:l_tan—-’ﬂ—j—tan‘IH-}- _____ :3’34'@:2?:}”]4']:40:}”]:39_
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21. =2+4+6+...+2{(n—1)

The given series is =21+2+3+....+(n-1)]
1+(1=27 1)+ (147 3)+(1-6"-5) +..(1-207-19) (=) 5
=2K 2 = —

]
§=1+ Y [1-(2r)*(2r-1)]

r=l

- g{n)=20 (given)

10 10 So, n* —n=20
=1+ (1-87 +4r7) =1+10- ) (87 —4r%)

r=l r=|

2
=“_8[1ﬂxll] +4x(lﬂx]lx21]
2 6

=nt-n-20=0

= (n=5)n+4)=0

= 5 = 5or n =—4 (not possible)

=11-2x(110)> +4x55x 7

23.
—11-220(110-7)
=11-220x103= . —220p in[n+1){2n+l) litlrﬁﬂnzw)
Sa=11p=103 = ' %

“ (o, B)=(11,103) :
[|.(78) (7815} 78
== 4} —|+—
. 4 | 2 b 2

Given: f(x+y) = f(x)+ f(y), Vx, y eR, f(1)=2
= fQ2)=f)+f()=2+2=4
JO)=f)+/(2)=2+4=6 -
fn=1)=2(n-1)

=5 %[2x49x16+28x15+28]

%[1568+420+28]=504

n-1

Now, g(n)= ¥ f(k)

k=1

= f()+ fQ)+ fB)+... (n=1)
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24.

(iven series can be written as

20 20
Zk(k-l‘*]}:lz‘:kz_l_k]
k=l : 2.’:=l

1'2D(21)q41}+2ﬂ(2n}
2 6 2

1[420x41 20x21
2| 6 2

} =%[2870+2!0]= 1540

25.
Number of balls used in equilateral triangle

- n(n+1)
- 2

. side of equilateral triangle has n-balls

. no. of balls in each side of square 15= (n-2)
According to the question,

n(n+])

—2—+99=(n-2)2

= w+nt198=2n-8n+8

= ?-9-190=0= (n-19)(n+10)=0
=>n=19

Number of balls used to form triangle

n{n+l) 19x20

190
2 2
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STATISTICS

SYNOPSIS

FREQUENCY DISTRIBUTION

>

Ex.

>

Ex.

3)

Class Limits: The starting and end vlaues of
each class are called the lower limit and upper
limit respectively of that class.

1) The lower limit of the class 0-9 is 0

2) The upper limit of the class 50-59 is 59
Class boundaries : The average of the upper
limit of a class and the lower limit of the next
class is called the upper boundary of that class.
The upper boundary of a class becomes the
lower boundary of the next class. These
boundaries are called True class limits.

1) 1-10, 11-20, 21-30 ..... are the classes, the
lower boundary of the class 11-20 is

10+11:10.5

2) 60-69, 70-79, 80-89, 90-99 .......... are the
classes, the upper boundary of the class 70-79

79+80:79'5

is
Class interval (or) the size of the class : The
difference between the lower limits or the upper
limits of two consecutive classes is called the
Class-interval (or) the size of the class.

Ex. The class interval in the frequency
distribution with the classes 1-8, 9-16, 17-24
... length of class =9-1 =18

Mid value of the class : Mid value of class

l+10:5.5

1-10 is
For over lapping classes 0-10, 10-20, 20-30 etc
0+10

2
For non over lapping class 0-19, 20-39,

40-59,...... etc the class mark of the class 20-39

20+39
is ( 5 ]:29.5

=5

the class mark of the class 0-10 is

> Measures of Central Tendency: Onec ol the

most important objectives of statistical analysis
is to get one single value that describes the
characteristic of the entire data. Such a value
is called the central value or an average.

The following are the important types of
averages:

1. Arithmetic Mean
3. Harmonic mean
5. Mode

We consider these measures in three cases (i)
Individual series (i.e. each individual
observation is given) (ii) discrete series (i.e the
observations along with number of times a
particular observation called the frequency is
given) (iii) continuous series (i.e. the class
intervals along with their frequencies are given)

2. Geometric Mean
4. Median

Arithmetic Mean :

= Individual Series :

If x,%,.. x, are the
values of the variable x, then the arithmetic
mean usually denoted by x or norE (x) is

given by

Z(Xi —4) .

Note: AM. xX)=A+=——— where 4 is
n
the assumed average. (For individual series)
Discrete Series : If a variable takes values
X5 X geerennens x, with corresponding frequencies
f,f, .....f then the arithmetic mean y is given
by
X+ X+ fX, Liﬁxi ,

x: =

h+ St S, \

where N=Y_ f,
i=1




Continuous Series : In case of a set of data with
class intervals, we cannot find the exact value of
the mean because we do not know the exact values
of the variables. We, therefore, try to obtain an
approximate value of the mean. The method of
approximate is to replace all the observed values
belonging to a class by mid-value of the class. If
X, X, ... X are the mid values of the class intervals
having corresponding frequencies f , f, ... f then
we apply the same formula as in discrete series.

=—Zfzxﬂ N= Zf

Combined Arithmetic Mean: If
X;(i=1,2,.....,k) are the means of k - series of
sizes m; (i=1,2,3,..cc...... ,k) respectively, then the

combined or composite mean x can be obtained
by the formula :

X =

Weighted Arithmetic Mean :
Let w;,w,,....,w, be the weights assigned to the
values x;,x,,.....,x, respectively of a variable

2 Wik

x, then the weighted A.M. is ¥ = S,

Properties of Arithmetic Mean :
= Sum of all the deviations from arithmetic mean

1S zero 1.€.,

n

Z (xl- - ;) =0 (in case of individual series)

i=1

Zf(x - ) 0 (in case of discrete or

continuous series)

If each observation is increased or decreased
by a given constant K, the mean is also
increased or decreased by K

The property is also known as effect of change
of origin. K can be taken to be any number.
However, to simplify the calculations, K should
be taken as a value which is in the middle of
the table.

= Step Deviation Method or change of scale

If X, % e ,xare mid values of class intervals

with corresponding frequencies f, f,.....f then
-4

we may change the scale by taking d; = T ,

in this case.

- 1
x=A+hx (W Z 14, J (if Ais assumed mean)

A and h can be any numbers but if the lengths
of class intervals are equal then # may be taken
as width of the class interval.

In particular if each observation is multiplied
or divided by a constant, the mean is also
multiplied or divided by the same constant.
The sum of the squared deviation of the variate
from their mean is minimum i.e., the quantity

2 (x _A)z WAL S

A=x

4)’ is minimum when

¥ E(aX+b)=aE(X)+b(where E(X) =Mean of X)
Geometric Mean :

7 In case of individual series x,,X,............. x,
I/n
GM. = (x;X).eeeeennnn x,)
In case of discrete or continuous series
. . 1/N N
GM. = (x{'x{z X ) , where N=2_/,
i=1
= Harmonic Mean: The harmonic mean is based
on the reciprocals of the value of the variable
1
1 n
n\x x, X, =1
(Incase of Individual series)
and 1788 N < Zf (in case of discrete series
or continuous serles)
If x, x,, ...x_> 0 then it is known that
AM>GM=HM
Median :
= Individual Series : If the items are arranged

in ascending or descending order of magnitude
then the middle value is called median.
In case of odd number of values Median = size of



n+l
Tfh item. In case of even number of values

n+2

n
Median = average of Eth and 5 th

observation.

Discrete Frequency Distribution : Arrange the
data in ascending or descending order. Find the
cumulative frequencies.

Apply the formula :

N+1
Median = Size of ( Jth item (N is odd)

2

1 N)" N )
= 5 [?] observation + [?+1) observation}

(N is even)
N=Yf; = sum of frequencies

Continuous Frequency Distribution :
Consider the cumulative frequency (c.f.). Find
N

?, where N ZZﬁ. Find the cumulative
i=1

frequency (c.f.) just more than N/2. The
corresponding value of x is median.In case of
continuous distribution, the class corresponding

N
to c.f. just more than 5 is called the median

class and the median is obtained by Median =

l+£(ﬁ—cj
f2

Where ] = the lower limit of the median class;
f =the frequency of the median class;
) =the width of the median class;

C =the c.f. of the class preceding to the
median class and

V-3

Measures of Dispersion: Literally, dispersion
means ‘scatteredness’. Dispersion measures the
degree of scatteredness of the variable about a
central value. Different measures of dispersion
are

1. Range 2. Mean-deviation

3. Quartile deviation 4. Standard deviation
Range: The range is the difference between the
largest and smallest observation.

. Range
Coefficient of Range = - .
Maximum + Minimum
Mean-deviation: If x,x,........... X, are n

observations then mean deviation about a point
M is given by

1 . .
M.D. = ;ZI x,—M | where M is mean or median

or mode
In case of discrete or continuous series

1 n
M.D. =N2f,-|x[—Ml,N=Zf,-
i=1

M.D. is least when taken from the median
Coefficient of Mean Deviation

_ Mean Deviation
M
where M is the Mean, Median or Mode

Quartile Deviation: Q.D. = %, where

Q, and Q,, are the third quartile and the first
quartile. Q and Q,can be calculated in a similar
manner as median. In fact, quartiles divides
the data into four parts.

In case of individual series, arrange the data
in ascending or descending order.

n+l1

Q, = size of ; and Q, = size of

3(n+1)
4

In case of discrete frequency distribution, Q,
is obtained by considering cumulative

frequency. Find N/4, where N = Z f,. Find

the cumulative frequency (c.f.) just more than
N/4. The corresponding value of x is Q,.
Similarly for obtaining Q,, find 3N/4 and the
c.f. just more than 3N/4. The corresponding
value of x is Q,, In case of continuous
distribution.

thitem

0, :l+§(i%—c],i:1,2,3

Where | = the lower limit of the class whose c.f. is



just more than iN/4,

f isits frequency and h is its width. C=c.f. of
the class preceding to the class whose c.f. is
just more than iN/4,1=1,2,3.

Note that 1 = 2 will given us median.

. . . -0
Coefficient of Quartile Deviation = 0,40,

= Standard Deviation: Variance 42in case of

individual series is given by
2
1 n _\2 1 n 1 n
2 2
oc'=—>|x—-x) =—>) x| =) x
AR 53
Ifx,X,,...... , X, occur with frequency f, ...

respectively then 52 (variance)

50T (i)

Standard deviation = the positive square root
of variance

There is no effect of change of origin on
standard deviation

| I (1 ’
ol=h {sz’df —(ﬁZfidij }

. .o . O
Coefficient of Standard Deviation is x

. . . G
Coefficient of variation = —x100
X

= Combined variance: If there are two samples

of sizes n, and n, with X, and x, as their means

o, and o, their standard deviations

respectively, then the combined variance is
given by

nin,

1
m +n2

(%, —@)2}

n +n,

nl(alz +d12)+n2 (0'22 +d22)

n +n,

2
or 0 =

where ¢, = x, —x and d, = x, —x,  being the
combined mean.
Note :1

if v/ (X) is variance of X then
V(X +a)=V(X)

V(aX)=a*V(X)

V(aX +b)=a’V(X)

V(aX +bY)=a’v(X)+b*v(Y)

Note :2
Fora,a+d a+2d, ... a+(n-1)d,

2
)_C:a+(n—1)d;62:n —1d2
2 12
Note:3
1) QD<M.D<SD
D MD SD
10 12

EXAMPLES

1. The weighted mean of the first n natural
numbers, the weights being the
corresponding numbers, is

Sol. First n natural numbers are 1, 2, 3,...,n; whose

corresponding weights are 1, 2, 3,....,n
respectively.

IX14+2X24.....4+nXn
1+24...+n

.. weight mean =

B n(n—l—l)(Zn—i—l)_ 2n+1
- 6n(n+1) 3
2

The weighted mean of the first n natural
numbers whose weights are equal to the
squares of the corresponding numbers is

1L.IP4+22% +....4+nn?

Sol. weighted mean =

P4+2"+....+n’
n(n—l—l)n(n-i—l)
_Zn3 - 2 2 _3n(n+1)
Y n(n—l—l)(2n+1) _2(2n—|—1)

6



Sol.

Sol.

Sol.

The average salary of male employees in a
firm is Rs. 5200 and that of females is
Rs.4200. The mean salary of all the
employees is Rs.5000. The percentage of male
and female employees are respectively is

Let x, =5200,x, = 4200,x = 5000
¥ = mx, + X,
Also, we know that n+n,

n 4
= 5000(n, +n,) = 5200n, +4200n, = =7

2

.. The percentage of male employees in the
4
=——-x100=80%
firm 41 0

and the percentage of female employees in the

1
=—-x100=20%
firm A1 0

If the mean of 9 observations is 100 and mean
of 6 observations is 80, then the mean of 15
observations is

n,=9,x, =100 and n, = 6,x, =80

nx, +nx,  9x10046x80
n +n, 9+6

X =

92

If a variate X is expressed as a linear function
of two variates U and V in the form

X =aU + bV then the mean y of X is

we have Y.X = aXU + b2V

- 1 1 1

X=-YX=a~-SU+b-XV
n n n

= X=aU+bV

If the arithmetic mean of the numbers
X, X,,X;....x, is X , then the arithmetic mean
of the numbers

ax, +b,ax, +b,ax, +b,....ax, +b, where a, b
are two constants, would be

Sol.

Sol.

Sol.

Sol.

10

Required mean

(ax, +b)+(ax, +b)+...+(ax, +b)
n

_ a(xl-i-)c2 +....+xn)
n

+b=ax+b

If the mean of the numbers 27 +x,31+x,
89+ x, 107+ x,156 + x is 82, then the mean
of 130+ x,126 +x, 68 +x, 50+ x,1+ x is
Given
(274 x)+ (314 x)+(89+x)+ (107 + x) 4 (156 +x)

5
=82x5=410+5x=410—410=5x=x=0
Therefore, the required mean is

130+ x4+126+x+68+x+50+x+1+x
5

82 =

X =

37545x
7

75

A student obtain 75%, 80% and 85% in three
subjects. If the marks of another subject is
added, then his average cannot be less than

Marks obtained from three subjects out of 300 is

75+80+485=240
If the marks of another subject is added, then

the marks will be > 240 out of 400

240
_.minimum average marks = e = 60%

[when marks in the fourth subject=0]

The mean of 100 items is 49. It was discovered
that three items which should have been 60,
70, 80 were wrongly read as 40, 20, 50
respectively. The correct mean is
Sum of 100 items =49 x 100 = 4900
sum of items added = 60+ 70+80=210
new sum = 4900+210-110=5000

5000

——=350
100

. correct mean =

The mean weight per student in a group of
seven students is 55kg. If the individual
weights of six students are 52, 58, 55, 53, 56



Sol.

11

Sol.

12.

Sol.

and 54, then the weight of the seventh student
is

The total weight of seven students is 55x7 =
385kg

The sum of the weights of six students is
52+58+55+53+56+54=328kg

Hence, the weight of the seventh student is

=385-328=57kg

The geometric mean of the numbers
3,3%,3%,...,3" is

S GM = (3.32 ...... 3")

14+2+....4n n(n+1) n+l
:3 n :3 2n :3 2
Find the harmonic mean of
123 n A .
234 ,n_H,occurrlngwnh frequencies
1,2, 3,.....n, respectively.
_ 2/
We know that, Harmonic mean Z[f]
X
n(n—+1
Y f=14243+...+n= (n+1)
S 1,23,
and =0 T3 34 0l (nt)
3x2  4x3 n(n+1)
=24+ —F—+.
2 3 n

=243+4+...+n+(n+1)

Which is an arithmetic progression with a =2
andd=1.
By the formula of sum of n term of an A.P,

n
Z[g]: E{2a—|—(n—1)d}
we have :g{2><2+n—1}=g(3+n)
.-. Harmonic mean
2 n(n+1)x2 a4l

B n(3—}—n)_n(3+n)><2_3+n

13.

Sol.

14.

Sol.

15.

Sol.

The median of a set of nine distinct
observations is 20.5. If each of the last four
observations of the set is increased by 2, then
the median of the new set is

9 + th
Since n =9, median term = [T] = 5th term.

Now, the last four observations are increased
by 2. Since the median is the 5th observation,
which remains unchanged, there will be no
change in median.

If a variable takes the discrete value ,, — 4,

7 5 1 1
Oé_59 a_Ea a—3s a—2» Q’"‘E, Oé_59
a+5(a>0), then the median is

Arrange the data as follows:

al a2 P
2504—3, 270{—25 2
1

a+570{—47 Oé+5

1
medianZE [value of 4th item+value of 5th

item]
1
a—24+a——

.-.median_— 2 _, S

2 4
The median of distribution 83, 54, 78, 64,

90, 59, 67, 72, 70, 73 is

On arranging in ascending order, we get 54, 59,
64, 67,70, 72,73, 78, 83, 90

n=10

th

10 10, )"
valueof? term + value of ?—H term

.. median =

2
__valueof Sthterm +valueof 6thterm

2

_70+72
===
Mode : The mode is that value in a series of
observations which occurs with greatest frequency.

In case of individual series, the mode is the value
which occurs more frequently

In case of discrete series, quite often mode can

71



.16

be determined just by inspection i.e. by looking to
that value of variable around which the items are
most heavily concentrated.

In case of continuous series,

Mode=1+—11=Jo

2fi=fH= 1o
Where | =the lower limit of the modal class
i.e. the class having maximum frequency;

f, = frequency of the modal class;

f = frequency of the class preceding the modal
class;

f, = frequency of the class succeeding the modal
class and

h = width of the modal class.

Relation between Mean, Median and Mode is

mean - mode = 3 (mean - median) or
Mode = 3 median - 2 mean

The mode of the following distribution is

Class
interval

0-10 | 10-20 | 20-30 | 30-40 | 40-50 | 50-60 | 60-70 | 70-80

17

Sol.

18.

Sol.

Frequency 5 8 7 12 28 20 10 10

Sol.

Here, maximum frequency is 28. Thus, the class
40-50 is the modal class.

fi=1o
2fi=f= 1o
10(28—12)
(2x28—-12-20)

Mode =1+ x h

=40+

— 40+ 6.666 = 46.67 (approx.)

If in a frequency distribution, the mean and
median are 20 and 21 respectively, then its
mode is approximately

mode =3 median -2 mean =3 (21)-2(20)=23

fin a moderately asymmetrical distribution
the mode and the mean of the data are
6 and 9\, respectively, then the median is

For amoderately skewed distribution,

mode = 3median — 2 mean

19

Sol.

Sol.

21

Sol.

22

Sol.

= 6\ = 3median — 18\ = median = 8\

The quartile deviation of daily wages of in
(Rs.) of 11 persons given below 140, 145, 130,
165, 160, 125, 150, 170, 175, 120, 180

The given data in ascending order of magnitude
is 120, 125, 130, 140, 145, 150, 160, 165, 170,
175, 180

th
+1 11+1
Here, O, :[n ] term =——tem=3" term
4 4
=130
3(n+1)" 3x(11+1
o, =30 _3xUHY gy
4 4
QD:Q3_Q‘:17O_13O:ﬂ:2O
2 2 2

The variance of the first ‘n’ natural numbers
is

Variance
2
= (SDY’ Ly &] ,['.')?:&]
n n n
B n(n—l—l)(Zn-i—l)_ n(n-l—l) ? B nt—1
B 6n n ] 12

If the ML.D is 12, the value of S.D will be

5 5
We know that Q.D = EXM.DZEXU:IO
.'.S.DZEXQ.DZEXIOZIS
2 2

The mean of five observations is 4 and their
variance is 5.2. If three of these observations
are 1, 2 and 6, then the other two
observations are

Let the two unknown items be x and y, then



14+2+6+x+y

Mean=4 =

= x+y=11....(1) and variance = 5.2

12+22+62+x2+y2
=

s — (mean)2 =52

A1+ x>+ = 5[5.2+(4ﬂ

414 x>+ 1> =106

x*+y?=65......(2)
Solving (1) and (2) for x and y, we get
x=4,y=Torx=7,y=4.

EXERCISE -1

. For overlapping classes 0-10, 10-20, 20-30,
etc. Then the class mark of the class
0-10 is

1)o0 2) 10 3)5 4)6

. Which one of the following measures is the

most suitable one of central location for
computing intelligence of students?
1) Mode 2)AM. 3).GM. 4). Median

MEAN ( A.M, G:M, H.M)

. The mean of 20 observations is 15. On

checking it was found that two observations
were wrongly copied as 3 and 6. If wrong
observations are replaced by correct values
8 and 4, then the correct mean is

1) 15 2)15.15 3)16.15 4)17

. The mean weight of 9 items is 15. If one more
item is added to the series the mean becomes
16. The value of 10th item is

1) 35 2) 30 3)25 4) 20
When 15 was subtracted from each of the
seven observations the following number
resulted : -3,0,-2,4,6,1,1. The mean of the
distribution is

1) 14 2)15 3) 16 14) 17

. Mean of 100 items is 49. It was discovered

that three items which should have been 60,
70, 80 were wrongly read as 40, 20, 50
respectively. The correct mean is.

1
1)48 2)82- 3)80 4)50

7. Ifthe arithmetic and harmonic means of two
numbers are 4.5 and 4 respectively, then one
of the number is
)5 2)6 37 4)4

MEDIAN & MODE

8. If the mode of a data is 18 and the mean is
24, then median is
1)18 2)24 3)21 4)22

9. If the median of 21 observations is 40 and if
the observations greater than the median are
increased by 6 then the median of the new
data will be

40

40
+ — - —
1) 40 2)46 346+ - H46-

10. Mode of the data 3, 2,5,2,3,5,6,6,5,3,5,2,
S5is

1)6 2)4 3)3 4)5
11. Mode of the distribution

Marks 4 5 6 7 8

No.of students 3 5 10 61

1)6 2)10 3)8 4)4

RANGE, Q.D, S.D AND VARIANCE

12. Therange of the following set of observations
2,3,5,9,8,7,6,5,7,4,3 is
1)11 2)7 3)5.5 4)6

13. The quartile deviation of daily wages (in Rs.)
of 7 persons given below is 12, 7, 15, 10, 17,
17,25 is
1) 14.5 2)5 3)3.5 4).4.5

14. If the standard deviation of 0,1,2,3.....9is K,
then the standard deviation of 10,11,12,13....
19 is

HK+10 2)K 3) JI0+K 4) 10K

15. The variance of the first n natural numbers
is

n- -1 n2—1 n2+1 n2+1
b- 12 %) 6 3) 6 ) 12

16. The mean of four observations is 3. If the sum
of the squares of these observations is 48 then
their standard deviation is

[EAMCET-2014]
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17. If x,,Xx,,...x, are n observations such that

> x7 =400 and Y_x, =80 then the least
i=l1 i=1

value of n is

12 2)15 3) 16 4)18

18. The sum of 10 items is 12 and sum of their

squares is 18, then standard deviation is
1)-3/5 2) 6/5 3)4/5 4)3/5

19. The mean of two samples of sizes 200 and
300 were found to be 25, 10 respectively.
Their standard deviations were 3 and 4
respectively. The variance of combined

sample of size 500 is
1) 64 2)65.2 3)67.2

KEY
3 2)4 32 43 53 6)4
72 84 91 1004 11)1
13)3 142 151 16)2 17)3

1
73 SOLUTIONS
1. 5 (mid value of the class)

4)64.2

2. most suitable one of central location for
computing intelligence of students is median

3. given,

i=1

20

X =15 =15

> X, =20.15=300
i=1

New mean ,

n

24X
—1 300-3-6+8+4 303

20 20 20

[EAMCET-2014]

12)2
18) 4

10.
11.
12.

13.
14.

15.

16.

=0

2
400 (), 00, 6l

20x15-3-6+8+4
20

9.15+x

=16=135+x=160=x=25

—3+0-2+4+6+1
7
The mean of the original distribution=1+15=16

4900-40-20-50+60+70+80 5000

1

Mean =

50
100 100
a+b 2ab
2 :4'5’a+b:49 a+b=9a
ab=18 = a=6

Mode = 3 median - 2 mean, 18 =3 (median) -2
66
(24), Median = 3" 22

upon change of axis median doesnot change so
the new median will be 40

3,3,3,2,2,2,5,5,5,5,5,6,6 mode =5
The number having maximum frequency
9 -2=7 (Range=max-min)

% where O, =10, O, =17

n* -1
12

— ) . 2_1 2 0
x=3,3 x =48 ; o' =—3 x —(X)

1
:ZX48_9 =12-9=3; UZ\/§

Z”:Xf = 400,Zn:Xi =380

i=1 i=1
2

> [y
= p =L | =t

n n

2

>0

2

n n n n

=>nx16



17.
18.

19.

Given , or>0

D x =12, x =18,n=10

2
S.D= ﬁ_(EJ _ Mzizi
10 \10 (10) 10 5

— X +n,x,

Combined mean * =

d2 = x, —x and use the formula Variance of

n +n,

n1(0'12+d12)+n2(0'22+d23)

combined data =0 =

ni =200,n2 =300

o, =3,0,=4

X =

(m

+ny)

x, =25,x, =10

200X25+300X10 50+30

500

5

) 200(9+81)+300(16+36)

=160

500

~ 18000+15600 336
500

=67.5
5

10

EXERCISE - I1
MEAN (A.M, G.M, H.M)

. The geometric mean of 10 observations on a

certain variable was calculated as 16.2. It was
later discovered that one of the observations
was wrongly recorded as 12.9; infact it was
21.9. The correct geometric mean is

9 1/10 10 1/10
| [1627x219 ) (162)/7x219
129 ) 129

10 1/10 11 1/11
(162)'°x129 (162)!'x21.9
AN 219 4) 12.9

. The A.M. of the observations

1.3.5, 3.5.7, 5.7.9, ....... , (2n-1)(2n+1)(2n+3)
is(VnenN)

Donds6nZ+7n-2 2) n3+8n2+7n-2
3)omd+s5n2+6n-1 4 203 +8n2+7n-2

. The mean weight of 9 items is 15. If one more

item is added tot he series the mean becomes
16. The value of 10th item is

1)35 2)30 3) 25 4) 20

. The mean marks got by 300 students in the

subject of statistics was 45. The mean of the
top 100 of them was found to be 70 and the
mean of the last 100 was known to be 20, then
the mean of the remaining 100 students is

1)45 2) 58 3) 68 4) 88

. The average marks of boys in a class is 52

and that of girls is 42. The average marks
of boys and girls combined is 50. The
percentage of boys in the class is

[AIEEE -2007]
1) 60 2)40 3)20 4) 80

. Mean of ‘n’ items is x. If these n items are

successively increased by 2, 22,23, ..... 2", then
the new mean is

n+l n+l
2 2) X+ 2 2
n n n




10.

11.

12.

13.

14.

2" _
3) x+— 4) x+2"

n
The frequency distribution of discrete data
given below, the frequency x against value 0

is missing.
Variablex : 0 1 2 3 4 5
Frequency f: x 20 40 40 20 4

If the mean is 2.5, then the missing frequency
x will be
1o 2)1

3)3 4)4

The minimum value of (x—6)% +(x+3)* +

(x—8)2 +(x+4)* +(x—3) is

1) 114 2) 141 3) 104 4)2
Product of n positive numbers is unity. The
sum of these numbers cannot be less than
1)1 2)n 3)n? 4)2

An automobile driver travels from plane to hill
station 100 km distance at an average speed
of 30 km per hour. He then makes the return
trip at average speed of 20 km per hour. What
is his average speed over the entire distance
(200 km)?

1) 25 km/hr 2) 24.6 km/hr

3) 24 km/hr 4) 24.5 km/hr

If A M. =24.5, GM. = 24.375 then H.M. =
1)24 2)24.125 3)245 4) 24.25

MEDIAN & MODE

The minimum value of |x—6|+|x+3|+
|x—8|+|x+4|+|x—-3] is
11 2)21 3) 31 4) 42
If in a frequency distribution, the mean and
median are 21 and 22 respectively, then its
mode is approximately
1)20.5 2)22.0 3)24.0 4)25.5

M.D, S.D & VARIANCE

Mean deviation of the series a, a+d, a + 2d,--
-------- , a+2nd from its mean is

(n+1)d nd

) 2n+1) 2 ot
M n(n +1)d
n(n+1) 2n +1

15.

16.

17.

18.

19.

20.

21.

22,

23.
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If mean deviation through median is 15 and
median is 450, then coefficient of mean
deviation is

1) 1/30 2) 30 3) 15 4) 45

The mean and S.D. of 1,2, 3,4, 5, 6 is

35 7 NG 35
- -, 3 4) —
12 3) 2 ) 12

If the S.D. of n observations x , X,, ..., X_is 4
and another set of n observations y,, y,, ....,
y, is 3 the S.D. of n observations x,-y , X,-y,,

7
D33 2,

....... ,X -y, is
1)1 2)2/3 3)5 4)7
The variance of first 10 multiples of 3 is
1)64.25 2)54.25 3)70.25 4)74.25

1 —
Let r be the range and s? = =l (xi— )2 .
If g2 < ;2 then Kk is equal to

n+l 1

1 n
Dot a1 Y2y Y2

The mean of the numbers a, b, 8, 5, 10 is 6
and the variance is 6.80, then which of the
following gives possible values of a and b

(AIEEE-2008)
I)a=0,b=7 2)a=5,b=2
3)a=1,b=6 4)a=3,b=4
Suppose a population A has 100 observations

101, 102....., 200 and another population B
has 100 observations 151, 152, ..... 250. If

V', and V' represent the variances of the
two populations, respectively, respectively,
then V', / V5 is

1)1 2)9/4 3)4/9 4)2/3

If the mean deviation about the median of the
numbers a, 2a, ........ , 50ais 50, then |a| equal
to

1)4 2)5 3)2 4)3

The variance of first 50 even natural
numbers is



833 437
D= 2833 3437 4 - 9. AM.>G.M

XX, + X F e +x
. All the students of a class performed poorly — p T2 XX X,
in Mathematics. The teacher decided to give

grace marks of 10 to each of the students.
Which of the following statistical measures
will not change even after the grace marks
were given? [JEE 10.
MAIN-2013]

1) mode 2)variance 3) mean 4) median

X n
. ZIDinZn
n i=1

21V, 2x30x20

V(Avemge)sz T 730420
1 2

=24 km/ hr

1. G*=4H
12. Minimum value obtained at median of
KEY -4,-3,3,6, 8
13. Mode =3 Median - 2 Mean
D2 2)4 3)3 41 54 6)2 _
74 81 92 10)3 11)4 12)2 14 Meanx—gind
13)3 144 15)1 16)2 17)3 18)4 | ~ nln+1
192 2004 21)1 22)1 23)2 24)2 M-D-=(2n—+1)2\xfﬂ\=(2(n—+l))d

SOLUTIONS
1 3. Median

{(16.2)'0x21.9j1°

12.9

x=
16- 12

2o )Card) MNCH) () s ()

n n
>(8n° +12n° —2n-3 n’ -1
= ( ) 18. 52:( B jaﬂ wheren=10,d =3
n
=2n" +8n* +7n-2 19. range ', and variance related by, 52 < ;2
15x9=135 —\2
16 x 10 = 160 S(x-x) | I
10th item is 160 - 135=25 -, ¢ =2 (3 -x) =no’,
. no.ofboys=b,no.of girls=¢g
b+8+5+10
(bx52)+(gx42)=(h+g)50=b:g=4:1 20, <& +5+ 6= a+b=7
_ 2( ok _1) — ml g now use verification for variance
Xt—m—Ft =X t———
n noon 21. Vy(x)=V, (X +50)=V,(X)
X, —M
M:2.5 22. M.D=L, =5—laandn=50:>|a|=4
Zfi n 2

. Minimum value obtained at the mean of

6,-3,8,-4,3

12



o 2% _ 2+4+..100

23. X= 51
n 50 JEE MAINS QUESTIONS
. 1 2 -\?
variance = Hle —(X) 1
1 2 . . .
= 5(22 + 47 +..+100°)-(51)° =833 Consider the data on x taking the values 0,2, 4,8, ... 2" with
24. Median will goup by 2 and S.D. will remain same. trequenmes ' " C P HCP by n rcspedwely Ifthe mean of
: . 12 ‘
this data is 20 , then n is equal to ;
2['1
2.

If for some x € R, the frequency distribution of the marks
obtained by 20 students in a test s :

Marks | 2 3 5 |7

4

Frequency [x+])3 -5y =3l x

then the mean of the marks is :

(1)3.2 2)30 (3)25 428

3.

The mean and the median of the following ten numbersin
ncreasing order 10,22, 26,29, 34 x, 42,67, 70, yare42 and

; ¥ 2
35 respectively, then ; 1s equal to

94 272  (3)83 DA

13



4.. The mean and variance of 8 observations are 10 ()-S5 (2) 10
and 13.5,respectively. If 6 of these observations are
5,7,10, 12, 14,15, then the absolute difference of
the remaining twoobservations is :

(3)-20 (4)-10

9.. The mean and variance of 20 observations are
found tobe 10 and 4, respectively. On rechecking, it

was foundthat an observation 9 was incorrect and the

(19 2)5 (3)3 @7 correctobservation was 11. Then the correct variance
is:
5. )
Ifa variance of the following frequency distribution: = 1) 3:9% (2401 (3)4.02 (4) 3.98
Class 10-20 20-30 3040 10 .If the variance of the first n natural numbers is 10
Frequency 2 ¥ 2 and thevariance of the first m even natural numbers is

15 50, then x is equal to

16, thenm +n is equal to

11. Ifthe mean and variance of eight numbers 3, 7, 9,
12, 13,20, x and y be 10 and 25 respectively, then

6. - X .yisequal to
For the frequency distribution :

Variate (v): [ x; | x5 | x,..xp5

Frequency ():| f1 | /> | fifis

KEY

15
=l[landzf}3’0'lhe De 24 34

where () SX Sh S T S
i i=l

3

5

standard deviation cannot be: 73 83 91

H4 @1 36 B2

7. If the variance of the terms in an increasing A.P.,
bl,b2b3,b4,,,, ....., 18 90, then the common
difference ofthis A.P. is

8.
The mean and the standard deviation (s.d.) of 10

observations are 20 and 2 respectively. Each of these 10
observations is multiplied by p and then reduced by q,
where p ! 0and q' 0. If the new mean and new s.d.
become half of their original values, then q is equal to:

14

4)4 54 6)3

10)18  11) 52



SOLUTIONS 3.

Ten numbers in increasing order are
- 10,22,26,29,34,x,42,67,70, y

CIf, 0G+2 G2 "G+ 42",

Mean Y% x+p+300

Z/: ”Cﬂ = "(_’! .|.____+”C” Mean :T 10 =42 RTP= 120
To find sum of numerator consider . T +T, 4 Sk g
{l-i-.l‘)” :”C[]-1-”C|.I+HC3I2+...+"C"I" {l) ¢dian = 2_— = = x=50andy=
Put x=23"-1=2"C +2 "G4t 2, honce }j:%:;
To find sum of denominator, putx =1 in (1), we get #
2” :ﬂCn_i_HCI +.....+”CH 4 -
Let the two remaining observations be x and y.
N STy _SHTHI0+12+ 14415434y
v 2" " i 3
63+x+y
o10=

Number of students are,

{x+1}1+{?_x—5)+{f-3x)+x=20 = 1+7=80-63
=22+ 2x—4=20=>x2+x-12=0 ‘ .
D x+y=17 1)
=x+4)(x-3)=0=x=3
var(x)=13.5

Marks 2 131|5
No.of students |16 |1 |0 |3

25+49+4100+144+196+ 225+ x* + 0y

8

32+3+21 56 ) O i

Average marks= ————=—=28 ~%*J =169 (1)
20 20 From (1) and (11) we get
(x1)=(12,5)0r(5,12)

So,|x-y|=T.

15



5.
x; [15]2535
AEAENE

Zfix;  30+70+25x
Zf; 4+ x

2 fix]
E_,f
450+ 625x +2450

4+ x

2900+ 625x
4+ x

25

X =

~ )

Q

= 350 - 625

= 6075= = 50x = 200

Z =2

If variate varries from a to b then variance

b—a

var(x) < [T]

ED—GT

:war(x)-c:[ 5

= var(x) < 25

— standard deviation <5
It 1s clear that standard deviation cann't be 6.

16

9.

= ——-100=4
20

11 11 z
i (34

| F=|

11 I 11

Varance = &5=—-| = —

Let common difference of A.P. be d

[0 1t
S (B +rd)’ rzm +rd‘]‘l|

- =l
11 11

= r=0

3 > 2
llb;+zb,g'['”;”]+d-(l"‘}“;"'“')

11

rrm,ﬂ“f“!“
=]

= (B +10b,d +35d% )~ (b, +5d)* =104’
*» Variance= 90 (Given)

=10d> =90=d=3.

Letx, x,, ..., x, be 20 observations, then
X tXat Xy
Mean= 20 =10
20
2%
=1 _ v
=10 )

;

y X7
Variance = —L — (¥)°
n

4% i)



Ex =104 = 20 =2080
200-9+11 202

Actual mean =
20 20
e 2080 -81+121 [zm]’-
riance — pe
20 20
2120

~(10.1Y =106-102.01=3.99

20

Let ¥ and o be the mean and standard deviations of
given observations.
If each observation 1s multiplied with p and then g 1s
subtracted.

New mean (%)= p¥—-g¢

= l0=p(20)-¢

and new standard deviations o, = pl o
| |

)

= 1=pl@ = bi= 5= p=t;
| —
If p= 3 theng=10 (from equation (1))
l
lfp=—'£,theng=—2ﬂ
10.
Var(l,2 n=10
Pe22s 0 (1424, 40
- - =10
n n
: ,
o 2
{n+l}{_n+l]_[n+1J ~10
(&) 2
= -1=120 = n=11

Var(2,4,6; ....2m)=16 = Var(l,2, ... .m)=
= pr—1=48 = m=7
= m+n=18

4

17

I1.

3+T+9+12+413+ 0+ x+y
8

Mean =X = =10

= F+y=i6

A1)

I(x)

~ (%) =15

. 3
Variance= g =

i 94494814144 +169+ 400+ x” +
o 8

=100=25

= rrpE=148

From eqn. (1), (x + ) =(16)
= x+ 3P +2y=256

Using eqn. (i), 148 + 2xy =256
= =52

1)



