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Y.S. JAGAN MOHAN REDDY  CHIEF MINISTER AMARAVATI
ANDHRA PRADESH

MESSAGE

I congratulate Akademi for starting its activities with printing of textbooks from
the academic year 2021 — 22.

Education is a real asset which cannot be stolen by anyone and it is the foundation
on which children build their future. As the world has become a global village, children
will have to compete with the world as they grow up. For this there is every need for
good books and good education.

Our government has brought in many changes in the education system and more
are to come. The government has been taking care to provide education to the poor
and needy through various measures, like developing infrastructure, upgrading the skills
of teachers, providing incentives to the children and parents to pursue education. Nutritious
mid-day meal and converting Anganwadis into pre-primary schools with English as medium
of instruction are the steps taken to initiate children into education from a young age.
Besides introducing CBSE syllabus and Telugu as a compulsory subject, the government
has taken up numerous innovative programmes.

The revival of the Akademi also took place during the tenure of our government
as it was neglected after the State was bifurcated. The Akademi, which was started on
August 6, 1968 in the undivided state of Andhra Pradesh, was printing text books,
works of popular writers and books for competitive exams and personality development.

Our government has decided to make available all kinds of books required for
students and employees through Akademi, with headquarters at Tirupati.

I extend my best wishes to the Akademi and hope it will regain its past glory.

(Y.S.JAGAN MOHAN REDDY)




Dr. NANDAMURI LAKSHMIPARVATHi
M.A., M.Phil., Ph.D.

Chairperson, (Cabinet Minister Rank)
Telugu and Sanskrit Akademi, A.P.

Message of Chairperson, Telugu and Sanskrit Akademi, A.P.

In accordance with the syllabus developed by the Board of Intermediate, State
Council for Higher Education, SCERT etc., we design high quality Text books by recruiting
efficient Professors, department heads and faculty members from various Universities and
Colleges as writers and editors. We are taking steps to print the required number of these
books in a timely manner and distribute through the Akademi’s Regional Centers present
across the Andhra Pradesh.

In addition to text books, we strive to keep monographs, dictionaries, dialect texts,
question banks, contact texts, popular texts, essays, linguistics texts, school level dictionaries,

glossaries, etc., updated and printed and made available to students from time to time.

For competitive examinations conducted by the Andhra Pradesh Public Service
Commission and for Entrance examinations conducted by various Universities, the contents
of the Akademi publications are taken as standard. So, I want all the students and

Employees to make use of Akademi books of high standards for their golden future.

Congratulations and best wishes to all of you.

*

(NANDAMURI LAKSHMIPARVATHI)




J. SYAMALA RAO, LAS.,

Principal Secretary to Government

Higher Education Department
Government of Andhra Pradesh

MESSAGE

I Congratulate Telugu and Sanskrit Akademi for taking up the initiative of
printing and distributing textbooks in both Telugu and English media within a short
span of establishing Telugu and Sanskrit Akademi.

Number of students of Andhra Pradesh are competing of National Level for
admissions into Medicine and Engineering courses. In order to help these students
Telugu and Sanskrit Akademi consultation with NCERT redesigned their Textbooks

to suit the requirement of National Level Examinations in a lucid language.

As the content in Telugu and Sanskrit Akademi books is highly informative
and authentic, printed in multi-color on high quality paper and will be made available
to the students in a time bound manner. I hope all the students in Andhra Pradesh
will utilize the Akademi textbooks for better understanding of the subjects to compete

of state and national levels.

.

(J. SYAMALA RAO)




THE CONSTITUTION OF INDIA
PREAMBLE

WE, THE PEOPLE OF INDIA, having

'l solemnly resolved to constitute India into a

[SOVEREIGN  SOCIALIST SECULAR

94| DEMOCRATIC REPUBLIC] and to secure to all

W its citizens:

JUSTICE, social, economic and political;

LIBERTY of thought, expression, belief, faith

and worship;

EQUALITY of status and of opportunity; and

to promote among them all

FRATERNITY assuring the dignity of the
individual and the [unity and integrity of the
Nation];

N IN OUR CONSTITUENT ASSEMBLY this |
|42 twenty-sixth day of November, 1949 do HEREBY
(& ADOPT, ENACT AND GIVE TO OURSELVES

THIS CONSTITUTION.
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Foreword

The Government of India vowed to remove the educational disparities
and adopt a common core curriculum across the country especially at the
Intermediate level. Ever since the Government of Andhra Pradesh and the Board
of Intermediate Education (BIE) swung into action with the task of evolving a
revised syllabus in all the Science subjects on par with that of CBSE, approved
by NCERT, its chief intention being enabling the students from Andhra Pradesh
to prepare for the National Level Common Entrance tests like NEET, ISEET etc
for admission into Institutions of professional courses in our Country.

For the first time BIE AP has decided to prepare the Science textbooks.
Accordingly an Academic Review Committee was constituted with the
Commissioner of Intermediate Education, AP as Chairman and the Secretary,
BIE AP; the Director SCERT and the Director Telugu Akademi as members. The
National and State Level Educational luminaries were involved in the textbook
preparation, who did it with meticulous care. The textbooks are printed on the
lines of NCERT maintaining National Level Standards.

The Education Department of Government of Andhra Pradesh has taken
a decision to publish and to supply all the text books with free of cost for the
students of all Government and Aided Junior Colleges of newly formed state of
Andhra Pradesh.

We express our sincere gratitude to the Director, NCERT for according
permission to adopt its syllabi and curriculum of Science textbooks. We have
been permitted to make use of their textbooks which will be of great advantage
to our student community. I also express my gratitude to the Chairman, BIE
and the honorable Minister for HRD and Vice Chairman, BIE and Secretary
(SE) for their dedicated sincere guidance and help.

I sincerely hope that the assorted methods of innovation that are adopted
in the preparation of these textbooks will be of great help and guidance to the
students.

I wholeheartedly appreciate the sincere endeavors of the Textbook
Development Committee which has accomplished this noble task.

Constructive suggestions are solicited for the improvement of this textbook
from the students, teachers and general public in the subjects concerned so
that next edition will be revised duly incorporating these suggestions.

It is very much commendable that Intermediate text books are being
printed for the first time by the Akademi from the 2021-22 academic year.

Sri. V. Ramakrishna I.R.S.
Director
Telugu and Sanskrit Akademi,
Andhra Pradesh




The Board of Intermediate Education, has recently revised the syllabus in
Mathematics for the Intermediate Course with effect from the Akademic year 2012-13.
Accordingly, Telugu Akademi has prepared the necessary Text Books in Mathematics.

In accordance with the current syllabus, the topics relating to paper II-A : Algebra and
Probability are dealt with in this book. The syllabus is presented in ten chapters. Algebra part
given in seven chapters : Complex numbers, De Moivre’s Theorem, Quadratic Expressions,
Theory of Equations, Permutations and Combinations, Binomial Theorem, Partial
Fractions and Probability part given in three chapters Measures of Dispersion, Probability
and Random Variables and Probability Distributions.

Further, for the benfit of students intending to appear for All India Level Competitive
Examinations, the Additional Reading Material is included in the Appendix, It contains two
chapters Exponential and Logarithmic Series and Linear Programming. These topics ar for
additional reading, but not for examinations. No question will be set on the Additional Reading
Material, in the Intermediate II Year Public Examination, Mathematics, paper- IIA.

Every chapter herein. is divided into various sections and subsections. depending on
the contents discussed. These contents are strictly in accordance with the prescribed
syllabus and they reflect faithfully the scope and spirit of the same. Necessary definitions,
theorems, corollaries. proofs and notes are given in detail. Key concepts are given at the
end of each chapter, Illustrative examples and solved problems are in plenty. and these
shall help the students in understanding the subject matter.

Every chapter contains exercises in a graded manner which enable the students to
solve them by applying the knowledge acquired. All these problems are classified according
to the nature of their answers as I - very short II short and III-long. Answers are provided
for all the exercises at the end of each chapter.

Keeping in view the National level competitive examinations, some concepts and notions
are highlighled for the benefit of the students. Care has been taken regarding rigor and
logical conSistency in the presenlation of concepts and in proving theorems. Alt the end of
the text Book, a lisl of some Reference Books in the subject malter is furnished.

The Members of the Mathematics Subject Committee, constituted by Board of
Intermediate Education, were invited to interact with the team of the Authors and Editors.
They pursued the contenls chapter wise and gave some useful suggestions and comments
which are duly incorporated. The special feature oflhis Book, brought out in a new formal,
is that each chapter begins with a thought mostly on Mathematics. through a quotation
from a famous thinker. It carries a portrait of a noted : mathematician with a brief write-up.

In the concluding part of each chapter some relevant historical notes are appended.
Wherever found appropriate, references are also made of the contributions of ancient Indian
scientists to the advancement of Methamatics. The purpose is to enable the students to
have a glimpse into the history of Mathematics in general and the oontributions of Indian
methematicians in particular.

Inspite of enough care taken in the scrutiny at various stages in the preparation of
the book, errors might have creptin. The readers are therefore, requested to identify and
bring them to the notice of the Akademi. We will appreciate if suggetions to enhance the
quality of the book are given. Efforts will be made to incorporate them in the subsequent
editions.

Prof. P.V. Arunachalam
Chief Coordinator




Preface to the Reviewed Edition

Telugu Akademi is publishing Text books for Two year Intermediate in
English and Telugu medium since its inception, periodical review and
revision of these publications has been undertaken as and when there

was an updation of Intermediate syllabus.

In this reviewed Edition, now being undertaken by the Telugu Akademi,
Andhra Pradesh the basic content of its earlier Edition is considered
and it is reviewed by a team of experienced teachers. Modification by
way of correcting errors, print mistakes, incorporating additional content
where necessary to elucidate a concept and / or a definition, modification
of existing content to remove obscurities for releasing the concept more

easily are carried out mainly in this review.

Not withstanding the effort and time spent by the review team in this
endeavour, still a few aspects that still need modification or change

might have been left unnoticed.

Constructive suggestions from the academic fraternity are welcome
and the Akademi will take necessary steps to incorporate them in the

forth coming edition.

We appreciate the encouragement and support extended by the

Academic and Administrative staff of the Telugu Akademi in fulfilling

our assignment with satisfaction.

Editors
(Reviewed Edition)
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Chapter 1

Camplex Numbers

“Mathematics is the Queen of Sciences and
Number theory is the Queen of Mathematics”
— Gauss

Introduction

In the earlier classes we have learnt the properties
of real numbers and studied certain operations on real
numbers like addition, subtraction, multiplication and
division. We have also learnt solving linear equations in
one and two variables and quadratic equations in one
variable. We have seen that the equation x>+ 1 =0 has
no real solution since the square of every real number is
non—negative. This suggests that we need to extend the
real number system to a larger system, so that we can
account for the solutions ofthe equation x* =—1. Ifthisis
done, it would help solving the equation ax’ + bx +c =0
for the case b”—4ac < 0, which is not possible in the real

number system.

It was Euler (1707 — 1783) that identified a root
for the quadratic equation x” + 1 = 0 with the symbol i.

Hamilton
(1805 — 1865)

William Rowan Hamilton was an Irish
mathematician, physicist, and
astronomer who made important
contributions to the development of
optics, dynamics and algebra. His
discovery of quaternions is perhaps
his best known investigation. Dr.
Brinkley remarked of Hamilton at the
age of eighteen: “This young man, |
do not say will be, but is, the first
mathematician of his age.”
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Euler called it an imaginary root and termed the numbers of the form a + ib,
a, b € R as complex numbers. However, we define a complex number in a more general way —
following the definition given by Hamilton (1805 — 1865) as an ordered pair of real numbers (a, b)
and study their representation, equality and some algebraic operations on the set of complex numbers.
We shall also discuss some concepts like conjugacy, modulus and amplitude of a complex number.
Finally we give a geometrical representation of a complex number and introduce the Argand plane and
Argand diagram to make out the sum, difference, product and quotient of two complex numbers
geometrically.

1.1 Complex number as an ordered pair of real numbers
Fundamental operations

In this section, we shall give a general definition of a complex number and introduce certain
(algebraic) operations on the set of complex numbers to develop the algebraic structure of complex

numbers.

1.1.1 Definition (Complex number)

A complex number is an ordered pair of real numbers (a, b). The set of all complex numbers
is denoted by C = {(a, b) |a€ R,beR} =R X R

1.1.2 Definition (Equality of complex numbers)

Two complex numbers z; = (a, b) and z, = (c, d ) are said to be equal if a =c and b = d.

1.1.3 Definitions

(i Addition of complex numbers
If 7 =(a,b)and z, =(c, d), wedefine
3tz = (a, b) + (c, a’) to be the complex number (a + ¢, b +d).

(i) Negative of a complex number
The negative of any complex number z = (a, b) denoted by —z is defined as
—z=(-a, -b).

(i) Difference of complex numbers
If z;,=(a, b) and z, = (¢, d), then we define z;,—z, =z, + (~z,).
Thenz;,—z, = (a — ¢, b —d).
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(iv) Multiplication of complex numbers

If z, = (a, b), z, = (c, d) then we define their product by
z;.z;=(a, b).(c, d = (ac — bd, ad + bc)

1.1.4 Examples

If zz = (2,3) and z, = (-6, 5),then z;, +z,=(2 -6, 3 + 5) = (-4, §)

If z, = (6,3) and z,= (2,-1),then z;, — z, = (6-2,3—-(-1)=(4,4)

If z, = (1,2) and z,= (3,-4),then z,.2,=(1,2).(3,-4)=3+8,—-4+6)=(11, 2)
Note: From the definition of addition of two complex numbers, it is clear that

aeC, feC . a+peC
In asimilar mannerer. € C.Hence the operations of addition and multiplication are both binary
operations on C. We denote o . B by af also.

We now prove the following laws of addition on C.

1.1.5 Theorem

(1) In C, addition is associative
ie, a+(B+y)=(a+p)+y, foralle, B, ye C
(1) In C, additive identity exists and is unique
i.e., there exists unique t€ C suchthat a+t=7+a=0a forall xe C
This element T is called the additive identity.
(iii) Given a € C, there exists a unique element o€ C such that x + &' =o' + = 7 .
The element o is called the additive inverse of o .
(iv) In C, addition is commutative
ie,a+ B =0+« forall o, feC
Proof: Let «, B, 7€ C. Let us take oo = (a, b), B=(c, d) and y = (e, f). Then
() a+ @ +y (a,b) +[(c. d) + (e, /)]
= (a,b)+(cte d+))
= (atc+te b+d+)
= [l@atco)te (b+d)+f]
= (atc btd) + (e f)
= [(a. b) +(c.d)] + (e ))
= (@+p+y
.. Addition is associative in C.
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() LetT = (0,0). Thenforall@ =(a, b)e C
o +7 =(ab)+(0,0)=(a+0 b+0)
= (a,b)=(0+a, 0+b)=(0,0)+(a, b)= 7+ .
e, o+t = o =7ta.
If 6 € C is another element suchthat o +6= 0+o = o forall x € C,
then, by taking 7 = o weget0=0+7=r1.

Hence in C, additive identity is unique.
@) Let oe C. Then o= (a, b)forsome a,be R.

Let o = (—a, —b). Then
a+ao = (a, b) + (—a, —b) = (a—a, b—b) = (O, O)
=(-a+a, -b+b)='+a

ie, a+a'=t=d +«

If pe Cbesuchthat o +f =7 = + o, then

f=p+r=PF+(a+d)=(B+a)+d =1+ =0
Hence additive inverse is unique.
(iv) Let a=(a,b) and f=(c,d). Then
oat+tB =(ab)t(c d =@+c b+d
=(c+ta d+b)=(cd) +(a b)=p+a.
.. In C, addition is commutative.

Note : The additive identity in C is denoted by 0. The additive inverse of ave C is denoted by —o.. We
shall now establish the laws in Theorem 1.1.5 with multiplication as binary operation.

1.1.6 Theorem

()  In C, multiplication is associative: i.e., &.(f.y)=(a.B).y foralla, B, ye C

(i) In C, there exists a unique element M satisfyingax.n =n.o = o, forallxe C.
This element m is called the multiplicative identity.

(i) In C, multiplication is commutative: i.e., . f = . a, forall , f€ C

() In C, distributive laws hold: i.e., « . (,3 + }/) =a.f+a.y,
(a+B).y =a.y+ .y, foralle, B,y C
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Proof: Letustake o = (a, b), B=(c, d), y=(e, e C

Then (i) a.(B.y) = (a b).[(c, d). (e, fH]
= (a, b).(ce — df, cf + de)

[a(ce — df) — b(cf +de), a(cf + de) + b(ce — df)]

[(ac — bd)e — (ad + bc)f, (ac — bd)f + (ad + bc)e]

(ac — bd, ad + bc). (e, f)

[(a. b).(c.d)].(e.f) = (a.P).7.
(i) Let m = (1, 0). Then ne C. Forany ae C,

n.o = (1, 0).(a b) = @+0, b+0) = (@ b) = o

o.n = (@ b).(1,0) = [a—0,b+0) = (a b) =a.

If £e C issuchthat, ol = o= forall e C, then=n.&=7n.
(iii) o.P=(a, b).(c,d) = (ac—bd, ad+ bc)= (ca—db, da + cb),

(sincea, b, ¢, de R and multiplication is commutative in R)
= (¢,d).(a b)=p.c
(iv) a.B+v) = (a b).[(c d+(e)]
= (a, b)(cte d+)
= la(cte)—bd+))had+))+b(cte)
= lac + ae — bd - bf, ad + af + bc + be]
= (ac—bd, ad + bc) + (ae — bf, af + be)
= (a, b).(c,d)*+(a, b).(e))
= oa.p+a.y

Note: From Theorems (1.1.5) and (1.1.6) it follows that the set of all complex numbers is acommutative ring
with unity under the operations of addition and multiplication. This concept will be dealt with in higher classes.
In (i1) the multiplicative identity 77 is denoted by 1.

As in the case of real number system, we can define the concept of division by
non-zero complex numbers. We establish this through the following theorem:
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1.1.7 Theorem (Division of complex numbers)

If a, f€ C and B # (0, 0), then there exists a unique z € C such that o« = fz.
Proof: Let o= (a, b)and B = (c, d). Since B # (0, 0),
We have either ¢ # 0 or d # 0 and hence ¢> +d? # 0.

). Then ze C

Let 7 = ac+bd bc—-ad
A +d* T A+d?

ac+bd bc-ad
Now P.z = (¢ d). ,
P ©d (c‘2+a’2 ¢t +d? j

c+d ’ cc+d
= (a, b)=aq.
Let (x, y) € C besuchthat a=f.(x, y)

(ac2 +bcd —bed + ad® bc* —adce + adce +bd2j

Then a = cx—dy and b=dx+cy

+bd bc—-ad
Hence x= —— 2% and yZ%.
¢’ +d

Hence (x, y) =z.
ct+d? (x, )

Note : If (0, 0), then the unique element z € C such that fz=n1, 1 being the multiplicative identity
(1,0) in C, is called the multiplicative inverse of 3. Itis denoted by S~'. Notethat, if f =(a, b) # (0, 0),

» a -b
then /= = a+b d+b

1.1.8 Definition

Forany ae C, Be C, B # (0, 0), the unigue z € C satisfying o = Pz is
denoted by o/ B. From this we can define the division of a = (a, b) by B = (¢, d) as

o [ac+bd bc—ad]

7S —= y
A +d* A+ d?

p

1.1.9 Example

o (-2+20 -5-38 18 13
If 0=(2,5), B=(-1,4) then z= = = ; 17 17
o ( 5 )9 B ( > ) cn z ﬂ ( 1+16 1+16 ] [17 17 ]
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1.1.10 Definition (Integral power of a complex number)

Let ze C. Wetake 7' = 7.

Z if n=1
(LO) if n=0
We define 7" inductively for any z #0 as follows: 7" = g if n>0

(<) ifn<o

Exercise 1(a)

L. 1. Ifz;=2,-1),z,=(6,3) find z;, —z,
2. If z;=(3,5) and z,=(2,6) find z,.z,
3. Write the additive inverse of the following complex numbers:
M (V3,5) ()65 +10,-4) (i) 2, 1)(-46)

I. 1. If 2,=(6,3); z,=2,-1)find z, / z,

2. If z = (cos 6, sin0), find (Z — lj
Z

3. Write the multiplicative inverse of the following complex numbers:

(i) (3,4) (i) (sin®, cos®) (i) (7,24) (iv) (=2, 1)

1.2 Representation of a complex number in the form a + ib

Let us recall that by a complex number we mean an ordered pair (a, b) of real numbers. For any real
number a, (a, 0) is a complex number. Also (a, 0)+ (b, 0)=(a+ b, 0) and (a, 0) . (b, 0) = (ab, 0) for any
a,be R.

This situation helps us in identifying a real number a with the complex number
(a, 0). With this identification, addition and multiplication of real numbers are same as those of the

corresponding complex numbers. For simplicity, we denote (a, 0) by a and the complex number (0, 1) by .

Then, we find that 7.7 = (0,1).(0,1) = (-1,0) = - 1.
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Also, for any complex number (g, b), we have
(a, b) = (a, 0) + (0,5) = (a,0) +[(b,0).(0,1)]
= a+bi

Under the above identification, the additive identity O = (0, 0) in C coincides with the additive identity
01in R. Similarly the multiplicative identity 1 =(1, 0) in C coincides with 1 in R.

Hence any complex number (g, b) can be representedas a + bi or a+ ib where a and b are
real numbers and i is a complex number such that i2=—1. (thatis, i is aroot of the equation x> + 1 = 0).
1.2.1 Real and imaginary parts of a complex number z

Ifz=a+bi; a beR, then a is called the real part of z and b, the imaginary part of z. These
are denoted by Re (z) and Im (z) respectively. When Re (z) = 0, z is called purely imaginary.

Note that both the real and imaginary parts of z are real numbers. Also, with this representation of
z in terms of real and imaginary parts, the addition and multiplication of complex numbers can be carried in
the usual way, with the condition i =—1. Thus

(a+bi)+ (ctdi)y=(a+c)+ (b+d)i
(@a+bi) .(c+tdi) =(ac —bd) + (ad+bc)i
Observethat a + bi = c+di ifandonlyif a =c and b =d 1i.e.,two complex numbers z and
7’ are equal ifand only if Re (z) = Re(z’) and Im (z)=Im (7).

1.2.2 Solved Problems

4+ 2i 4 3+4i
1-2i 2+3i

1. Problem: Express intheform a+bi, ae R, be R.
A+2i  3+4i_ (4 +2i)(1+2i) . (3 +4i) (2-3i)

Solution:
O o T 253 T (1m2i) (1 20) | (2+30)(2-3)

_ (@-4)+i(2+38) N (6+12) +i(8-9)

1? - (2i) 22 - (3i)
_10i 18-i _ 130i + 90 -5i
- 13 65

90 +125i _ 18 25
B 65 13 13
a + ib

2. Problem: Find the real and imaginary parts of the complex number o
a — i

a+ib _ (a+ib) & — b+ 2iab

Solution: = =
oraton a-ib (a—ib)(a+ib) a + b’
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a’-b* . 2ab
+

Pnkaiidi
a’ + b’ a’ + b
a-bn 2ab
. Real part = PR Imaginary part = 2+ 0

3. Problem: Express (1 i)’ (1 + i) in the form of a + ib.

Solution:  (1—i (1 +i) = (1= (1-i)(1+10)
=(1+#-20)(1%-?)
=(1-1-20) (1+1)=2(0-21)
=0-4i = 0+i(-4).

4. Problem: Find the multiplicative inverse of 7 + 24 i.

Solution: Since (x + iy) (%) = 1, it follows that the multiplicative inverse of (x +iy) is almiLh
y

X+
Hence the multiplicative inverse of 7+ 24i is

7-24i  _ 7-24i _7-24i
(7) +(24) 49 + 576 625

= 0.

-4
5. Problem: Determine the locus of z, z # 2i, such that Re ( < Y j
7z — 2i

Solution: Let z=x+iy. Then

z-4 _ x+iy-4 _ (x=4)+iy :[(x—4)+iy][x—i(y—2)]
2=2 x+iy-2i x+i(y-2) x+i(y-2)x-i(y-2)]

(x2—4x+y2—2y)+ i(2x+4y—8)
- xz+(y—2)2 .

—4 24yt y? -2
Hence, real part of < - | = al 5 1Ty > .
7 — 21 X+ (y - 2)
The ratio on the R.H.S. is zero i.e., x> —4x+)?—2y=0 ifand only if
(x—2)>+(y—1)>=5. Therefore

z # 2i and Re( Z_;_j =0 (xy)# (0,2) and (x—2)*+(y— 1)’=5.
z—2i
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Hence the locus of the given point representing the complex number is the circle with (2, 1) as centre
and +/5 units as radius except the point (0, 2).
6. Problem: If 4x+i(3x —y) = 3—6i where x andy are real numbers, then find the values of x and y.

Solution: Wehave 4x+i(3x—y)=3+i(-6). Equating the real and imaginary parts in the above equation,
we get 4x =3, 3x—y=-6. Upon solving the simultaneous equations, we get x=3/4 and y=33/4.

7. Problem: Ifz =2 —3i then show thatz’—4z + 13 =0.
Solution: z=2-3i = z-2 = -3i = (z-2)* = (- 3i)’
= 2 +4-47=-9 = 2 -47+13=0.

1.2.3 Conjugate of a complex number

We have already defined a complex number and defined some fundamental operations on complex
numbers. We have also represented a complex number z in the form a + ib and called q, the real part and
b, the imaginary part of z. In this section, we shall introduce the concepts of the conjugate of a complex

number z, the square root and the #” root of a complex number.

1.2.4 Definition

For any complex number z = a + bi, we define the conjugate of z as a + (— b)i and
denote this by 7 .
To be more simple, we write 7 = a— bi.

1.2.5 Note

) a+ib = a—-ib-

L7 .
(i) For ze C, (%j is the real part of z and (Z 2'1) is the imaginary part of z.
i
+ 7 _
This means thatif z=a +ib, then a = £ 5 Z; b= Z2 _Z .
i

@) If z = (a, 0),then 7 = (a, O) =(a+ lO) = (a,O) =z.
Hence z isarealnumber & 7 =z & Im(z) =0.
() If z=(0,b), then 7 = (0,b) = (0—ib) = — z .

Fromthiswehave 7 = — 7 <& Re(z) = 0. Inparticular i = —i.
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1.2.6 Example

@) If z 2+5i,thenz = 2+5i = 2-5i.

@) Ifz;, = 15+8i, z,=7-20i and z =z, —z,, then

z = (15+8i) — (7-20i) = (15—7)+i (8 +20)=8+28i and 7 =8 —28i.

1.2.7 Theorem: If a € C, € C, then the following results hold.

Da+B=a+p (i) . = @. B
(i) o = or (v) if B0, (a/B) = @IP
Proof
(i) Letustake ¢, e C as a=a+ib, [ =c+id, a b c, de R.

Then ¢+ f = (a+ib)+(c+id) = (a+c)+i(b+d)

a+pf = (a+c)+i(b+d) =(a+c) — i(b+d)

(a—ib) + (c —idy= a+p.

(i) af (a+ib)(c+id) = (ac —bd)+i(ad + bc)
(ac — bd) —i (ad +bc)

=(a—ib) (c-id) =a.f.

(iii) Z:(a+ib)=(a—ib)=a+ib=0(.
(iv) Let ao/P=y. Then oo = By, so that
a=pPy =p.7. (by (i)

7 =a/B, (since B£0and £ #0). .'.(0{/,6’)=07/_

1.2.8 Square roots of a complex number

Let z € C. If we C issuchthat w?=z, then w is called a square root of z. We now find
square root of z =a + ib,
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Case (i) : Suppose 5=0. Then, if a >0, w> =z =a or w=++/a,
if a <0, w? =z=a or w==*iVJ-a
Case (ii) : Suppose b # 0.

Let (x +iy) be such that (x + iy)2 =a+ib

Then a+ib = x*—)? +2ixy.
On equating the real and imaginary parts on both sides of the above equation, we obtain
a=x’—y° b=2xy.

YD) = -y +4xtyr =a’ + b7,

and x> + y* = \Ja’+ b*. Since x*—)y*=a, we have,

2x* =a+ a +b2 and 2y® =./a’ +b* -

Hence x = + /a+\/a +b2 /\/a +2b2

Since 2xy=b, both x and y have the same sign — either both positive or

both negative if »>0 and x and y have opposite signs if 5 <0.

+ /\/a +b2 Na +b2—a i b0
Na +b2 /\/a +b2—a Cif b<0

If x + iy is defined as above, then it can be verified that (x + iy)> =a + ib, so that x + iy isa

square root of a + ib.

Hence x +iy =

I+

1.2.9 Note
(1) Forapositive real number a, the notation Ja isusedto denote the square root of a. Fora

complex number z, the notation z'/? stands for any one of the square roots of z. But it is also

customary to write +/z for z'/2

() If a+ib=-|_'(x+iy),then‘/a—ib=-|_'(x—iy).
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i 1=
(i) Vi=*% % J-i =iT;.
(iv) Ja+ib + Ja—-ib= i\/2a +2\Ja’ +b* or t z\/Z«/az +b° -2a-

1.2.10(a) Definition (#n” root of a complex number)

Let n be a positive integer and ze€ C. If we C issuchthat w"=z, then w is called
an n™ root of z and is denoted by z'”.

In lesson 2, we shall prove that a non-zero complex number has exactly n distinct n'” roots.

(b) Definition
Let z be a non—zero complex number, n a positive integer and m an integer. Then "

is defined as (zm )l/n.

1.2.11 Note: If z # 0, (z™)"" has n distinct values

The following notation will be helpful in solving some problems connected with locus later.
Circle : Ifthe centre is (4, k) and radius r, then the equation of the circle is
(x —h?+ @ - k?>=r.
The standard form of a circle is x*> +3)? +2gx+2fy +¢=0, (g> + f>—c>0)

Here the centre is (—g, —f) and radiusis \/g? + f2 — ¢.

2 2
-h -k
Hyperbola : The general form of a hyperbola with centre (4, k) is (x > ) - (v 7 ) =1. The standard
a

2 2
form of hyperbolais — — [};—2 =1, ifthe centre is (0, 0).
a

We will learn in detail about circles, and conics in coordinate geometry.

1.2.12 Solved Problems

1. Problem: Find the complex conjugate of (3 + 4i) (2 —3i).

Solution: The given complex number (3 +4i) (2-3i) = 6 -9 + 8 +12=18 — i
Its complex conjugate = 18 + i.

2. Problem: Show that z; = 2+ 11 , 2o L-Hz

25 7 (1-2i)
240 2+i 2+
(1-2iY 1+4° -4 -(3+4)

are conjugate to each other.

Solution:
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_2-i_(2-)(B-4) _2-11
3+4 (3+4i)(3-4i) 25
2+ 11i

Since this complex number is the conjugate of , the given complex numbers z,, z, are

conjugate to each other.

3. Problem: Find the square roots of (=5 +12i).

Solution: From 1.2.8, we have

Herea=-5 and b =12. Hence

mzi[J@+(_5)”\/@_(_5)]

:iNBZ_S +i\/132+5}=i(2+i.3)'

We write thisas £ (2 + 3i).

Exercise 1(b)
I. 1. Write the following complex numbers in the form A + /B.
() (2-3i)(3+4i) i) (1+20) iy 4P
a+ib
) 4430 . ) i
™ S 3a—n M) (V344223 -0 () <-5l)(§j
Vi) (~0)2i (vii) 7 () i1
N . . 2+5i 2-5i
x) 3(7+7)+i(7+7i) (x1) 3—2i+3+2i
2. Write the conjugate of the following complex numbers.
(i) (3+4i) (i) (15+3i)—(4-20i) (i) (2+57)(—4+6i)
. 5i
R
3. Simplify

() i2+i*+i% ...+ (2n+1)terms (i) i"-3.07+i%(1+i%) (=i)*
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I1.

4. Find a square root for the following complex numbers.

@)
(iv)

7+24i (i) -8 —6i (i) 3+4i
—47+i8+3

5. Find the multiplicative inverse of the following complex numbers.

@)

1. ()

(ii)

(iif)

(iv)

(ii)
(iif)

3. ()

(ii)

(iif)

4. G

(ii)

(iif)

(iv)

J5 +3i (i) —i (iii) 33
If (a+ib)>=x+iy, find x> +)?.

If x+iy= then, show that x?+)?=4x -3

2+ cosO + isin0

1
If x+iy= then, show that4x? — 1= 0.
T cosO + ising o STOW RIS

+3
Ifz =3 -5i,then showthat z> — 1022+ 58z—136=0.

2+i
Ifu+iv= Z_ and z=x+iy thenfindu, v.

If z=2—-i/7 , then show that 323 — 422 +z+88=0.

Show that —=— ~ and 210 e conjugate to each other.
(1-20) 25
X Yy
If (x - iy)"*=a— ib, then show that o + 5= 4(a® - b?).
. 2 . 2
Write ( at lbj —( a- lbj inthe form x+iy.
a—ib a+ib

(1+i)x—2i+(2—3i)y+i
3+1i 3—1i

If x and y are real numbers such that =i, then determine the

values ofxandy.

—1

1+ (1-iY
If| —]| —| 7| =x+tiy find xandy.

. e e I+i
Find the least positive integer 7, satisfying (l—lj =1.

1-i I+i

Find the real values of 0 in order that M 1S a

1-2isin0
(a) real number (i1) purely imaginary number
Find the real values of xandy if = ~1 L2 -1_ ;.

347 3-1i
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1.3 Modulus and Amplitude of a complex number - Illustrations

In this section, we shall first define the modulus of a complex number. Then we shall introduce the
concept of amplitude of a complex number and its principal amplitude. We shall learn how to express a given
complex number in the modulus —amplitude or polar form.

1.3.1 Definition (Modulus or Absolute value of a complex number)

The modulus or absolute value of a complex number z = x + iy is defined to be the non—

negative real number \|x* + y* . It is denoted by |z | andis called mod z. Geometrically the
modulus | z | = |x + iy| is the distance from the origin (0, 0) to the point (x, ).

1.3.2 Note
@) |4=0VzeC

(i) Letz=(x y)€ C. Then |z|=0 & x>+’ =0
©x+y'=0  x=y=0 & z=0.
1.3.3 Example: Let z =3+ Then | =|3+4 =3 + 1> =+10.
1.3.4 Theorem : If ae C, fe C then
(i) |l = | (i) [of =aa (i) | =|f|A
Proof: Let o=x + iy; x, yE R. Then@=x—-iy=x+i(-y)
O [a]=y¥ + (3 =y =lef
(i) c@=(x+iy)(x=iy)=x"+)" =laf
(i) |or B = (e B) (& B) , (from above result (ii))
=afB.ap ,(from Theorem 1.2.7 (ii))
= 0:07.,8,3=|a|2 18
w|ecBl=lef 18]

? , (from above result (ii))
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1.3.5 Theorem: Let e C, fe C. Then

(i) |Re(@)| < e

» [im (@) < |of
(i) oo+ B[ =|of* +|B] +2Re(aB)
Giler + B + e = B =2(je + |6
(iv) | + B| <] + |4
Proof: Let o = a+ib;, P=c+id
() Since |o?|=a® + 0, @ <|af’
Hence |Re ()| =|a| < |of
In a similar way, we can show that [Im ()| < |¢]

(i) |or + ,/J’|2 = (a+p) (a + /J’); from Theorem 1.3.4 (i)

(a+ pB) (& + B) ; from Theorem 1.2.7 (i)

= aqa+af + pa+ BP.

_aa+ BB +aB+ (a_ﬁ) (from Theorem 1.2.7 (ii), (iii))
= |0:|2 + |,B|2 + 2Re (aﬁ).

Gii) |+ B +lor = B[ = lof +|B] +2Re(aB)+ |of +|B] + 2 Re ((-B)),
(fromresult (ii))

|05|2 + |,8|2 + 2 Re (a B) + |0(|2 + |,6’|2 - 2Re (a B)
2 (e +18)

(iv) We have |0{ + ,8|2 = |05|2 + |,B|2 + 2Re (aﬁ) , from (i1)

<lof +|B +2 e B
= |of® + |8 + 2|e||f] . (from (i) and (iii) of Theorem 1.3.4)

= (o + Bl

Hence |0! + ,B| < |0(| + |,3|
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1.3.6 Cartesian coordinates and Polar coordinates

Letus consider a plane. Let O be a fixed point and OX be a fixed ray in the plane. The point O is
called the initial point and the ray OX is called the initial line. Let P be a point in the plane P # 0. Let
OP = r. Let 0 denote the angle which OP makes with the initial line measured in the anticlockwise sense.
We note that, depending on the position of the point P in the plane, » can vary from 0 to o= (excluding o) and
0 can vary from 0 to 27 (excluding 27). The ordered pair (7, 0) is called the polar representation of the point

P and r, 0 are called the polar coordinates of P. Y
P(=xy) A
YA
P (x, "
(. y) y
-
0
y X’ <& \ X
0 - M —X (0]
X’ X
(0] X M -
4 Y,
Y
Fig. 1.1(a) Fig. 1.1(b)
Y
Y
0
M
0 x — a > X
’ M X -
X < VN X O\
(@)
-
,
-y
-
P ()C, -y )
/ \
Y/
P (—X, -y ) Y,
Fig. 1.1(c) Fig. 1.1(d)

Since P is different from O, 0 is uniquely determined.

We shall now choose OY  in the plane so that OY makes an angle Z with OX, measured in the anti-

clockwise sense. Let (x, v) be the cartesian coordinates of P with respect to the frame work OXY. LetM
be the foot of the perpendicular from P to the X—axis.
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Then x =+(OM) or — (OM) according as M lies on positive or negative side of the X—axis and
y =+ (MP) or — (MP) according as P lies above or below the X—axis.

Let (r, 0) be the polar representation of P. From A POM we see that

OM = (OP) cos Z/POM and PM = (OP) sin ZPOM. We note that ZPOM = 06 or
(t — 0) or (0—m) or (2m—0) according as point P lies in the first or the second or the third or the fourth
quadrants.

When P lies in the first or fourth quadrant, cos ZPOM = cos 0 and M lies on the positive side of
the X—axis, so that x=0OM (see figures 1.1(a)and 1.1(d)). When P lies in the second or third quadrants,
cos ZPOM =cos 6 and M lies on the negative side of the X—axis so that x= —(OM) (see figures 1.1(b)
and 1.1(c)). Hence x =rcos 0 inall cases. When P lies in the first two quadrants, sin /POM =sin 0 and
y=PM.

When P lies in the third or fourth quadrants, then sin ZPOM = - sin 6 and
y=—(MP). Hence y =rsin 0 inall the cases.

Thus we have x =rcos 0 and y =rsin9 .. (1)

In the above discussion we tacitly assumed that P is different from the origin O. When P coincides
with O, wehave x=0, y=0 and =0 and 0 can be any number in [0, 21) and equations (1) remain
valid in this case also.

We know that the mapping which associates to each point in the plane, its cartesian coordinates
(relative to the frame work of OXY) is in one to one correspondence between the set of all points in the plane
and RxR. Since C=RXR,toany complex number z = x + iy, there corresponds a unique point in the
plane with Cartesian coordinates (x, y) and vice-versa. We note that a complex number z lies on the X—axis
ifand only if z is areal number and that it lies on the Y—axis ifand only if it is purely imaginary. Hence the
X—axis is often referred to as the real axis and the Y—axis as the imaginary axis.

If z=(x, )€ C and P isthe point in the plane with cartesian coordinates (x, y) and if (», 0) are the
polar coordinates of P, then we have

z=x+iy=rcosO + irsin® = r(cos0 +isin0)

further |2| = \Jx* + »* = \/rz (c0526 + sinze) = =r (since 7>0).

1.3.7 Definition ( Amplitude of a complex number, principal amplitude)

In view of equations (1) of 1.3.6, it follows that for any given non—zero complex number
z = (x, y) there exists a 0 € R such that

cosO=2=_—X . sno=2=__2 . .. (2)

— 5
rooxX+y? g x+y’
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Any real number 0 satisfying the pair of equations (2), is called an amplitude or argument of z.

However, for a given complex number z# 0 there exists a unique 0 in the interval [- 7, 7 ) satisfying
equation (2). We call such 0 the principal amplitude or principal argument of z and denote it by Argz. For
the principal amplitude 0, tan© = y/x and therefore 6 = Tan™ (l), if x#0.

X

If n is an integer and O is an amplitude of z, then (2 n 7 + 0) is also an amplitude of z and is called
the general value of the amplitude of z.

1.3.8 Note

The principal amplitude of z=(x, y) liesin (0, w/2) or (7/2, ) or (—m,—m/2) or (-1/2,0)
according as the point (x, y) lies in the first or the second or the third or the
fourth quadrant and is not on the axes.

1.3.9 Definition (Modulus - Amplitude form)

r(cosO +isin®), 0 € (-, x], is called the polar form or modulus amplitude form of the

complex number z = (x, y).

1.3.10 Example

Find the modulus and the principal amplitude of the complex number (—1 - 3i )
Solution : Let —1 —/3i = r(cos 0 + i sin 0)
Then r cos® = —1 and rsin® = —+/3
.'.r=\/(—1)2 +(—\/§)2 = Jl+3=2.
__\/5
2

Hence cos 6 = —%, sinf =

Since the point (—1 -3 ) lies in the third quadrant, we look for a solution of the above equation that
lies in [—t, —1/2). We find that 6 = -t + nt/3 = -271/3 is such a solution.

.. For the given complex number, modulus =2 and principal amplitude =—27/ 3.

1.3.11 Note

(i) We write (cos 0 + i sin 0) in the simplified form as cis 6. You will learn that

2 —

cis 0 =¢" later. Since #=—1 and sin?0 + cos?0 = 1, we have

cos’0 — 2sin’0= (cos O+ isinB) (cosO — isinO)=1.
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1

From this cis0= ——.
cos O —isin0

1 1
cosO + isin® cisO

cis(—=0) = cos(—0) + isin(—0) = cosO —isinH =

(i)  Wenote that sin@+icos0 = cos(% - Oj + i sin (% - 0) = cis (% - 9).

1.3.12 Some operations on complex numbers in the modulus — amplitude form

Let z,=(x, )= r,(cos 6, + isin0,); z, = (p, g) =r, (cos B, + isin O,).
We shall now express z,z,; z,/z,, z, #0 in the modulus —amplitude form:
zy=(x,y)=r;(cos 0, + isin0)) = x=r,cosO,, y=r, sin0,.
z,=(p,q)=r,(cos0, + isin0,) = p =r, cosb,, g =r, sinb,.
z)z; = y) (B.q) = (p—yq. xq +yp)
= [(r;cos0,.r,cos0, — r;sin O, .r,sin0,),
(r,c080,.r,sin0, + r,sin 0, .7, cos H,)]
[r) 7, cos (B, + 6,), r;rysin(8; +6,)]
ry 75 [cos (B +0,), sin (6, +6,)]

= n"nr cis (91 +62)

In a similar way, we can prove by mathematical induction that, when 7 is a positive integer,

Zy.2Zy nZy = 1Py ... 17, Cis(0,+0,+...+0,),

4 _ Xty ey _(»tyqg yp-xq
- . - 2 27 2 2
n ptig (.9 \p +q ptg
| cosO, . r, cosO, + 7 sinb, . r, sinB, #sing, . r,cosb, — 1 cosb, . r, sinb,
a 1, cos’0, + 1, sin’0, ’ 7y cos” 0, + 1, sin”0,

(rl r,cos(0,—0,) rrsin(0,—0,) J
= 2 ’ 2

h h

= 5 /1y [cos(®, — 0,),sin (6, — 0,) ] = :—lcis ®, -0,).
2
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1.3.13 Note
(i) cis0,.cis 0, = cis (0, +6,).

CisOy _ i (6, - 6,).

(i)

cis0,
(i) mod (z,.2z,) = (mod z)).(mod z,).
(iv) Arg(z,.z,) = Argz, + Argz, + nm, forsomene {—1,0,1}.

(V) Arg(zy/z,) = Argz,—Argz,+ nm, forsomene {—-1,0,1}.
1.3.14 Solved Problems

1. Problem: Write z=—~7 +iN21 in the polar form.

Solution: If z:—\ﬁ+i\/i =x+iy,

then y = — /7 and y=\/ﬁ,r:\/x2+y2:«/7+2 =28 =27
tan9=y/x=\/ﬁ/—\/_=—\/§.

Since the given point lies in the second quadrant, we look for a solution of tan 6= —./3 which lies in

T
[E’ﬂ } . Wefind that 6 = zTﬂ is such a solution.

.'.—\/7+i\/27=2x/7ci52?ﬁ or Zﬁ{cosz?ﬂ+isin2?ﬂ]

2. Problem: Express —1 —i in polar form with principal value of the amplitude.
Solution: Let—1—i = r(cos® + isin0).
Then —1=rcosH, —1=rsinO and tan O =1 .. (1)
sLrr=2, ie,r=% V2. Since r is positive, r= J2.

Since ‘0’ satisfies — 7 < @ < 7, the value of 0 satistying the equation (1)is0= - 37/4.

c—l-i= \/E{cos(— %j+ isin(_j”ﬂ.
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-2
3. Problem: [fthe amplitude of [Z—6J = % find its locus.
z— 01

-2 +iy—2
Solution : Let z =x +iy. Then £ - = a .ly :
z — 61 X+ iy — 6i

(x=2)+iy _ [(x—2)+iy][x—i(y—6)]
x+i(y—6) [x+i(y—6)][x—i(y—6)]

x(x—2)+y(y—6) o xy—(x—2)(y—6)

= o (y - 6)2 e (y —6)2 =a+ib (say)
Then g = x(x;2)+y(y2—6), b= xy—(x—2)(y2—6)
x+(y—6) x2+(y—6)
But by the hypothesis, amplitude of a +ib=m/2. Hence a=0 and 52>0
Lx(x=2) +y(¥-6)=0 or x>+)?-2x—-6y=0 (D)
and 3x+y—6 > 0. ..(2)

The points satisfying (1) and (2) constitute the arc of the circle x*+ )? — 2x — 6y = 0 intercepted by
the diameter 3x + y— 6 =0 not containing the origin and excluding the points (0, 6) and (2, 0). Hence this
arc is the required locus.

4. Problem: Show that the equation of any circle in the complex plane is of the form
2Z+bZ+bz+c =0,(beC; ceR).

Solution: Assume the general form of the equation of a circle in Cartesian coordinates as

x2 + 32+ 2gx + 2/ + ¢ =0, (g f€ R). .. (1)
To write this equation in the complex variable form,
7+7 -z _ i(Z - Z)

let (x, y)=z. Th =x, —— =y =
et(x,y)=z en 5 2 y >

X+ y2 = |Z|2 =2Z.
Substituting these results in equation (1), we obtain
:2+8(z+2)+f(z-2)(-i)+c=0
ie, zz+(g—-if)z+(g+if)7+c=0. (2

If g+ if = b, then equation (2) canbe writtenas zZ7 + bz + bz +c=0.
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5. Problem: Show that the complex numbers z satisfying 7> +7° = 2 constitute a hyperbola.

Solution : Substituting z =x + iy inthe given equation z?> + 72 = 2, we obtain the Cartesian form of the

given equation.
(x+iy)2 +(x—iy)2 =2 e, x> =y +2ixy+x* -y —2ixy=2
or 2x* + 2(iy)* =2 ie, x* —y* =1.
Since this equation denotes a hyperbola, all the complex numbers satisfying 7> +72 = 2 constitute

the hyperbola x* — y% =1.

Exercise 1(c)

I. 1. Expressthefollowing complex numbers inmodulus - amplitude form
i 1-i () 1+i3 (i) —/3 +i
(v) -1-i3

2. Simplity =2i(3 +1)(2+4i) (1 +i) and obtain the modulus of that complex number.
3. (1) Ifz#0,find Argz +Arg 7.
(i) Ifz,=-landz,=-1i,thenfind Arg(z,z,)

—

(i) Ifz, =-landz,= i,then ﬁndArg(i] .
2,

4. (i) If(cos2a+isin20)(cos2P+isin2P)=cosO+isin0,then find the value of 6.

(i) If /3 +i=r(cos®+isin®),then find the value of O in radian measure.
(i) If x+iy= cisa.cis B, then find the value of x> +)?.

. 2 . . 2z, +z,
(iv) If —,z,#0,isanimaginary number then find the valueof | =212

4

2z, -z,

) If(f3+1)190=2%(a+ib), then show thata?+ b2 =4.
5. () Ifz=x+iyand|z|=1,then findthelocus ofz.

(i) Iftheamplitudeof(z—1)is g ,then find the locus of z.
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(i) If theArg 7, and Argz, are g and % respectively, then find (Argz, +Argz,).

142i
(iv) Ifz= 15—’)2 then find Arg(2).
—(1-i

II. 1. Simplifythe following complex numbers and find their modulus.

i (2+4i)(—1+2i) (i) (1'+i) .
(-1-0)(3~1) (2+0)(1+2i)

2. () If(1-9)@2-i)(3=i)....(1 —ni)=x —iy, thenprove that2.5.10 .... (1 + n?) =x*>+ 2.

(

z+1

Z+i
(1) If |z —3+i]=4,determine the locus of z.

1s 1, then find the locus of z.

(i) Ifthereal partof

(v) If |z + ai| =|z — ai|, then find the locus of z.

3. Ifz=(x+iy)and if thepoint P in the Argand plane represents z, then describe geometrically the

locus of P satisfying the equations
i |2z -3|=7 (ii) |z>=4Re(z+2)
(i) |[z+i?—|z—i*=2 (iv) |z +4i| +|z—4i|=10
4. (i) Ifz,z,aretwononzero complex numbers satisfying |z, + z,| =|z,| + |z,|, then show that

Argz, —Argz,=0.

Z—a

(i) If z=x+iyandthepoint Prepresentszinthe Argand plane and = I,Re(a) # 0, then

Z+a

find the locus of P.

1.4 Geometrical and Polar representation of a complex number in
Argand plane - Argand diagram

In the earlier discussion a complex number is defined as an ordered pair of real numbers and also defined
the fundamental operations of addition, subtraction, multiplication and division algebraically.
In this section we give a geometrical representation to the complex number and use this representation to

find the sum, difference, product and quotient of two complex numbers.

1.4.1 Geometrical representation of complex numbers

Gauss was one of the mathematicians who first thought that complex numbers can be represented on a
two-dimensional plane. Gauss introduced a pair of perpendicular coordinate axes and fixed a point P(x, y)
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corresponding to a given complex number (x, ). This means that the first coordinate x and the second
coordinate y in the ordered pair denote the coordinates of the point corresponding toz =x +iy. We call
this plane the complex plane or the z-plane and the X, Y axes as the real and imaginary axes respectively. In
the discussion that follows, apoint in a plane and a complex number are used in the same sense. For example
the complex number 2 + 3 denotes the point P(2, 3) and (-2 + 2i) denotes a complex number Q(-2, 2).
These points are shown in Fig. 1.2.

Y Y
A A
(O ) PZ3)
’ | Q... ©.2)
42 .
41
+1
f > |
of 1 @o X —X 2,00 -1 o X
Fig. 1.2

When complex numbers are represented in this way on a complex plane, we call that plane, the Argand
plane. Inthe complex plane any point other than the origin O(0, 0) denotes a vector. It is nothing but the
directed line segment joining the origin and the given point. In particular if the point coincides with the origin,
itresults in anull vector. From this it follows that complex numbers can be represented by vectors in a plane.

1.4.2 Finding the sum and difference of two given complex numbers through
Argand diagram

If we take two complex numbers in the Cartesian form (for example, z;, = x; + iy, 2, = X, + 1 y,),
their sum or difference can be found geometrically through an Argand diagram.

Let the two given complex numbers z;, z, denote the two points P,, P, on the complex plane
(Fig. 1.3). Let the coordinates of P, be z; : (x;, y) andthatof P, be z, : (x,, y,). By associating P,

with z; and P, with z,, we determine the points represented by Y
(Z1 + 2z, ), (Zl -2 ) geometrically, employing parallelogram law. /
Ifthe origin O (0, 0) isjoined to P,, P, and P,R is drawn P,(xy y)  Rxy)
through P, in such a way that it is parallel and equal to OP,, then
the coordinates of R will be (x1 + X, y + yz). Therefore the X’ < O P, (x, y) S X
point R denotes the complex number (zl + 2z, ) We write this in the /
vector form OR=OP,+P,R=0P, +OP, =2, + Z,. Hence P R’
R denotes the complex number z; + z,. \”
v
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In a similar way, as shown in Fig. 1.3, if P,O isextendedto P; suchthat P,O = OP;, the coordinates
of P; become (—x,, — y,). As such we denote P; with the complex number (=x,, - y,). Adoptinga

similar procedure, as was done in the case of addition, let the parallelogram OP; R"P, be completed.

Then the point R” denotes the complex number z; + (—22) =2z~ 2.

1.4.3 Finding product and quotient of two complex numbers geometrically

Let us first find the product of two complex numbers

7 .2,.Let zy =x +1iy, 2, =x, +iy, bethepoints P, and R (1, ry (0, +0))

P, in the complex plane. For convenience, take
z, =1 (cosO, +isin0,), z, =r, (cosb, +isind,).
P,(r,, 6,)
Then it follows that OP, = r;, OP, = r, . P,(r, 0,
Now take A(1l, 0) on the real axis. Since 0 Ne A(1,0) §
ZAOP, =0,, ZAOP, = 0,, construct A OP,R similar to l
A OAP,, asshownin Fig. 1.4. Fig. 1.4
Since A OAP,, A ORP, are similar, 0OA _OR Ny
OP2 OR P, (r, 6)
i.e., OP] .OP2 = OA.OR i.e., ry o ry = 1.OR or OR =nrr.
Also ZAOR = ZAOP2 + ZROPZ = 62 + 91 . Hence the polar r R (1i/1,(6,—8))
coordinates of Rare (7 75, 8, + 0, ). Thismeans r, r, cis(0, +6,) 0, P, (r, 6)
r
denotes the point R. Hence R denotes the complex number z, z, . ¥ % >
0 A(1,0)
We shall now find the quotient (z, / z, ) of two complex numbers % .
Fig. 1.5

z, and z, when z, # 0. Following the discussion made on the product,

take z, = x,+ iy, = 1; cis 0, z,= x, + iy, = r, cis 0, and denote z|, z, with p, p, respectively.

From Fig. 1.5, OP, =r|; OP, =r,; £LXOP, =0,, ZXOP, = 0,. Denote the point (1, 0) on OX

OA OP 1
byA. Construct A ORP, similarto A OAP, ,as shown inthe Fig. 1.5. Then — = —2, ie, — = 2
OR OP, OR

or OR=-"1; ZAOR = /AOP, - ZPOR =0, —0,.

)

n cis (0, — 0,) denotes the point R. Hence R = i.
r 2

In the examples that follow, we illustrate the locus of the geometrical aspects of the complex number.



1.4.4 Note : Geometrical meanings

v

(ii)

(iv)

v)

If z=a + bi. Then 7 = a — bi
represents the mirror image of the point

z=a + biabout the X-axis.

|Zl _Zz|
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P (2)

Q®)
Fig. 1.6

Consider two points A(z,) and B(z,) in the Argand plane such that z, = x, + iy, = A(x, y,) and

z, = x, T iy, = B(x,, y,).

Then |z, —zzl=|(X1 —X)+i(y = ¥y) | =\/(X1 —X2)2 +(n —y2)2 = AB

L.e.,thedistance betweenABis |z, —z,|.
Perpendicular bisector

Let P(z) be any point on the perpendicular
bisector of AB, then PA=PB.

= |z —z||= |z =z,]

which is the required equation of the
perpendicular bisector of the line
segment joining A(z,) and B( z,).

Note that similarly we can prove the
following results.

Equation of straight line joining two points A(z,) and B(z,) is
Arg(z_zlj =0 or T.
- Z2

Equation of circle

Let P(z) be any point on a
circle with centre at C(z,) and
radius »

thenCP=r = |z —z)|=r,
which is the required equation

of circle.

'P(2)

A(z) "; ' B(z,)

— | rbisector
1

Fig. 1.7
B(Zz)

P(2)

A(Zl)
Fig.1.8

P(2)

Fig. 1.9
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(vi) Diameter form of a circle

P(z)
- T
- Zz 2
represents a circle with end 2 2
points ofadiameterasz, and z,. Fig.1.10

Its another form is

|z _21|2+ |Z_Zz|2= 1z, _Zz|2'

(vii) Consider the equation

Z— Zz
Thelocus ofapointzisacircle, if k£ # 1 and astraight line, ifk = 1.
(viii) Equation of ellipse.
We know that the sum of'the distances

ofany point on ellipse from two fixed
points (focii) is constant and 2a.

.. The equation of ellipse with focii at

ziand z, is |z —z|| +|z = z,| = 2a,
where 2a > |z, —z,| and 2a is the
length of major axis.

(ix) Equation of hyperbola.

We know that the difference of the
distances of any point on hyperbola
from two fixed points (focii) is

constant and 2a.

.. The equation ofhyperbola with focii
atz,andz,is |z — z|| - |z — z,| = 2a,

where 0<2a<|z, —z,|.
1.4.5 Solved Problems Fig. 1.12
1. Problem: Show that the points in the Argand diagram represented by the complex numbers
1+ 3i,4—3i,5-5i arecollinear.
Solution : Let the three complex numbers be represented in the Argand plane by the points P, Q, R
respectively. Then P=(1,3), Q=(4, —3)and R=(5, —5). The slope of the line segment joining P, Q is
3+3 = o = — 2. Similarly the slope of the line segment joining Q, R is 3+ = 2 = —2 .Sincethe slope

1-4 -3 4-5 -1
of PQ is the slope of QR, the points P, Q, R are collinear.
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2. Problem: Find the equation of the straight line joining the points represented by (—4 + 3i ), (2 -3i )
in the Argand plane.

Solution : Take the givenpointsas A = —4 + 3j = (—4, 3), B=2-3i= (2, —3). Then the equation of

3+3 (x +4)

the straight line AB is y —3 = s

e, x+y+1=0.
3.Problem: z = x + i y represents a point in the Argand plane. Find the locus of z such that |z| =2.
Solution: Let z = x + iy. Then |z| = 2 ifand only if|x + iy| =2 ifand onlyif y/x* + y? =2 ifand
onlyif x* + y* = 4.
x> + y? = 4 represents a circle with centre at (0, 0) and radius 2.
.. The locus of |Z| =2 isthecircle x* + y* = 4.
4. Problem: The point P represents a complex number z in the Argand plane. If the amplitude of z

. T .
is Z , determine the locus of P.

Solution: Let z = x + iy. By hypothesis, amplitude of z = 7 /4.
z | x|
Hence x =|z{cos—=-= and y =|z|sin—=-—= .
E RN ) y =l RN )
Hence x>0, y>0 and x = y. Clearly forany x € [O, 00), the point x + i x has amplitude %
~. Thelocus of P is the ray {(X y)E R’ ‘ x20, y20,x=y }
-1
z—1

5. Problem: [fthe point P denotes the complex number z =x + iy in the Argand plane and if

is a purely imaginary number, find the locus of P.
z—1

Solution: We note that isnotdefinedif z=1.

z-1
z—i _ x+iy—i _x+i(y-1)
z—-1 x+iy-1 x—=1+iy

_ [x+i()’—1)][(x_1)—i)’]_x2+y2—x—y_H( l-x—-y ]

Sincez = x +1iy,

CJa-D+iy][e-D-iy]  (x-1>+ > -1+ y?
[ 11 ]

-1 2 + 2 _ —
: I will be purely imaginary, if z #1 and Gl A S A

— 2 2
(x=1) +y
ie, x> +y>—x—-y=0 and (x, y);t (1, 0).
. Thelocus of P isthecircle x* + y? — x — y = 0 excluding the point (1, 0).
6. Problem: Describe geometrically the following subsets of C :
(){zeC | |z-1+i|=1} (i) {zeC | |z+i|<3}
Solution
() Let S={z e C||z-1+i|=1}
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Ifwe write z = (x, y), then S:{(x, y)e R? ‘ |x+iy—1+i|=1}
:{(x, ye R |(x—1)+i(y+1)|=1}
e ye R | a-12+0+1’=1}
Hence S isacircle with centre (1, — 1) and radius 1 unit.
(i) Let S'={ze C||z+i|<3}
Then § = {(x, ye R’ | |x+iy+i|£3}
:{(x, ye R | |x+i(y+1)|£3}

={(x, y)e Rz‘x2+(y+1)2 39}
Hence S’ isthe closed circular disc with centre at (0, —1) and radius 3 units.

Exercise 1(d)

I. 1. (i) Find theequation of the perpendicular bisector of the line segment joining the points 7+ 7i, 7 —7i
in the Argand plane.

(i) Find the equation of'the straight line joining the points —9 + 6i, 11 —4i in the Argand plane.

2. If z=x+iyand ifthe point P in the Argand plane represents z, then describe geometrically the locus
of z satisfying the equations

(1) |z-2-3i=5 (1) 2z = 2|=z = 1|
. z—1 T
(i1) Img z (iv) rg(z_l_l) 1

3. Show that the points in the Argand diagram represented by the complex numbers 2 + 24, —2 — 24,
—2:/3 + 24/3i are the vertices of an equilateral triangle.

z—2 =10.
5

4. Find the eccentricity of the ellipse whose equationis | z —4 | +

3 — 7 . )
IL1. If = L isareal number, show that the points represented by the complex numbers z;, 2,, Z3 are
O T4
collinear.

2. Show that the four points in the Argand plane represented by the complex numbers 2 + i, 4 + 3,
2 +5i, 3i are the vertices of a square.

3. Show that the points in the Argand plane represented by the complex numbers
—2+7i, _73 + %i, 4-3i, %(l + i) are the vertices of a rhombus.

4. Show that the points in the Argand diagram represented by the complex numbers z,, z,, z; are collinear

ifand only if there exist three real numbers p, g, » notall zero, satisfying pz; + g z, + r z; =0 and
ptqg+r=0.
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9,1

. The points P, Q denote the complex numbers z;, z, in the Argand diagram. O is the origin. If

% Z, + 7 2, =0, then show that |[POQ = 90°.

s
6. The complex number z has argument 6,0 <0< B and satisfy the equation |z—3i|=3. Then prove

that (cot e—é) =1.
Z

[Key Concepts]

% A Complex number is an ordered pair of real numbers. Itis denoted by (a, b), a€ R, be R.
< Two complex numbers z; = (a, b) and z, = (c, d ) are said to be equal ifand only if a= ¢

and b =d.
% Algebra of complex numbers : If z; = (a, b), z, = (¢, d) then

a+zn=(@+cb+d); -2 =(a-cb-d)
(ac+bd bc—adj

2 - 2, = (ac — bd, ad + bc); £
)

+d? P +d?

% Representation of a complex number
z= (a, b) is represented by (a + ib),a is called the real part, b is called the imaginary part
andi =(0, 1).

< Conjugate of a complex number
Forany complexnumber z = a + bi, the conjugate of z, denotedby 7 isdefinedas a + (=b) i
and wewrite 7 = a — ib.

%  Themodulus of acomplex number z = x + i y is defined as a non-negative real number

r=+x* + y* . Itis denoted by |Z| and we write mod z.

®,
0’0

x .
Any real number 0 satisfying the equations €os 6 = o sin 6 =% is called an amplitude or

argument of z. The unique argument 0 of z satistying —7 < 6 < 7 is called the principal
argument of z and is denoted by Arg z.

% The polar form or modulus — amplitude form of the complex number z = (x, y) is

r(cos® + isin@).




Complex Numbers

Historical Note

It was Greek mathematicians who realised first that the square root of a negative real number does
not exist in the real number system. But it was the Indian mathematician Mahavira (850 A.D) who
stated this difficulty very clearly in his work ‘Ganitha Sara Sangraha’ : “As in the nature of things a
negative (quantity) is not a square (quantity) — it has, therefore, no square root”. Bhaskaracharya,
another Indian mathematician in 1150 A.D. wrote in his work ‘Bijaga Nitha’: “There is no square root of
a negative quantity, for, it is not a square”. Cardan (1545 A.D.), in solving the equations x +y = 10,
xy =40 obtained x =5 + J-15and y =5 - \/3 , but discarded these values as solution by saying
that these numbers are ‘useless’. But Euler (1707 - 1783) was the first to introduce the symbol i for /—1

and it was Hamilton (1805 - 1865) who regarded the complex number as an ordered pair of real

E::777

numbers — thus giving a more general definition, which avoids the use of the so called

‘imaginary numbers’ in mathematics.

Answers

Exercise 1(a)

2.(—24,28) 3. () (=3 —=5), (i) (-4, - 1), (i) (14, -8)

w
A
v

7\

&)
ul|°)
l\.)||
9
N—

L 1.G) 18+i(-1)

o ( 7 —24) (
(i1) (sin®, —cos0) (i) | —=> —— @iv)

2.(0,2sin 0)

625" 625

Exercise 1(b)

(1) —11+i(=2) (111)

(V) (=6+/2)+i(x3+26)

(vii) 0+4.1
2. (i) 3-4i
3. (i)-1

4. (i) +(4+3i)

\/— 3i

5. (1)

(ix) 0+i.1

(i) 11 -23i
(ii) 1 +3i
(i) +(1-3i)

(i) i

a’ b2+i( —2ab)

a’ +b? a’ +b’
. _+.0

(vi) 2 i(0)

(x) 14+i.28

(iii) —38 + 8i

(if) £ 2 +1)

(iif) —i

2
575
27

()E%’

(vii) 2 +i(0)

(x1) —+l 0)
1 7i

(iv)

(iv) +(1+4i3)
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IL 1. (i) (a®+ b (iv)

II.

3. (ii)

4.
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2x+3)+y  x—-2y+3
(x+3)+y* (x+3)*+y°

8ab(a*> —b?)i
(@ +b°)
(i) x=4 (i) x=0, y=-2 (iii) (a) 6=nm, nel (b)6=2nni§,nel

(iv) x=—4, y=6

(i) x=3,y=-1

Exercise 1(¢)

0 o -ZJoisn(-2)] 0 {2} risn 2]

(iii) 2( cos 150°+ i sin 150°) (iv) 2|:COS(—2?”) +i sin(—z—;’ﬂ
0, if Argz#m T o T
2.(1) 8(4 +3i), 40 3.3 1) — 1i1) —
(i 84+ 30) (){mifArgZ:n ()5 (i)
4. (i) 6=2(a+P) (i) % radians (iii) 1 (iv) 1
. . .. 2T .
5.(1) ¥*+y*=1 (i) x=1,y>0 (iii) I (iv) 0°
. L2420 W2
1. (i) 2-i7/5 (i1) s 5
2.(i)x—y=1 (i) xX*+)?—=6x+2y—6=0 (iv) y=0
7
3. (1) x*+)*—3x—-10=0;acircle with centre at (%, O) and radius 3 units
(ii) x> +1% —4x — 8 =0; a circle with centre at (2, 0) and radius 2+/3 units
(iii) 2y—1=0; aline parallel to x-axis.
(iv) 25x*+9y*=225; an ellipse with centre (0, 0) with eccentricity % and major axis is parallel to
Y-axis.
4. (i) Y-axis
Exercise 1(d)
I. (i)y=0 (i) x+2y—-3=0
2. (1) X¥*+y°—4x-6y-12=0

(ii) x*+y*—6x + 7 = 0, circle with centre (3, 0) and radius 1 unit.

(i) xy = 2, arectangular hyperbola.
(iv) x> +y*=2y—-1=0



Chapter 2

De Maive's Jheorem

“In any problem there must be an unknown - if every
thing is known, there is nothing to seek, nothing to
do” — G . Polya

Introduction

In the previous chapter we learnt that cis, . cis 6, =
cis(0, +0,) and hence (cis 0)* = cis 20. In this chapter we
extend this result for any integer. This extension is called De
Moivre’s theorem for integral indices. We use it in studying
the n™ roots of unity. We also obtain a version of De Moivre’s

theorem for rational indices.

2.1 De Moivre’s Theorem - Integral and
Rational Indices

In this section De Moivre’s theorem is proved. By
using this theorem all the #” roots of a complex number
z # 0 are determined. Asaparticular case, all the n” roots
of unity are determined and their geometrical representations

are obtained.

De Moivre
(1667-1754)

Abraham De Moivre was a French
mathematician famous for De
Moivre's formula, which links
complex numbers and
trigonometry, and for his work on
the normal distribution and
probability theory. He pioneered
the development of Analytic
Geometry. De Moivre wrote a book
on probability theory, entitled
‘The Doctrine of Chances’.
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2.1.1 Theorem (De Moivre’s theorem for integral index)

For any real number 0 and any integer n, (cos © +isin0)" =cosn0 +isinn6.
Proof: Let0 be a given real number. We distinguish three cases.

Case (i) Let n be a positive integer. We prove the theorem using the principle of mathematical induction
on n.

Let S(n) be the statement (cos 0 + isin0)" =cosn O + isinn0.

If n=1, then L.H.S. = (cos0 + isinB) = cos 10 + isin1 6 = R.H.S., hence S(1)istrue. Assume
that S(k) is true for ke N.

i.e., (cosO+ isin0)f = cosk® + isink0.

Multiplying both the sides of the above equation with (cos 6 + i sin 0) we get

(cos © +isin 0)* (cos O + isin 0)=(cos kO + isink0) (cos O +1isin 0).

(cos O+ isin®) "/ =coskO cos® + isinkBcosO + icoskB sin® + 2sinkOsinO
=(cos kB cosO —sinkBsinB) +i(sinkO cosO + cos kO sin6)
=cos (kO +0)+ isin(kO+ 0)=cos(k+1)0+isin(k+1)0=RH.S.

S S(k+1) istrue

By the principle of mathematical induction, S(n) is true for all positive integers n. i.e.,
(cosO +isin®)" = cosnO + isinn 0 forall ne Z".

Case (ii) Let n= 0 then L.H.S.=(cos® + isin0)°=1= cos 00 + isin060=R.H.S.
Hence (cos 6 +isin8)"= cosn O + isinn O in this case also.

Case (iii) Let » be anegative integer and n = —m, where m € Z".

1

. L.H.S. = (cos 6 +isinB)” = (cosO +isinBQ) " = ( 0 rie G)m
cos0 + i sin

1

= f 1
cosm 0 +isinm 0 (from case (1))

cos m0O — i sin m0

cos’m 0 —i*sin® m 0

cos mO — i sin m0

cos’m0 + sin’*m 0

= cos(—m)O + isin(—m)0O
= cosnB + isinn® = R.H.S.
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2.1.2 Note

(1) Itiscustomary to write cis © for cos 6 + isin 0. Thus we may state the
De Moivre’s theorem as (cis 0)" = cis (n0) if ne Z.
(i) (cosO +isinB) " =cos(—n)O + isin(—n)O =cosnB — isinn0,
provided ‘»’ is an integer.
(ii1) (cos O +isin0) (cosO — isinB) = cos’O—i?sin’O = cos’O +sin’ O = 1.
1 1

. 0 +isin@)=—FF— el = Bein®
<. (cos k0 8) cosO —isin6 cos6 + isin0

, (cos® —isin0) =

1
cos O +1isin0

(iv) (cos O —i sin 0)” =( ) =(cosO + isin@)" = cosnO—isinnb,

provided ‘»’ is an integer.

(v) cis@.cisq):cis(e +¢) forany 0, g€ R.

2.1.3 Solved Problems

(cosar + isin 0{)4

(sin,B + icos ,8)8

1. Problem: Simplify

(cosar + isina)4 _ (cosor + isina)4 _ (cosor + isina)4
(sing + icos,B)8 (— i2sinf + icosﬂ)g (i)8 (cos B — i sin ,6’)8
= (cos & + i sin a)4 (cos B —isin ,8)_8 [ it = (iz)4 = (- 1)4 = 1}
= (cos4 o +isin4a)(cos 8 f +isin8p)
=cos (4a+8f)+isin(4a+38p).

Solution:

2. Problem: If m, n are integers and x =cosq + isin ¢, y =cos S + isin f then prove

that x"y" +

m m_n

1 .
— =cos (mo +nf) and xX"y" - =2isin(ma + nf).
X
Solution: x"=(cosqar +isin )" =cosmo +isinmo
V'=(cosf +isinf) =cosnfB +isinnf

Sx"y =(cosm o +isinm a)(cosnf +isinnf)

cos(ma+nf)+isin(ma+np) .. (1)
1 1

X"y cos(moa+nf)+ isin(ma+np)

cos(ma+nf) — isin(mo+nf) .. (2)
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1
By adding (1) and (2), we get x")" + xm—y" =2cos(ma+ np)

1
By subtracting (2) from (1), we get x"y" — —— =2 isin(ma +nf).
Xy

3. Problem: [f n is a positive integer,

n+2
show that (1 +i)" + (1-0)" = 2 2 cos [%]

Solution: (1+i) = ﬁ(%+i%)=ﬁ(cos%+isin%}
(1-9 = ﬁ(%—i%}=ﬁ(cos%—isin%)

(1+i)“=(\/§)n cos Z+isin 2| =22 cos 2% +isin 21X
4 4 4 4

(\/E)n Cosz—isinz =22 cosﬂ—isinﬂ
4 4 4 4

n+2

(I-2)"

By adding (1) and (2), we get (1+ )" + (1-i)" =22 (2 cos %) =2 2 cos %

4. Problem: [f n is an integer then show that (1 + cos 0 + i sin 0)" + (1 + cos 6 — i sin 0)"

=2"*lcog” o cos n_@
2 2

Solution: L.H.S. = (1+cos® +isin0)” + (1 +cosO —isinB)”

0 0

0
= (2 cos’ 9+ 2 isin 9 cosg)”+(2c0s2— — 2isin 7 cos 7'
2 2 2 2

2 2

L .0 o .. 0Y o .. oY
=2 COS — COS — + 1 SIn — +| COS — —1SIn —
2 2 2 2 2

n . 0 n® . . nb nd .. nb
— 2" cos" — | cos — +isin — + cos — — i sin —
2 2 2 2 2

— 2" cos” o 2cos nb =2"%1 cog” o cos nb = R.H.S.
2 2 2 2

(D

- (2)
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5. Problem: If cos ¢ +cos f +cosy = 0 = sin ¢ +sin f +siny, Prove that
cos’ o + cos’ B+ cos’y = % =sin’ o + sin® B + sin® .
Solution: (cos o + i sin &)+ (cos S +isin )+ (cos y +isiny)
= (cos & + cos f + cosy) +i (sin o + sin B +siny)=0+i0
(cos & +isin o)+ (cos B +isin )+ (cosy +isiny)=0 (1)
Let x=cisa, y=cis f, z =cis y then x+ y+ z =0 (by(1)), then

x2+y2+z2:—2(xy+yz+zx):—2xyz(l+l+lj
Xy z

=—-2xyz [cosa —isin @ + cosff —isinfS + cosy —isiny]
=-2xyz [(cos o+ cos B+ cos y)—i(sin o +sin B + sin }/):I
=-2xyz(0-i0)=0.

Xty 472 =0

= (cos o + isinoz)2 + (cos B + isinﬁ)2 + (cos ¥ + isinj/)2 =0

= cos 2« + isin 2a + cos 2 + isin 23 + cos 2y + isin 2y =0

= (cos 2a + cos 28 + cos2y ) +i (sin 2 + sin 28 + sin2y) =0

. cos 2a + cos 28 + cos2y =0
2cos’a—1+2cos’B—1+2cos’y —1=0

2(cos2a+cosz,8 + cos’ j/):3

2 2 2 3
s cos” & + cos” B + cos 7/=5

) .2 ) 3
l-sin“a +1—-sin” f +1—sin J/=§

. . . 3
sosinfa +sin® B +sin’y = 5
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II. 1.
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Exercise 2(a)

If » is an integer then show that (1 + i)zn + (1 - i)zn =2""! cos %

Find the values of the following:

(i) (1+iv3 )3 (i) (1-i)

5 5
3 30
(iif) (1+4)° (iv) (% + é) - (% - éj

If o, B are the roots of the equation x* — 2x + 4 = 0 then forany ne N
show that " + B" =2""' cos (%)

If cos o + cos f+ cosy =0 =sin o + sin f + siny then show that

(i) cos 3a + cos 3f + cos 3y =3cos (¢ + S +7)

(i) sin 3 +sin 34 +sin 3y =3 sin (@ + B + )

(iii) cos (@ + )+ cos (B +y)+cos (y + ) =0

2n

. ) } b4 Z .
If n isaninteger and z = cis 0, (6 # (2 n+ 1) E)’ then show that ﬁ =itann6

If (1+x)" =ay+ax+a,x* +...+a,x", then show that

, 2 Nz
(i) ay—aytas—ag+...=2 cosT
3 no.nx
(i) ag—az+as+...=2 smT

2.2 n™roots of unity - Geometrical Interpretations - Illustrations

" = z,, which we denote by z,'

When z, is a positive real number there is one and only one positive real number » such that

/n However there are many more complex numbers ‘o' such that

. .2 . 4Arm
o" = z, Forexample cis0, CZS?, Cls? satisty ®’ =1.The following theorems tell us how to find all the

n™ roots of anon-zero complex number.
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2.2.1 Theorem (De Moivre’s theorem for rational index)

If n is a rational number, then one of the values of (cos 0 + i sin 0)” is
cosn B +isinn6.

Proof: Let n = £, where p, g are integers and ¢ is a positive integer. Then

q
(cos n0 + i sin n6)’ = (cos Poiisinl 9] = (cos pO +isin pO)[from theorem 2.1.1]

q q
= (cos 0 + i sin 6)"

<. Hence, one of the ¢” roots of (cos 6 + i sin 9)p is cos n0 + i sin no.

i.e., one of the values of (cos 0 + i sin O)WI is (cos Poyisnl 6)
q q

Hence it follows that (cos 76 + i sin n6 ) is one of the values of (cos 6 + i sin 0)'.

2.2.2 Definition (n" root of a complex number )

Let n be a positive integer and z, # 0 be a given complex number. Any complex

number z satisfying 7" = z, is called an n" root of z, and is denoted by zol/ "or Yz, .

Now we learn how to find the #” roots of a given complex number z,,, using geometric techniques.

2.2.3 Theorem: Let zy=r, (cos®, +isin6))#0 and n’ be a positive integer . For

0, +2krm
n

.1 are all the ‘n’

ke {0, L2, .., (n- 1)} let a, = 1,""" cis ( ) . Then ay,ay,..,a

distinct n™ roots of Z, and any n™ root of Zy coincides with one of them.

Proof: We divide the proof'into three steps

(i) Foreach k€ {0, 1,2, ....(n = 1)}, a}f =z,
(i) If ©" = z,, then ® =, forsome k€ {0,1,2,....(n - 1)}

(iii)IfOSiijS(n—l)then a; #a;
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Log, +2kn)

Step (i) : Wehave a," =| r," cis = 1, cis (8, + 2k ) [by DeMoivre’s theorem] . Since,

n
the trigonometric functions sin6, cos6 are periodic functions of period 2m and k is an integer,

cos (0, + 2km)=cos 0,, sin (8, + 2k7) = sin 6,
Hence a; =1, cis (8,) = 2.

~a, isan p™

root of z;.
Step (ii) : Let o’ be an n™ root of Zy- Then ©" = z,.
Hence |0)|" =‘m"‘ = |zo| =5 = |m| ="

o =" cis o forsome a€[0,2 7). Then by 2.1.1

o" =1, cisn o but @" =z, =1, cis (8,)
s 1y cosna=r cos 0, and 7, sin (n )= r,sin 6.
Since 7, # 0, wehave cos (n a)=cos (0,) and sin (n ) =sin 0.

snoa=2mm+0, forsomeinteger ‘m’. From the division algorithm we have m =nj + k for

some integer j and for some k€ {O, L2, (n - 1)}

sno=2njr+2knx+0,

,'05=2]7Z+L+90
n
[2kﬂ+%) : .(2kﬂ+%]
SLecosa=coS| —mmm L, Sma=sm| ——
n n

Hence o =q, .

Thus any »n™ root of z, coincides withone of a,a,a,,....a

n-1°

.. 2knm
+ I sin ,
n n

1
Step (iii) : Let np=rp" (cos % + i sin % ] and &, =cos 2kz
n n

(k =0,1,.., (n- 1)) then & is the point P, on the unit circle such that OP, makes an angle of
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21k . . o . . . .. .
with the positive direction of the x-axis, measured in the positive direction. Since
n
2wk s g .
(k=0,1,2,.., n—1) are ‘n’ distinct values of [0, 27) , it followsthat Py, P,, ..., P, ; are n-
n

distinct points. Hence & # &; for i # j. Since iy # 0,7 # 0 andng; # n¢;, for i#j.

Hence a; # a; fordistinctindices iandjamong0, 1,2, ..., (n—1).

n™ roots of unity
2.2.4 Corollary

0 e 2 . . 271
Let ‘n’ be a positive integer greater than one and ® = cos — +1i8in —, then
n n

I, o, ® """ are all the distinct n™ roots of unity.

9 eeey

Proof : We have 1=cos 0+isinO. From Theorem 2.2.3 it follows that

2k

+ isin
n n
De-Moivre’s theorem we have

a, = cos (k =01, 2, ,(n - 1)) are all the %’ distinct #” roots of unity. From

k
a, =(cos 2kz + i sin 2kz ): (cos 2z + isin 2ij = o (k =0,1,2, ,(n - 1))

n n n n
2.2.5 Note
(1) Observe that the n” roots of unity differ by an argument 2z )
n
(i) The sum of'the »” roots of unity is zero.
clto+o’+.o+ort o1z 171
-0 1-o
(iii) Product of the #" roots of the unity is (—=1)"".
n (n - 1)
n(n -1 i
1o, 0 mn—1=(01+2+3+....+(n—1)=m(2 )=(cis2—ﬂ 2
n

=cis (n—1)w =cos (n —1) 7 + isin (n—l)n-:(_l)n—l}

(iv) The n"roots ofunity 1, ®, ®°, ..., ®" ' are in geometric progression with common ratio .
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2.2.6 Geometrical representation of the n” roots of unity

We have proved that the #” roots of unity are precisely cis 2kz (k =0,12, ... (n— 1)) . Clearly
n

all of them lie on the unit circle in the complex plane. Now we locate their positions on the unit circle.

Let us consider the unit circle centred at the orign. For

rd

ke {O, 12, .., (n —1)}, let P, denote the point on the unit

circle such that the rays OP, makes an angle with the
positive direction of the X-axis. (i.e., initial ray) measured in

the anti-clock wise sense. Then the polar co-ordiantes of P,/ ¢

2k
are | 1 | Hence P, represents the complex number

k :
. Thus the points P, P, P,, ..., P(n_l) represent the n”
n

cis

roots of unity. Notethat Py, P, ..., P,_, isaregularn - gon

with vertices on the unit circle. The 8" roots of unity are marked
inFig. 2.1.

2.2.7 Cube roots of unity

In this section we find all the cube roots of unity and all the cube roots of a positive real number.

“1+if3 -1-i3

2.2.8 Theorem: 1,

are the cube roots of the unity.

2 2
Proof: From the corollary 2.2.4 we have the ™ roots of unity are 1, w, o?, ..., o"~! where @ = cisz—ﬂ.
n
.. 1 i3 —1+1i+/3
.. cuberoots of unityare I, ® = cos— +isin— = — — + l[ = l\f and

3 3 2 2 2

, A . 4rm 1 i3 -1-i3

®° = cos— + isin— = — — — = )

3 3 2 2 2

2.2.9 Note

1. Cuberootsofunity are the vertices of an equilateral triangle which is inscribed in a circle of unit radius and

having centre at origin.



|De Moivre’s Theoreml

2. lto+w’=0andl.o .0?* = w’=1.

3. The cuberoots ofapositiverealnumber ‘a’ are ¢'3, 4" 3w, a'*w?.

2.2.10 Solved Problems
174
1. Problem: Find all the values of (\/5 + i) .

Solution: The modulus amplitude form of B+i=2 (cos 30° + isin 300).

» 7\ 2k + z
Hence (x/§ + i) =(2cing = 2" cis T6 , k=0,1,2,3

ol (12/(72’ + 7

o )’ k=0,1,2,3

= 24 cis (12k +1)%, k=0,1,2.3

13z L 25 L
24

2. Problem: Find all the roots of the equation x'' — x" + x* —=1=0.

Solution: x'' — x” + x* —1=x%’ <x4 - 1) + 1(x4 - 1) = (x4 - 1) <x7 + 1)

1/4 1 1 1
.. All the values of (\/§ + i) are 2* cis%, 24 CZSZ’ 24 cis——, 2*cis 77

24

Therefore the roots of the given equations are precisely the 4" roots of unity and

7" roots of —1. They are cis 2kz =cis % ke {0,1,2, 3} and
L 2km+ ) T .
cis # = cis (2k + 1)7, ke {0, 1,2 34,5, 6} [ -1= czsﬂ]
.. The value of x are cisQ =1, cis % =1I,CiSTT = — 1,cis3—ﬂ =—1,
LT .3t St . . .97 11z . 137
ClS—, cisS—, CiS—, CIST =—1i, CiS—, CiS— , cis——
7 7 7 7
) . . . 37 Y4 .97 11z . 137x
re., i, x1, cis 7 czs7, cis—, cis—, czs7, cis —.
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3. Problem: If 1, o, o> are the cube roots of unity, prove that
@) (1—w+m2)6 +(1—oo2 +03)6 :128:(1—w+002)7 +(1+(n—032)7
(i) (a +b) (ao) + bwz) (ao)2 + bw) =a’ +b.

(i) x* + 4x+7 =0 where x = — 0> - 2.

(-1+iv3) (-1-i3)

Solution: We use 1+ o+ > =1+ 5 + 5 =0 and

27 ’
o = (cis?j =cis2mw =1.

@) (1 -0+ 0)2)6 + (1 — o + (o)6 =(-o- (9)6 + (—w2 - 0)2)6= 2° (w6 + wlz)
=2°(2)=128
(1—(9 + w2)7 + (1+0) - (92)7 =(-o0- 0))7 + (—0)2 - w2)7
= (-2)" (67+0")=(-2)" (0 +67) = (-128)(-1) = 128
(i) (a+0b) (aw + bmz) (aw2 + b(o) =(a+b) (a2 o + abo' + abo® + b’ 0)3)

=(a+b)<a2+ab(0)+m2>+b2) = (a+b)(c12—czb+172)=cz3+b3

i) x=o-0'-2=((x+2)=0-0

:>(x+2)2=002+oo4—2o)3

S +dxt+d4=0"+0-2=-1-2=-3
= x> +4x+7=0,

4. Problem: If «, B are the roots of the equation x*> + x+1=0 then prove that
at+ pratpl =0

Solution: Since o, B are the complex cube roots of unity, we may take @ = o, f = ©>.

1p— 1 - 2 1
Loteptra Tzt ool = w3.w+(0)3) o’ +— = 0+’ +1=0.
®
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II.

1.

Exercise 2(b)

Find all the values of

1/3
(i) (1-iv3) () (-i)"° G 1+ (v (-16)" (v (-32)7
IfABC are angles of a triangle such that x=cis A, y=cis B, z=cis C, then find the value of xyz.

1
(i) Ifx=cis 6, then find the value of (xﬁ + —6j
X

(i1) Find the cube roots of 8.

If 1, w, w? are the cube roots of unity, then prove that

. 1 1 1
(i + =
2+ 1+ 2w 1+

(i) 2-0)(2-0") (2-0") (2-0")=49

(iii) (x+y+z)<x+y0)+z(1)2)(x+y (02+Z(0)=x3+y3+z3—3xyz

5. Prove that —m and —? are the roots of z*> —z+ 1 =0, where ® and ®? are the complex cube
roots of unity.

6. If1, », * arethe cuberoots of unity, then find the values of the following.

() (a+b)’ +(aw+bw’)’ +(aw’ +bo)’
(i)  (a+2b)* +(aw® +2bw)* + (aw+ 2bw*)?
(i) (1-o+on?)’

V)  (1-0)(1-0*)(1-o")1-o)

a+bo + co? (a+bo+cw?)
(v) + 2
(b+cw+am”)

c+am +bw?
vi) (1+0) +1+w*)’
Vi) d-o+0?)’+0+0-0?)
Solve the following equations.
) x*-1=0 () ¥ +1=0 (i)’ - +x*-1=0 (V) x* +1=0
Find the common roots of x> — 1 =0and x* + x>+ 1 =0.

Find the number of 15th roots of unity, which are also 25th roots of unity.
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Ifthe cube roots of unity are 1, ®, ®?, then find the roots of the equation (x — 1)* +8=0.
Find the product of all the values of (1 +7)*>.

If z2+z+ 1 =0, where z is a complex number, prove that

2 2 2 2 2 2
1 1 1 1 1 1
Z Z b4 b4 Z Z

If Lo, a%,0,..., o be the nth roots of unity, then prove that

0; if p#kn

, wherep, k € N.
n;if p=kn

17 +a? + ()" + () +..+ @) = {

Prove the sum of 99th powers of the roots of the equation x” — 1 =0 is zero and hence

deduce the roots of X +x’+x*+x* +x*+x+1=0.

1 1 1
Ifnis a positive integer, show that (P +iQ)" + (P—iQ)" =2 (P? +Q?%)?".cos {l tan~" %} .
n
8
T | AN £
1+ sin— + zcosg
Show that one value of is —1.

. T . T
1+ sin— —icos—
8 8

Solve (x—1)"=x", nis apositive integer.

7
0‘0

[ Key Concepts ]

If ‘n’isan integer, then (cis 0)" = cis (n8) [De-Moivre’s theorem for integral index].

If ‘n’ is arational number, then one of the values of (cis 0 )" is cisn® [De Moivre’s theorem for

rational index].

1

If zy=7y,cis 6, # 0, then the n” roots of z, are g =r" cis[?kﬂ +6, )
n

k=0,1,2, .., (n—1).

The n roots of unity are cis 2kz

k=0, 1,2, 3, .,(n ~1).

~1+i\3 mzz—l—iﬁ

Cuberoots of unityare 1, o = .




De Moivre’s Theorem

Historical Note

De Moivre formula led Trigonometry to Analysis. He had known the relation
(cosO + isinB) = cosnO + isinn O, ne N for more than twenty years before making it public.
De Moivre was an intimate friend of Newfon and revised the Latin translation of Newron s Optics and
dedicated “The Doctrine of Chances” to him. Newton returned the compliment by saying to those
who questioned him on ‘Principia’; “Go to Mr. De Moivre : he knows these things better than I do”.

De Moivre s work on “Annuities upon Lives” was a popular book in the field of actuarial mathematics.

An interesting fable is often told of De Moivre s death. According to the story, De Moivre noticed

that each day he required a quarter of an hour more sleep than on the preceding day. When this
Arithmetic progression reached 24 hours, De Moivre passed away. 7

Answers

Exercise 2(a)
L 2. ()-8 (i) 16 (1i1) 256 (iv)i

Exercise 2(b)
L1 () 273 cis(6k - 1)%, k=012
(i) eis (4 +1)7, £ =0.1,2,3,4,5.
veed AL/3 . T
(iii) 27 cis (4k + l)g k=012
: : r
(iv) 2 cis (2k + 1)2, k=0,1,2,3

(v) 2 cis(2k + 1)%, k=012 34

2. -1 3. (i) 2 cos 60 (i) 2,20,20°
6. (i) 3(a*+ ) (i) 12ab (iii)) -8 (iv)9 (v)-1
(vi) -2 (vii) 32



II. 1.

III. 2.

5.

(i) +1, i

(2k + 1)1

(1) cis ,k=0,1,234

(iif) £ 1, +4, cis (J_r E), cis (J_r 3—“)
5 5

(iv) cis (2k + 1)%, k=0,1,2,3.

.M. 2 4w ST
cis—, cis—,cis—, Cis—
3 3 3 3

5

-1,1-2m, 1 - 2w?

—4

cisz’;—“ (k=1,2,3,4,5,6)

l[1+icotk—n} k=12,.,m-1)
2 n
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Chapter 3

" As great a genius as Archimedes could not invent
analytical geometry, for the algebraic knowledge
necessary for such an achievement was not available

in his time" - Nathan A. Court

Introduction

Algebra is an important part of mathematics, an
understanding of it is essential for the study of most of its
advanced branches. With algebra, we can solve problems that
would be difficult or impossible to solve with arithmetic alone.
Algebrahas many practical applications in science, engineering,

business and industry.

al-Khwarizmi introduced the solutions of equations. His
equations were linear or quadratic. His mathematics was done
entirely in words with no symbols. The originality of the
concepts and the style of al-Khwarizmi's Algebra are indeed

remarkable. The word algorithm is derived from his name.

With a system of algebraic symbols, mathematicians
could think in terms of types of problems rather than individual

ones. The principal instrument for solving problems in algebra

al-Khwarizmi
(780 - 850)

Muhammad ibn Musa al-Khwarizmi
was a Persian mathematician,
astronomer, astrologer and geographer.
He was born around 780 A.D. in
Khwarizm (now Khiva, Uzbekistan)
and died around 850. He worked most
of his life as a scholar in the House of
Wisdom in Baghdad. His 'Algebra’was
the first book on the systematic
solutions of linear and quadratic
equations.
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is the equation. Algebra is also concerned with expressions and inequalities. In algebra, we learn more about
the properties of numbers and about the rules that govern operations with numbers.

In mathematics, we cultivate appreciation of abstract concepts, for which algebra forms the basis. Itis
the study of properties of abstract mathematical systems.

Now, in this chapter, we discuss some basic concepts of quadratic expressions and equations in one
variable, extreme values, changes in sign and magnitude and quadratic inequations.

3.1 Quadratic Expressions, Equations in one Variable

In the present section we discuss about the quadratic equations and their roots.

3.1.1 Definition

A polynomial of the form ax® +bx+c, where a, b, ¢ are real or complex numbers and

a #0, is called a quadratic expression in the variable x.

ax® +bx + ¢ is called the standard 'form of the quadratic expression. In this expression, a is
the coefficient of x°, b is the coefficient of x and c is the constant term. The first term
ax? and the second term bx are called the quadratic term and linear term respectively,

A complex number o is said to be a zero of the quadratic expression ax® +bx+c,
if ao’ +ba+c=0_

3.1.2 Example : 2x2 +5x+7 and 3ix? — (i+2)x—>5 are quadratic expressions. 0.x>+2x+3 isnota

quadratic expression, because the coefficient of x? is zero. It is a first degree expression.

3.1.3 Definition

Any equation of the form ax* +bx+c = 0, where a, b, c are real or complex numbers and
a #0 is called a quadratic equation in the variable x. The numbers a, b, c are called the
coefficients of this equation.

3.1.4 Examples
() x>+2x+3=0 isaquadratic equation in x.
(i) 5x% —8x=2x+4 isalsoa quadratic equation, since it can be rewritten as 5x% —10x—4=0.
(i) 2x° +3x+2=0isnota quadratic equation.

(iv) 0.x% +2x+5 =0 is not a quadratic equation, because the coefficient of x? is zero.

v) ax’* +c=0isa quadratic equation, if a # 0.
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3.1.5 The roots of a quadratic equation

A complex number ¢ is said to be a root or solution of the quadratic equation ax®> +bx+c=0, if
ac® +ba+c=0. For example, 2 is a root of the quadratic equation 3x? —5x-2=0 , since
3.2 -52-2=12-10-2=0.
3.1.6 Note

The zeros of the quadratic expression ax* +bx+c are the same as the roots of the quadratic
equation ax* +bx+c=0.

3.1.7 Theorem : The roots of the quadratic equation ax®> +bx+c=0 are

~b+\b* —dac
2a .
Proof: ¢ isaroot of the quadratic equation ax® +bx+c=0

& ad® +ba+c=0

4a[aot2 +ba+c]=0 Coa#0)
(2ac +b)* —=b* +4ac=0

(Qaa +b)? =b*> —4ac

2ac+b =+\b* —4dac
. ~b£b* —4ac

2a

(U R

g

Cra#0).

3.1.8 Corollary

A quadratic equation ax® +bx + ¢ = 0 has two roots (not necessarily distinct).

3.1.9 Example : We find the roots of the equation x> —7x+12=0
On comparing the given equation with ax® +bx+c=0,wehave a=1,b=-7 and c=12.
By Theorem 3.1.7, the roots of ax® +bx+c=0are

—b+b* —dac

2a
Therefore, the roots of the given equation are

—(=7) i\/ (=7 -4()(12)

2()
_ 74449-48 71
2 2

Hence the roots of x* —7x+12=0 are 4 and 3.
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3.1.10 Definition

b? —4ac is called the discriminant of the quadratic expression ax® +bx+c as well as the

quadratic equation ax* +bx+c =0 and is denoted by the symbol A.

3.1.11 Nature of the roots of a quadratic equation

Let o, B be the roots of the quadratic equation ax* +bx+c=0, where a, b, ¢ are real numbers.

Then the following cases arise

. b 2
Case (i) A=0=a=0= " (arepeated root or double root of ax” +bx+c=0).

Case (ii) A > 0 © aand S arereal and distinct.

Case (iii)) A <0 < aand g are non real complex numbers conjugate to each other.

3.1.12 Note
Leta, b and ¢ be rational numbers, o and 3 be the roots of the equation ax’ +bx+c=0. Then
(i) a,pare equal rational numbers if A=0.
(i) o, P are distinct rational numbers if A is the square of a non zero rational number.

(i) o, P are conjugate surds if A> 0 and A is not the square of a rational number.

3.1.13 Example: We show that the equation 2x> — 6x+7 = 0 has no real root.
Here a=2,b=-6,c=7

So, A=b*—4ac =(—6)> —4(2)(7) = =20.

~(=6)£~-20 _ 6%i:20
2(2) 4
which are non real complex numbers. Hence the given equation has no real root.

Therefore the solutions are given by x =

3.1.14 Example : Find all k suchthat the equation x” + 2(k + 2)x+ 9% = 0 has equal roots.
Here a=1,b=2(k +2) and ¢ = 9%.
The condition for the quadratic equation to have equal roots is 5> —4ac = 0.
ie, [20k+2)] —41)©9k) =0
e, (k+2)2-9%=0
ie, k*-5k+4=0.

This is a quadratic equation in £.
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By Theorem 3.1.7 the roots of this equation are

_ (=55 - 40)(4)
2(1) '

k

Hence k=1; k=4.

3.1.15 Example : We show that the roots of the equation x> —2px+ p*> —g> +2qr—r> =0 are
rational, given that p, ¢, r are rational.

Here A= (-2p)’ —4()(p* ~¢* +2qr—1*)
= 4(q° - 2qr+17) = 4(g-r)’

= 2@-nT -

The coefficients of the given equation are rational numbers, since p, g, r are rational numbers.

Since A is the square of the rational number 2(q — r), the roots of the given equation are rational.
3.1.16 Relation between coefficients and roots of a quadratic equation

1. Letocand 3 be the roots of the quadratic equation ax® +bx+c=0. Then

oy - —b+b* - 4ac ﬂ_—b—\/b2—4ac
2a S 2a

—b+b% —dac —b—b* —4ac
2a

we have a+f =

_ % _ 2 _ coefficient of x
2a a coefficient of x?
(—b +/b% — 4ac )(—b —b% - 4ac)
and aff =
4a’

(—=b)? — (b* - 4ac)
44>

4ac c constant term
= — = - = X (Note that a # 0)

4a’® a coefficient of x
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b ¢
sothat ax® +bx+¢ = a(x> +=x+-)
a a

= a[x2 — (o + B)x+oc[3}
=a(x—a)(x-p).
2. 1If the coefficient of x*ina quadratic equation is 1, then
(1) the sum of'the roots of the equation is equal to the coefficient ofx with its sign changed,and
(i) the product ofthe roots is equal to the constant term.
3. Ifa, B aretheroots of ax* + bx + ¢ = 0, then the equation can be written as a(x2 —(o+B)x+ap)=0.
ie,a (x—a)(x—p)=01ie., (x—a)(x—p)=0 or X2 —(a+B)x+af=0 (-a=0)

3.1.17 Example : Form a quadratic equation whose roots are 3 and — 2.
Since 3 and —2 are roots, the quadratic equation is x*>—[3 + (—2)]x + 3(-=2) = 0.
1e., x> —x-6=0.

This is a quadratic equation whose roots are 3 and— 2.
3.1.18 Example : We form a quadratic equation whose roots are 2++/3 and 2 -+/3.
Let o =2++/3 and B = 2-3.
Now, o +B = 2+3)+(2-+3)=4,
aB = 2+3)(2-3)=4-23+23-3=1.

Since a quadratic equation havingroots o, and B is of the form

x> —(@+B)x+oap =0,

x2 —4x+1=0 isarequired equation.
3.1.19 Example : We find a quadratic equation whose roots are —a +ib and —a —ib.

Let o= —a+ib andf=—-a—ib.Thena +p =(—a+ib)+(-a—ib)=-2a
and ap = (-a+ib)(—a—ib) = (—a)* —(ib)* =a* +b*.

So x’+2ax+a’+b*=0 isa required equation.

3.1.20 Example: If a and B are the roots of the equation ax® +bx+c =0, then form a quadratic
equation whose roots are pa and p3 (p isareal number) in terms ofa, b, ¢, p.
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Since o and S are the roots of ax® +bx+c =0, we know that
-b c
o+ f=—and off = —.
a a
A quadratic equation whose roots are po and pf is

X2 —(pa+pBx+ (pa)(pP) =0
ie, X2—pla+B)x+ p*af =0

i.e., x2 —p(_—bjx + pz(ij =0
a a

ie., ax’ + pbx+ pzc =0.

3.1.21 Note 1 : Theroots of the quadratic equations
a1x2 +bx+c¢ =0 and a2x2 +byx+cy, =0
are identical ifand only if (a;, by, ¢|) and (a,, b,, ¢, ) are proportional and in this case,

a
a1x2 +hx+c = —+ (a2x2 +byx+cy).
)

Suppose that the roots of the two equations are identical. Letthembe o and £ .

— -b
Then 0{+,3=—b1 =—2 and 0{,3=i =2,
q a aq 4

h b, q8_ 9 M
a  a a  a

Now a1x2 + blx +c

=

1

=q [xz + ﬁx+ iJ ( a ¢0)

a a

= q (xz L C—Zj (from (1))
a a

a
=1 (a2x2+b2x+ cz)
)

a
. alx2 +bhx+c = —1(612962 +byx+cy).
@
Converse is easy.
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2. From Note 1 it is clear that if o, B are the roots of ax? + bx + ¢ = 0 then o, B are the roots of
kax* + kbx + ke =0 for every real number k # 0.

3.1.22 Solved Problems

1. Problem : Find the roots of the equation 3x* +2x—5=0.

Solution : By Theorem 3.1.7, the roots of the quadratic equation

~b+~b? —4ac

2a

ax’> +bx+c=0 are

Here a=3,b=2 and ¢ =-5.

Therefore the roots of the given equation are

—2£4(27-43)(-5) _ —2+/4+60

2(3) 6

28 _ 5
6 T3

Hence 1 and — > are the roots of the given equation.
3

Another method

We can also obtain these roots in the following way.
3x% +2x—5=3x% +5x-3x-5
= x(3x+5) -1 3x+5)

=(x-1) 3x+)5)

5
=3(x-1) (x +§).

Since 1 and —% are the zeros of 3x? +2x -5, they are the roots of 3x% +2x-5=0.

2. Problem : Find the roots of the equation 4x* — 4x + 17 =3x> — 10x — 17 .

Solution : Given equation can be rewritten as x> +6x+34=0. By Theorem 3.1.7, the roots of the
quadratic equation
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—b+b* —4ac

2a

ax’ +bx+c=0are

Here a=1, b=6 and c =34.

Therefore the roots of the given equation are

—6i\/(6)2—4(1)(34) _ —6£+-100

2(1) 2

—_6+107
= 6;101 (since i? =-1)

=-3+5i, -3-5i.

Hence the roots of the given equation are =3+ 5i and —3—15i.

3. Problem : Find the roots of the equation \[3x* +10x—83 =0.

Solution : The roots of the quadratic equation ax® +bx+c =0 are
~b++b? —4ac
2a '
Here a =+/3,b =10,andc = —8/3 .

Therefore the roots of the given equation are

—10£+/(10) - 4(3)(=8+3)
23

. -10£14 4 24

T 23 23 2B

2
=$,—4J§.

. . 2
Hence the roots of the given equation are — and — 43 .

NG

4. Problem : Find the nature of the roots of the equation 4x> —20x +25 =0
Solution : Here a=4,b=-20 and ¢ =25.
Hence A =b* —4ac = (-20)> —4(4)(25) = 0.

Since A iszeroand a, b, c are real, the roots of the given equation are real and equal.




Mathematics - ITIA

5. Problem : Find the nature of the roots of the equation 3x* +7x+2=0.
Solution: Here a=3, b=7 and c=2-

Hence A =b? —4ac = (7)> -4(3)(2) =25=5> > 0.
Since A =52 is a square number, the roots of the given equation are rational and unequal.

6. Problem : Find the values of m for which the equation x? - 2(1+3m) x+73+2m) =0 will have

equal roots.
Solution : The given equation will have equal roots iff its discriminant is 0.

Here A = {-2(1+3m)¥ —4(1)7(3+ 2m)
= 4(1+3m)> —28(3+2m) = 4(9m> —8m —20)
= 4(m—2)(9m +10) = 36(m — 2)(m+%j

Hence A=0 & m=2 0rm=—E.

.. The given equation will have equal roots for m = 2 or — %

7. Problem : If « and S are the roots of the equation ax* +bx+c =0 , find the values of o + ,82 and
o +,B3 interms of a, b, c.

Solution : From the hypothesis

o+ pf = —éand ofp = <
a a

o+ B = (a+ P -2ap)

b 2 c > 2ac b>-2ac
il Bl B Bl el R e
a a a a a

and o +,83= (0!+ﬁ)(0!2 +,52 —aff)
= (@+B)| @+ B -20p-ap|

= (@+ )| (@+B) -3(ap) ]

()2 )
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_ _b[b* 3c)|_3abc-b’
a a2 a a3 ’
8. Problem : Form a quadratic equation whose roots are 2\/3 -5 and — 2\/5 -5.
Solution: Let ¢ = 24/3-5 and B = 23 -5.
Then  a+f = (23 -5 +(-2/3-5)=-10
and af = (243-5)(=2/3-5)
(243)(=24/3) = (2V3)(5) - 5(-24/3) = 5(-5)
12103 +10V3+25=13 .

Therefore  x? — (o + f)x+ 8 =0 becomes

¥ —(-10)x+13=0
ie, x> +10x+13=0.

This is a quadratic equation whose roots are 2\/5 -5 and - 2\/5 -5.

9. Problem : Let o and B be the roots of the quadratic equation ax* +bx+c=0. If ¢#0, then

) ) - 1-
form the quadratic equation whose roots are and p .

o B

Solution : From the hypothesis we have
0{+,B:—2 and aff = E,
a a
Sincec#0,x#0 and F#0
1—0:+1—,B _ pl-a)+a(-p) oa+p-2af8
B of ofs

i

_ a+,5_2= a_,
it

- —9—2=—(2+2)

and (1;@}(%) _ 1—(0540-{§)+0(,B
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at+b+c
A .

Therefore x> — {—( 2+ é)} X+ atbte = ( is the required equation.
c c

10. Problem : Find a quadratic equation, the sum of whose roots is 1 and the sum of the squares of the
roots is 13.

Solution: Let o and S be the roots of a required equation.

Then a+f =1 and o+ = 13.

Since af = %[(0{+,3)2—(062+,32)]

12 __
off = 5[(1) 13} - —6.
Therefore x> —(ax + B)x + 8 = 0 becomes x> — x —6 = 0. This is a required equation.

Equations reducible to quadratic equations : We now explain by some illustrations how to solve
some equations which are reducible to quadratic equations by suitable substitutions.

21
11. Problem : Solve x3 +x3 -2 =0.

1
Solution : Ontaking x3 =1, the given equation becomes > + ¢ — 2 = 0, which is a quadratic equation in 7.

Hence a complex number ¢ is a solution of the equation
21

X3 +x3-2 =0, ifthere exists 4 suchthat A2 +1-2=0 and A’ =«x.

Therefore the set of all solutions of the given equation is
{t3 . te Cand 12 +t—2=0}.
Since 12 +1-2=(1-1)(1+2),

F+1-2=0re{-21}
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W=

B =t=x=r.
Hence {t3 cteCand > +1-2= 0}= {(—2)3 ,13}= {-8, 1}
Therefore the solution set of the given equation is {8, 1}.

12. Problem : Solve 7%* + 717 = 50 for real x.

Solution : The given equation can be written as

7.7* +l—5020
7x

ie., 7757 +7-50.7 =0
ie., 7.7%-50.7+7=0.

Ontaking 7* =¢, this equation becomes

712 =50t +7=0
ie., 72 49t —1+7=0
ie., T1(t=7)—(t-T7)=0
ie., (Tt=1)(t-7)=0.

% and 7 are the roots of the above equation.
ie 7* = 1 or 7" =7
L., 7 .

o 7=7"or7" =7
& x=—-lor x=1
When x isreal, 7 =71 or 7" =7 = x==1or x=1.

Therefore the solution set of the given equationis {— 1, 1}.

X 1-x 13

13. Problem : Solve ,|— +,|——=—.
1-x X 6

Solution : On taking /IL =t, the given equation becomes
- X

r+



9
It can be verified that x = 3 satisfies equation

ie, 6t°—-13t+6=0

ie., 62-9—4t+6=0
ie., 3t(2t—-3)-2(2t-3)=0
ie., (20-3)(3t-2)=0.

3 2
= and 3 are the roots of the above equation.

- / f1x13 /x_orfx_z
ence —x 1-x 2 1-x 3

9 4
& ——=— or =—
4 9

& 9-9x=4x or 4—-4x=9x
< 13x=9 or 13x=4

i
= x=—0 —

3
1—x2

4 /
and x = ) satisfies equation

AL
13

| NS}

%o

%,_JU)

Therefore the solution set of the given equation is {

14. Problem : Find all numbers which exceed their square root by 12.

Solution : Let x be any such number.

Then x= \/;+12 i.e., x—12=\/;
On squaring both sides and simplifying we obtain
(x-12)% =

Mathematics -

A

(1)
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ie., x? —24x+144 = x

ie., x> —25x+144=0

ie., x(x—16)—9(x—16) = 0
ie., (x—16)(x=9) = 0.

The roots of the equation (x —16)(x—9) = 0 are 9 and 16.

But x=9 does not satisfy equation (1), while x=16 satisfies (1). Therefore the required number
is 16.

15. Problem : Prove that there is a unique pair of consecutive positive odd integers such that the sum
of their squares is 290 and find it.

Solution : Since two consecutive odd integers differ by 2, we have to prove that there is a unique positive
odd integer x such that

X2 +(x+2)% = 290 (1)
X +(x+2)% = 290 & x% +x2 +4x+4 =290

& 2x2 +4x-286 =0

& P +2x-143=0

& X2 +13x-11x-143=0

< x(x+13)-11(x+13) =0

& (x+13) (x=11) =0

< xe{-13,11}.
Hence 11 is the only positive odd integer satisfying equation (1).
Therefore (11, 13) is the unique pair of integers which satisfies the given condition.
16. Problem : The cost of a piece of cable wire is Rs. 35/-. If the length of the piece of wire is 4 meters

more and each meter costs Rs. 1/- less, the cost would remain unchanged. What is the length of the
wire?

Solution : Let the length of the piece of wire be '/ meters and the cost of each meter be Rs. x/-.

By the given conditions /x = 35 .. (1)
Also, (l+4)(x-1)=35
ie., Ix—1+4x-4=35 .. (2)
From (1) and (2), 35— +4x—4=35
Le., 4x=1+4
[+4
Therefore X=—
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On substituting this value of 'x' in (1) and simplifying, we get

,(ﬂj=35
4

Le, I +41-140=0

ie., 12 +141-10 -140 = 0
ie., [(1+14)-10(+14)=0
ie., (1+14)(1-10)=0 .

The roots of the equation (I +14)(I—10) =0 are —14 and 10.
Since the length can not be negative, /=10.

Therefore the length of the piece of wire is 10 meters.

17. Problem : One fourth of a herd of goats was seen in the forest. Twice the square root of the
number in the herd had gone up the hill and the remaining 15 goats were on the bank of the river. Find
the total number of goats.

Solution : Let the number of goats in the herd be 'x".

By the given conditions, the number of goats seen in the forest is il , the number of goats gone up the

4 o
hill is 2v/x and the number of the remaining